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The first chapter presents representartive criticism
of the teachkiny of mathematics, some typical testimonials of its
values, and suygestions for certain improvements, Next comes a survey
of the educational situation with particular emphasis on the
reorganization of secondary mathematics instruction. Chapter 3
presents arquments for the value of mathematics instruction for
logical thinking, especially in geometry courses. The role of
undefined terms, postulates, propositions, and theoreas is discussed,
and the example of a mathematical structure, the field, is presented.
The next two chapters present discussions of the cony§ribution of
mathematics to c1v111zat10n and to education, respectively. Stressed
in chapter 6 is the idea that the educational value of mathematics is
the central point of the pedagogy of mathematics. Mathematics is
related to science and to art in the next article, with numerous
applications suggested. The concluding chapter emphasizes the
reiationship of mathematics to art and hew hoth doing and
appreciating each require creation and discovery. (LS)
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: EDITOR'S PREFACE : X

" “Tis ds the elevinth of a series of Yearbooks which The National
_Council of Tecachers of Mathematics began to publish in 1926,
«,  The titles of the preceding Yearbooks are as follows:
1. A Survey of Progress in the Past Twenty-five Years, * ‘e
2, Curriculum Problems in Teaching Mathematics. '
- 3. Selected Topics in the Teaching of .Iathematics.
4. Significant Changes and Trends in the Teaching of ‘\Iathe-
~ matics Throughout the World Since 1910. .
5. Thé Teaching of Geometry. . _ !
6. Mathemagics in Modern Life.
7. The Teaching of Algebra.
8. The Teaching of Mathematics in the Secondary School.
0. Relational and Functional Thmkmg in Mathematics.
10. The Teaching of Arithmetic.

e

1 Bound copies of all except the first two Yearbocks can be secured
froma the Bureau of Publications, Teachers Collegze, Columbia Uni-
. versity, New ¥ork, N. Y, for $r.75 each postpaid. The first
Yearbook is now out of print and the second is obtainable only Yn
paper covers ($1.25 nostpaid). A complete set of Yearbooks (Num-
bers 2 to 11 inclusive) will be sent postpaid for $14.25. \

The purpose of the Eleventh Yearbook is to present as fairly

- and as clearly as possible the place that mathematics should hold
in modern education. The book is not intended to be a d¢’ nse
of the teaching of mathematics, for when properly taught ma-he-
matics needs no defense. However, there is so much loose thinking
among -educators and laymen generally with respect to the im-

- portance of mathematics in the schools that it ‘has seemed wise to
attempt- to clarily some of the most important issues.

I wish to express my personal appreciation as well as that of 7
The National Council of Teachers of Mathematics to all of the
contributors to this volume who have given so freely of théir time
and interest in helping to make tluq Yearbook :n worthwhile,
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ATTACKS ON MATHEMATICS AND HOW TO
MEET THEM -

# By W. D. REEVE
Teachers College, Columbia University

CriTicisMS OF MATHEMATICS

IT s my purpose in this chapter first, to pres_ént a number of repre-
sentative adverse criticisms of the teaching of mathematics with some
evaluation of their fairness and worth ; second, to offer some of the
most important and typical testimonials and constructive criticisms
on the value and method of mathematics instruction; third, to indi-
cate what seems to me to be the main causes of recent attacks on
mathematics; and finally, to suggest certain 1mprovements that will
meet these criticisms, '

In a recent discussion between two prominent educators concern-
ing shortcomings in current .school practices, one of them remarked:
“Now take mathematics, for example; the trouble is that it never
gets back into life--even the arithmetic or the other subjects that
we teach in the junior high schoal.”” Can we deny that, on the
whole, the statement is true? )

Professor David Sneddeh, a confirmed critic of the practices in
our secondary schools, holds that “algebra taught ih American high
schools is a nonfunctional and therefore nearly valueless subject
for go per cent of all boys and g9 per cent of all girls—and that no
changes in method or in content will change the situation® Te
what extent is this charge warranted by the facts?

Algebra and geometry. An editorial writer in a metropolitan news-
paper offers the following criticism of algebra:

Those who have followéd the sailing chart of this columa know that
its conductor never assails public or private schools, their teachers. or
curriculum, It has criticized teaching methods and learning processes
and will continue to do so.

This column has, however, one bonc to pick with the schools:
algebra. Quite frankly I see absolutely no use for algebra except for
the few who will follow engineering and technical lines. My~confi-

X




- are still to be vetained if one is to be “educated.”
.-~ “Now cut this out and hand it to your algebra teacher. ‘l\want her
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dence in those who determmc the curriculum will never\be complete
as long as they leave this subject in nearly evéry course of study.

I cannot see that algebra contributes one iota to a young person’s
health or one grain of inspiration to his spirit, I can see no use for
it in the home as an aid to a_ parent, a citizen, a producer, or a con-
sumer. : '

If there is a heaven for school subjects, algebra wi'l never go there.

‘It is the one subject in the curriculum that has kept children from
finishing high school, from developing their special interests and- from

enjoying much of their home study work. It has caused more family
rows, more tears, more heartaches, and more sleepless nights than any
other school subject.

Algebra is required in practically every course except those courses
which are frankly dumb-bell courses. It is a requirement for gradu-
ation; it is a requirement for college entrance, and yet in the face of
all this it is not a requirement in any respect for anything in life with
the one exception noted above.

I would not mind if it weren't for the fact that behin

the question

~ of algebra there is the larger question of academic tradition which

believes that certain traditional subjects, long known td be useless,

(or him) to write me and I want you to write. I am stripped for

‘the battle.

It is obvious that algebra did not get back into the life of this
writer. Moreover, if we continue to teach algebra as weé have
taught it in the past, we may expethhe subject to pass out of the
picture in most secondary schools.

Heywood Broun, in his column in the Neu.[ York World-Tele-
gram, recently wrote:

-

There must be something wrong with the manner in which we: ‘teach
the young idea to shoot when such a large numbér of pupils hate their
studies with so palpable a passion. . I have a vague impression
that some of the higher mathematicians have announced that the axiom
is no longer true. Einstein and others have brought cut,.. back into
favor. And all this irritates me no end because, whether it is true or
false, my difficulties in acq .iring the hypothesis have borne no later
dividends, I cannot think of a single tough spot in my emstence in
which Euclid reached down to lend me ahelping hand.

Just so! Amd how many boys studying geometry today will
later give the same kind of *estimony? What is responsible for such -
antipathy against mathematics? I think it is largely due to the
stupid way in which mathematics is tov often presented to the
pupils,
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‘ In the February, 1934, issue of ‘McCall’s Magazine, in an article
on “"he I'.ittlel Red School House,” Maxine Davis wrote:
Experiments show that many children who are compelled to study

algebra get litile or no value from it. On the contrary, it arouses
irriiation and annoyance, and a desire to escape school. How often

‘have we heard our parents say, “Your school days are the happiest
days of your life!”

Well, mine weren't. There was’ that eternal bugaboo of geometry and
tr;gonometry, . -,

How can we expect people who have had this sort of emotional
experience with the study of mathematics to be anything but criti-
cal?> Some may say such persons are exceptions, but I fear they
are not. \When I told a woman who sat near me at a vecent din-
ner that T was a mathematics teacher, she said, “How jn the world

can you make that subject interesting to chlldre" »"T replied that
the task was very simple, but I do not think she believed me.

Mathematics is even condemned in four recert plays in New
York City. In one play the line, “Why, she is as crazy as my

geometry teacher,” probably conveys more than was intended. In

another play the comment is more rancorous: “I haven’t thought
of suicide since I was fourteen and failed in alyLebra.”

Pitkin says, in his book, Life Begins at Fort): .

Everything is done to prevent life after twenty. Algebra is taught
under compulsion to rmlllons who can never use it even in mtellectual
play. - . . .

Life needs. On several occasions we have been told by educators
that 85 per cent of the arithmetic we teach to children could be
eliminated without loss to those who have %o study it; that all they
really need to know is whatever arithmetic is necessaryin buying
goods, making change, reading, writing letters, and traveling. In
commenting on such remarks the editor of the New York Times on
May 2, 1932 said: .

It is probably true that arithmetic m the schools, as one critic
assert§, is cluttered up with too many branches having no practical
value in modern life and of very doubtful “disciplinary” value. But
when he goes on to include among the deadwood of the arithmetic
textbooks the subject of “arithmetical ratios,” this particular critic is
in etror. \What the world needs at all times, and particularly now, is
a sense of proportion, a sense of ratio.

About percentage, for instance, one finds astonishing ignorance in
the most unexpected quarters. Learned articles on the economic situ-

~.
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"+ atfon will speak of a decline of 100 per cent in employment or in
foreign trade, which.literally. would mean the complete disappearance

» of employment or trade. To double anything is' to increase it-o0 o
per cent. ‘To cut anything in half, which is the obvlous me g in

the present case, is to reduce it 50 per cent. 7o :

The mad days of three years ago and the sad. days.we are living -~

through now are both in a large measure attributable to a state of
mind which has parted company with every law ¢f arithmetic to-enter~--
a curved-mirror land of distorted ratios and proportions. .

Here, again, is evidence that mathenfatics Yddes not get back L
into life as it should. | ' S ‘
The following! is typical of the kind of criticisms that appear
today in our current pefodicals: , &

: Thisgproblem of weighing the values of the subjects of the s qhool
. becomes acute during depression. With bewxldered taxpayers demand-
ing economy and elimination of the nonedsentials all school material °+ ,
-~ . should be given 'a fair hearing with all the evidence considered. Our
needs today lare not those b yesterday.
+ . A change along this line will not require much expense. In zood-
sized schools there will be found many sections of such subjects as .
Latin, algebra, physics and French. And a searthing examination -
weuld prove that not more than one ingfive or even ten'in those classes
is gftting a wbrth-while return from study as it is taught at present.
. The remedy would be to scrap.all.but one or two divisions of thoie
subjects and have both teachers and pupils devote their time to sonte-
thing in the nature of frills and fancies, Teach the girls how to choose
_ what they must buy: teach them Yittle matters about making a home
attractive.  Teach the boys how to take care of a flower garden ot a
. lawn; teach them how to make things with their hands. In short,
train them to do what thousands who have gone before them are actu-
ally doing, not what seemed good to our gmndfat}ers to teach our
fathers,

These writers fail tri recognize that mfany of our most capal
boys and girls areras little interested in the so-called “frills /and
fancies” as others)are in Latin and algebra., They usually’ like
mathematics wheyp it is properly presented. In fact, the solution
“to the problem h 5 in bhetter-trained teachers and not \1 the elimi-

nation of fundagbental fields of knowledee. -

In the Educational Resewdch Bulletin of Ohio State ( niv (*mly
for November 15, 1933 (p. 348), Charters says:

There Jl‘t‘ sepres of boys and girls, compelled to stay in school by’
law. to whom work upon civic projects would be an ineffable release.

'Farr, Henty L, School and Sodiety, Volo 37, p. 148,

J .
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And even for 'the"avérage_ student it can easily- be argued that facility
in handling civic affairs of interest is of much greater value than a
few- extrl theorems in algebra r an additional theme in’ English.

Another type of criticism may be iliustrated by the following
statement by Morgan in the Journal of the National Education As-
sociation for May, 1932: .

Increasing leisure demands richer school rogram. The stability and
well-being .of American’civilization demand ‘that our increasir.g leisure
be matched by training in the arts of life This requires an ‘enriched
curﬁculum in the schools. The most vital phrases of the’ curriculum
un
the real funflamentals. They are not fads and frills. The fads and
frills are Latin and highly technical little-used phases of mathematics,
‘such as square root, cube root, and. apothecaries’ weight. If the de-
velopment of material power is not matched by a cultivation of the

aesthetic and spiritual .phases of life, our civilization must eventually .

crash, ' S e

_Apparently this critic'does not know that the topics he is attack-
ing have already disappeared from the most of our schools. The
damage to mathematics, however, is appreciable because the unen-
lightened public that struggled with these topics believes we are
still emphasizing such topics in our mathematics classes.

Instructional weaknesses. At the 1932 Gonference on Secondary
Education, Dr. Jesse Newlon made the following statement:

t

The American secondary school is a stronghold of conservation,
where the curriculum is hepelessly traditional and not vitally connected
with the needs of youth. The inertia of the secondary school is tre-
mendous. Its teachers- and administrators, with few exceptions, are
but stereotypes of an outworn concept of education. Every: attempt
to affect fundamental changes has been stubbornly resisted by a ma-
jority of its personnel. _ . '

This is a caustic criticism with a large measure of truth in it: and
-while it does not single out mathematics, we can be sure that mathe-
matics teachers must answer the charge. The fact is that the senior
high schiool is the most reactionary part of our whole educational
system with the possible exception of the colleges.

' According to President Butler of Columbia University:

The ability to perform the simplest mathematical operations is, to
all intents and purposes, confined to teachers of mathematics or special-
ists in that subject. Algebra and geometry, whether plane or social,
are as unfamiliar as the Laws of Manu.

.-, MATHEMATICSJN MODERN EDUCATION ~ §

¢ the r}t;w conditions are literature, music, and art. These are"

’
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President Butlet niade._ just as critical comment about reading, .

Writing, and natural sciencer-bug_that is no reason why we should
congratulate ourselves. /
Failures in gnathematics. According t@ a report of the superin-

~tendent of the New York City schools: in 1929, more high school

pupils failed in ‘mathematics than in any bther subject. In one
particular school more than ‘half of the pupils failed-in first-term
“algebra, and failure in high schpol’ mathematics as a whole was
26.9 per cent, the next greatest failure being in foreign languages.
The report failed to mention that algebra is required of all students
and is taken in the ninth grade, whereas some of the other sub-
jects like physics and history are electives and are taken later.
Nevertheless, one is not justified in believing that in the long run
such large percentages of failure can be productive of good
Algebra, studied by 56.3 per cent of the high scheol students in
1goo, dropped to 35.2 per cent in 1928. The corresponding figures
for geometry were 27.4 per cent and 19.8 per cent. These decreases
are doubtless greater téday. While some of this loss cab be at-
tributed to the introduction of new subjects into the secondary
schools, part of it is undoubtedly traceable to a. genuine loss due

to a dislike for the subject. The question naturally rises here as.

to whether the fact that a large number of children of eligible age
are not now in high school may not be in itself an implied criticism
of the subjects in the curriculum, algebra included. '

-~ In a recent report of an investigation of the mathematics nec-
essary to do acceptable work in college courses in educational sta-
tistics in- the United States, it was pointed out that simple
arithinetical and algebraic tasks are not easy for many graduate
students. A large percentage of almost 1,000 students who took
an inventory test were utterly unable to do some very simple oxer-

cises involving the essential abilities for successful mastery of edu- .

cational statistics. Many of these students, and students in other

fields as well, have for some reason or other developed an unfortu- .

nate emotional complex against these simple elements of mathe-
matics. I believe this is partly due to the non-mathematically

minded teachers who should never have been permitted to teach

the subject. .

Curricular trends. Until recently all undgrgraduates at Princeton
University were required to continue the study of ‘either #he classics
or mathematics in their freshman year. ‘Under the new regulations

¥



‘

. ' MATHEVATICS IN MODERN EDUCATION 7

it is permissible to substitute other subjects for this requirement.
Commencing this year, Barnard College is omitting intermediate
algebra from its list of required entrance subjects, It.is clear that
changes in’ requxrements will be made in other colleges and uni-
versitics. Such ‘changes are all a pact of thié present movement
to lessen tle emphasis that has been placed upon mathematics in
the schools. T

A Midwestern superintendent of schools, after’ attendmg a confer-

ence of superintendents in Chicago, m wing statement
Y ) - _

to his teachers of mathematics: .

Since only 12 per cent.of the puphls who study mathematnce. in the
high school are ever going to college, we do not need to worry any
longer about teaching mathematics in the secondary school.

. l . . . [] . . . .
Such changes in administrative policies and the persistent criti-

“cism of tnathematics_challenge the very existence of mathematics

in the curriculum of the secondary school. Some teachers of mathe-
matics are inclined to take an indifferent attitude toward the ques:
tion. They say “If anything is to ‘be dropped let it be the fads

~~antNhe frills.” One teacher remarked, “We should worry, we are

no worse than the teachers of English.” . Perhaps not, but the
question cannot be dismissed in this way. My own feeling is that
the present complex state of affairs.in which we must continue to

* live demands a greater knowledge of mathematics rather than

less. However, anyone who thinks that mathemalics cannot be
dropped -from the high schoal curriculum needs only to recall the
fate of formal grammar arid Greek to realize what'is possible. As
‘one commentator puts it, “If a pupil postpones his Greek until
he enters college today, why should he not postpone his Latin, his
aleebra. and his geometry tomorrow ?” - :

Nor can we dismiss the attacks by ridiculing the critics. They
may be and often are ignorant of mathematics and in some cases
have been the victims of non-mathematically mirded teachers: but
they are not stupid. They know that the teaching of mathematics
i= not what it shonuld be and they are determined either to bring
about an improvement or to drive mathematics entirely out of the
curriculum. - '

Who shall study mathematics? We are all aware that the pupils
in our secondary schools are not equally gifted in mathematical
abilities.  Some individuals should’ u'rt.unl\ be excused from fur-
ther study of the subject. but no one, i thmk has the wisdom to
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decide who will profit most by its study or to predict who the
future Newtons and Einsteins are to be. David Eugene Smith’s
delightful stories of the unpromising youths who later became
prominent mathematicians point the moral in this instance? 1
quote: '

. .. Of late a new type of educator has appeared, the one who
proposes to weigh in psychological scale the intéllect of youth and to

guide it aright. . . . [We] have it today in the phasg of vocational’

guidance, and in this work so many excellent people are seriously en-
gaged that we are certain to see it become an important phase of modern
education. Let the boy who gives promise in science begin his special-
ization early, say those who seek to guide $he youth in a scientific
manner, and let the one who takes to Latin bend his energies there.
Let there be scientific tests to show whether or not the particular
individual can hope for success in the particular vocation—a worthy
effort and one that will produce good results, But there are not want-
ing those who will be less scientific, and who will assert that one who,
by virtue of -his surroundings and family, is destined to be a hewer
of wood, should early come to like to hew, and should be taught chiefly
the nobility of labor with the hand. That we may realize some of

who may -feel called upon to sidetrack all that is not immediately
practical, let me tell you some advice that I myself have given within
a few years past in cases like these, and lay before you the problem
that I had to face. . _

Not long ago there caime to me a father who wished to train his
‘boy for trade in a seaport town, and who asked my advice as te the
proper education to give him. The proplem seemed simple. The
community was not an educated one; i lived off its little shipping
industry; the boy was destined to small business and to small reward;
he gave no promise of anything better, and the advice was, therefore,
unhesitatingly offered that the only mathematics he needed was arith-
metic through the sixth grade. = . .

Another parent asked me a little later about his son. The boy was
of the ordinary type and would probably, follow his father’s occu-
pation, that of a scilptor. What mathematics would it be well for
him to take? I suggested a little study of curves,Some geometric
drawing, and tte modeling of the common solids—a(bit of vocational
guidance that seemed to me then and seems even\yet particularly
happy. . ) :

A third boy happened to be with me on a stegmer and T took some
intere . in talking with him and with his motHer. ‘They lived in a
city 1« no particular note, at any rate_at that time, and the boy was

* Smith, David Fugene, I’rnhléms in the Teachine of Secondury Muthematics.” An
addre«s delivered before the New England AssBciation of Teachers of Mathematics.
Ginn and Company, 1913,
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going into the selling of oil within a few years, The profits of the
Standard Oil Company appealed to the family, and I advised him to
learn his anthmetu&ﬁ:ll and get into business as soon as he could. '

b Out of the store ol tny memory I recall a’curious lad whom I came
! to know through my sympathy with the family,” ‘The mother wus

a poor woman, and she took the boy, when little more than a baby,
over to Riverside Park one day when there was a naval parade. A
“drunken sailor; having hyd a fight with a group of hoodlums, rushed
through the crowd of spectators and slashed right and left with a knife.
In the excitement the boy, in his mother’s arms, was horribly cut in
the face. When I knew them he was about ten yedrs old, unable
to speak plainly, and dlled(l\' a misanthrope through his afliction. 1
advised the mother to give the boy a vocational education, telling her
that through the use of the hangs he wonld =atisiy his desire for motor
activity, and that this would compensate him for the loss "of verbal
Huency and would tend to mike him more contented with his lot. In
this advice T feel that I would have the approval of educiational circles,

And finally, out of this series of experiences, let me recall the case
of a Hoy whom I came to know through a noble priest who found
him one morning, an infant a few days old, on the steps of his church.
"We talked over the hest thmg to do.for such a foundling, one who, at
the time I knew him, was in the primary grades, He showed no great
promése, he was without family recognition, and his only chance, ap-
parently, was in the humbler walks of life. 1 recommended a voca-
tional school where he could quickly prepare for the shop or the lower
positions ot trade, and the good priest approveds my plan at the time,
although he nnally followed quite a different course.

[t is apparent, however, that 1 have here spoken in Mrlhlh Per-
haps you alreidy recounize the hoys, and perhaps vou feel how sadly
I blundered in my counsel.  For the first of these whose cases T have
set before you felt a surging of the soul a little later, and this was
recoznized in time. and he became one of the Seven Wise Men of
,Greece- -Thales the philosopher, he who introduced the scientific study
‘of geometry into Greece.  The second felt a similar struggle of the soul,
and his parents recounized my poor counsel in time to save him and
to give to the world the founder of its first university  Pythagoras
of Samos.  ‘The third hoy, for whom only the path of commerce
seemed open, and this ipfa town only just heginning to he known, was
the man who findy—<Ct the world's first college-entrance examination.
the one who wrote over the portal of the grove of Academos the words,
“Let no one ignorant of geometry enter here”  Phito, the greatest
thinker of all antiquity. The fourth, ‘the hopeless son of poverty,
maimed, sickly, with no chanee heyond that of laboring in the shop
for such wage as might by good fortune fall to his lot, hecame the
greatest mathematician of his dav - alwiayvs the stammerer (Tartaglia),
but one whom Italy has delizhted to honor for more than three centu-
ries. And the last one of the list, the poor foundling on the steps of
St, Jean-le-Rond in Paris, became D'Alembert, one of the greatest

ERIC  ° .
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mathematicians that France, a mother of mathematicians, ever pro-
duced. : ‘

Shall we, then, advocate the selection of those who are to study
mathematics and cloge .the door to all the rest? Are we so wise that

-Have we so adjusted the scales of psychology thdt we can weigh the
creases in the lrain, dr is there yet invented an X ray that will reveal
to us the fashioning of the cells that make up its convolutions? °*
Of course it will at once be said that these illustrations that I have
given are(/interesting, but that they are unfairly selected; that those
boys gave earlier promise in mathematics than I have said. It will
be asserted that I should have tak¢n the case of the stupid boy, the
one who did not like school, the one who liked to play with little
wind wheels, 'wHo liked to fight, who actually did rga away from
school, and who stood near the bottom of the class in®mathematics,
Such a case would be a fair one, one in which we could safely say
that prescribed algebra and, geometry are out of place. And I suppose
we mus? agree to this and copfess that the argument from the historical
incidents that I have nlentioned was unsound. Let us rather take this

we can foresee the «}e who is to like the subject, or succeed in it?

case that }ﬁzve just described, and let us see to whom the description %
1

applies. ed hardly tell you who this boy isy he is well knuwn
to you;.he is well known to the world; and‘lony after every educa-
tional reformer has passed into oblivion his fame will stand forth as
one of England's greatest treasures, for it is the name of Sir Isaac
Newton.

But again I have been unfair, perhaps. I shoultl have taken posi-
tively hopeleds cases, for such can surely be found. I should have
taken some iil\\
is nearly out of ‘his teens, or else some man who shows no promise in
mathematics by the time he -reaches manhood, or some one who by
the time he is thirty is to show no aptitude in the science. It is so
easy to theorize! But let us have care, for the: men whom I have
now described are Eisenstein, Boole, and Fermat., Take them away
and where is your theory of invariants, your modern logic of mathe-
matics, and the greatest genius in theory of numbers that the world
has ever seen?

~ Indictment against secondary education. A recent criticism made
hy Professor Thomas H. Briggs? against secondary education may,
[ think. be particularly applicable to mathematics. :

justments that/are obviously needed, partly because of recurrent and
resounding erfticisms from those who find it gasier to bhe destructive
than to build up a new program, many teachers have lost faith in the
efficacy of the very subjects that they profess to teach. This is’one
'
A Brigee, Thomas H, “A Vision of Seoondary Education,”™ Teachers College
Recoyd, October, 132, pp. 5-9.

Partly as u;sult of the impossibility of making the curricular ad-

erate man, one who does not learn to read until he

it Bkt w7 vl
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of the most tragic and discouraging facts that affect secondary edu-
cation. How can a pergon teach with enthusiasm and effectiveness that
in the efficacy of which he dves not have complet? faithy A lack of
confidence results in small and decreasing knowledge, in perfunctory
teaching and in meahingless drudgery that controverts values.

For this and for séveral other reasons the students in our secondary
schools understand, learn, retain, and use little of what the curriculum
plans. The facts are abundantly presented|in our professional {itera-
ture and may be observed by anyone who takes the trouble informally
to test 4 fair sampling of the schools. By any reasonable criterion the
investment by the public in our secondary education has failei to pay
academic and social dividends that justify the huge expenditures of
time, effort, and money. By any reasonable audit secondary educa-
tion for the masses is bankrupt. Inapprupriate otferings make in-
evitable small accomplishment by those ‘naturally incompetent for the
traditional academic achievement, and tYe admission, encouragement,
or compulsion of such pupils to pursue these subjects interferes with
the progress of those who by natural and -environmental gifts might be
expected- to attain significant accomplishments. Students most aca-
demically gifted are now most severely handicapped. Others in a hope-
less struggle with what is inappropriate to their talents are achieving
little that contributes to their own advancement or to thatt of society.
It is difficult .to emphasize this fact for the great majority of our
youth and at the same time to recognize the eminent success for the
small minority who in the best schools find the opportunity for achiev-
ing the peculiar sugcess that-should be cgmmon to all. In the success
of this .ninority is the beacon that should lead the profession to make
secondary education the most potent factor in preserving and advancing
our democracy. The small, the pjtiably small, accomplishment of the
majoritv of our pupils is a well-established fact. _ Though perhaps an
inevitable concomitant of an attempt rapidly to provide a secondary
education for all, it is discouraging; but even more discouraging is the
complacency with which the repeatedly published fact has heen re-
ceived. Perhaps this complacency exists only because we do not know
what to do. Perhaps we merely await leadership to advance out of

" the wilderness.

With the rapid development of the number and enrollment of sec-
ondary schools we have not Deen able to rectuit and adequately train
“a bady of competent teachers., It would”have been difficult under any
circumstances to prepare in every decade almost as many new teachers
as there were experienced teachers in service, but when the complexity
of the student body steadily increased and the purposes of secondary
‘education steadily became more confused, it was impossible, Attribut-
dng high praise to the top fraction, perhaps one-tenth. and generous
credit to perhaps five-tenths more. the brutal fact is that approximately
half our high school teachers are below, many of them far below, the
standards that should reasonably be required.  With all teachers in
the French fycdes and in the German Gymmasiums our small fraction

»
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of best can no more than hold their own. While training in methnds
of teaching and in the other appurtenant subjects of edutation is im-
portant, it can never take the place of thorough knowledge of the sub-
jects'to be taught, It should supplement rather’ than*supplafit. Our
teachers are relatively strong jn method, but limited and weak in
knowledgé. Too few of them in the academic fields exemplify the
culture that liberal education should develop; too many are satisfied
with- the dangerously little learning that they have acquired in college
courses, without at the same time acquiring an insatiable appetite that
leads them ever onwarll in learning and in the enjoyment of learning.
The public is largely to blame, for it has judged personality more
than scholarship and effective inculcation of culture. Whatever she
large program for the future of secondary education, it should begin
in our colleges for teachers-with a better/ yraining, aglequately founded
on knowledge and a love of knowledge. ‘

Finally, there is everywhere, among(the profession no less than
among the public, an expecfation of mirkcles. Although the fetish of
education, howewver it be defined and however small its accomplish-
ments in making its products more socially dnd intellectuaily effective,
is dominant, there.is a widespredd suspicion that all is not as it should
‘be in our secondary schools. Fvidence of defects is hospitably heard,
but little is done. There is generally a feeling that some panacea will
be found, some single act that will remedy all defects and set us on.

the. highroad to educational prosperity. ‘This sentiment, it may be '
. noted, is not peculiar to the field of education. Needless to say, there

is nd such panacea, nor will there ever be, in education or in economics.
The causes of depression are complex; the cure must concern the
fundamental. So long as we look for a miracle that will overnight
give us a fyll-fledged and permanent program effectiveness, just so
long we shall endure inefficiency, squander/Aast sums of money and
infinite possibilities of youth, and fall™ac§ in vain satisfaction with
the fetish. We need a vision that ill distufb our complacency, stimu-
late us to action, and direct the unending]effor's toward educational
betterment. '

‘Reform in education. The late Rr. Hgnry Syzzallo in speaking of
a need for a $weeping reform in Plblic school education said:
“There are too many academic specialists in our public scRools who
know very much about a little field of study and nothiNg much
about the wider ranges which make up the rest of life.” Jle ex-
pressed regret that such specialists in subject matter have been
civen preferment in appointment, promotion, and saldry, with
the result that departmentalized teaching has increased to the detri-
ment of the child. The teacher of the future, said Dr. Suzzallo,
should be “a character man, or woman, interested in people as well
as in books, a man of this world and not an a¢ademic recluse.”
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I believe we could all agree with thig point of view. How to rém-
edy such a situation is a problem of great importance to us all.
One method of handling this problem is to set up what is called an
integrated program. 1 have discussed this rather fully elsewhere,*

Tr.srmomu.'s FAvog: BLE T0 MATHEMATICS

Mathematics in govemment. Mark Sullivan, as a critic of the
New Deal, laments that men able to use calculus and the higher
dxfferentlal equations are being brought to Washington for ufiliza-

. tion of that ability in government service, He has at.acked Ezekiel

for attempting to state statistically the demand, supply, and price
of hogs i the United States for some years ahead. In defense of
the mathematician, however, Dr. Harry Elmer Barnes recently ex-
pressed the following opinion in the New York World-Telegram.

It is possible to put a very different interpretation on these develop-
ments in Washington. To many it means the’first real effort to bring
government thoroughly upto date. The fact that men like President
Cleveland had not the slightest grip on the mathematical and scientific

facts which have created the modern world is one reason why we are.
in our present mess. Many other Presidents were even worse off in.

this regard. 'Even Waodrow Wilson, a university president, was bliss; -

fully innocent of modern science and engineering and relied upon the
rhetorital methods of the age of Cicero.

Our modern material civilization has .been built up by the use of
calculus and higher mathematics. It is not unreasonable to assert
that a comparable intellectual equipment and apparatus are needed
to control our institutional life. Without the calculus and higher dif-
ferential equations'we could not build a complicated machine, a sky-
scraper, a-bridge, a subway, a railroad, a large-ocean-gding ship, an
electric lighting plant a telephone, a telegraph cable, radio or any
other representative manifestation of modern ingenuity.

If this be so, how can one»expect to run a government, which is
far more complicated than any machine or engineering project, without
at least some apprecmtmn of the functmn of higher mathematics? We
mdy be glad that there is a man in the White House whose perspective
has advanced beyond long division.

It is high time that our statesmen should begin. to think in terms
of modern science instead of relving upon the rhetoric and hot air
which have dominated politics from Pericles to many of the present
spellbinders in the United States Senate. *

. Social values. The social values of mathematics, both realized and

¢Reeve, W. D., "Mathematics and the Intezrated Pkogram in Amcncan Second-,

ary Schools,” Teachers College Record, April, 1435, pp. 497-507.
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potential, are stressed by’ the mathematician, E. T. Bell® in the
following statement: - \ '

For it must now be obvious, even to 1 blind imbecile, that American
mathematics and mathematicians are beginning to get'their due share
of those withering criticisms} rhotivated by.a drastic revalugtion of all
our ideals and institutions, from the pursvit of truth for truth’s sake
to democratic government, which are only the first, mild zephyrs of
the storm that is about to overwhelm us all., In the coming tempest
only.those things will be left standing that have something of demon-
strable social importance to stand upon. Mathematics, we«as 'mathe-
_maticians believe, has so much erduring worth to offer humanity on
all sides from the severely practical to the ethereally cultural or spir-
itual, that we feel secure—until we stop to think. . ¢

The arresting thought that we as mathematicians have done next
to nothing to inform and convince the sweating men and the sweated
ivomen, whose hard labor makes possible our own leisurely pursuit of
“the.science divine,’ that mathematics does medn samvthing in their
lives and might- mean more, may well make us apptehensive of the
future, for these too patient men and wumen in the storm ahead of
uscall will cast the deciding vote.

The harsh attrition has already-begun. Are not mathematicians and

teachers of mathematics in liberal America today facing the bitterest
struggle for their continued existence in the history of our Republic?
American mathematics is exactly where, by common social justice, it
should be—in harnessed retreat, fighting a desperate rear guard action
to ward off ,annihilation. Until something more substantial than has
yet heen exhibited, both practical apd spiritual, is shown the non-
mathematical public as a justification for its continued support of
mathematics and mathematicians, both the subject and its cultivators
will have only themselves to thank if our immgdiate successors ex-
terminate both. \
- Taking a realistic view of the facts, anyone but \n indurated bigot
must admit that mathematics Lias not yet made out \ compelling case
for democratic support, so that the men and women who pay the bills
which make mathematics possible can see clearly what they are asked
to pay for. This must be done, and immediately, if mathematics is
to survive in -America. )

Qur task is to develop somehow a generation of teachers. who
not only know a great deal about their own field of study, but who
also understand something of the “wider ranges which make up
the rest of life.”” The trouble is not so much with -mathematics
as some of our critics would have us believe. I have clsewhere re-

*Rell, E. T. In a review of The Poetry of Mathrmatics and Other Essays, by
David Eugene Smith. The American Mathematical Monthly, November, 1935,

p. §59-
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ferred to several authorities who have exalted mathematics, and
one yearbook in the series of which the present volume is a part
was devoted entirely to the topic “Mathematics in Modern Life.”

The Columbus (Ohio) D:spatcl:, commenting on the proposed
curtailment of a‘ithmetic in school curriculy, maintains that the
schgols should not withhold the “mathematical key” to the “gate-

ways of a larger life”: I

One of the “educational experts” of Teachers College, in Columbia
University, says of the study of arghmetic: “Arithmetic should be
taught, but not all arithmetic. e should transmit to the children
of tomorrow only that which they are likely to need. Even hig 11y
cultured people have need for only a small amount of mathematics,”

His conclusion is that something like 85 per cent of the arithmetic
usually taught in the'schools should be dropped out. He can see little
use for anvthing more than sjmple addition, subtraction, multiplica-
tion, and division. + A questionnaire sent to some 600 persons found
but few to reply that they had found the higher mathematics of any

. direct benefit to them. . .

This was quite natural, as a. result of the questionnaire method. One

'g“ould like to see the results of a questionnaire sent to 100,000 or

more men and women who have ‘been “questionnaired” for the past
20 years asking the one simple question, “Do you favor the questlon-
naire, as a means of getting comprehensive, accurate and reliable in-
formation on debatable matters of opmmn or sentiment?”

The difficulty with this Columbia expert’s opnmon as to the teaching .

of mathematics is that its practical application in the schools would
leave a countless number of young people handicapped, later on, when
they rlesnred to push into one or another interesting and profitable life
work, or subject of study, and found that they did not possess the
mathematual key necessary to unlock the door. It is the placr of
education to open up, not close, the gateways of a larger life.

Commonplace values. In the opinion of Myron C, Taylor, promi-

nent businegs man, mathematics is the most important subject in

the curriculum: _ -

What shall we put into the mind? For the uses of the present day
we could hardly put too much mathematics into it. A brain that is
mathematically minded has a decided advantage over any other in
affairs of trade and commerce; it is a fine type of mind to approach
problems in physics, and it is just the sort of mind that would lead
one to be philosophical. And so perhaps if one were permltted to
study only one subject, depending upon cnmmmnn%hnp and one’s
evervday contacts with the worid to pick up the language of the com-
munity after a fashion, mathematics would serve vne better than any

CSivth Yearbook of the National Counctl of Malhematics, 1931,




)
16 THE ELEVENTH YEARBOOK

other subject in the courses of study. So it would seem that one
cannot give too much attention to mathematics. ‘

A recent trend in high school commenceme’nt programs is the
vitalized commencement, in which the activities develop from ‘the
regular classroom work. The commencement program for Hiram
High School (Hiram, Ohio) in 1929 “centered around the idea of
mathematics in everyday life.” A report of this program, by Mr,
Harold E. Davis, appeared in the April, 1930 jssue of Okio Sckools
The purpose of the program was.:

. + . to show the graduating class in the performance of work char-
acteristic 'of the school and to establish some definite relationship
between school work ‘and the lives and activities of the students. It
has been the purpose furthermore to intellectualize the commencement
program, and to give the graduates a chance to show they have devel-
oped sufficient intellectual jnterests and capacity to talk interestingly
*to® their parents and friends about some topic of wide interest and”

concern, to which they have given particular.attention,

Edward Howard Griggs.” in his new book, The Story of an
Itinerant Teacher, mentions the personal benefits that he has de-
rived from the study of mathematics:

Feeliig that with my wide reading, I needed intellectual discipline,
I chose mathematics for my major subject, with no intention of using
it afterward, in teaching or other practical ways. Never have I re-,
gretted the choice. Mathematics is one of the oldest subjects in the
curriculum, and one concermng which there is at present the most
confusion of thought. It is the one completely exact science, just
because it deals with pure ideal concepts. We define a straxght line
as the shortest distance between two points. There is no straight line
in Nature. Nobody ever saw ar drew a straight ling‘,\What we call
straight lines are poor, approximate illustrations of idea th: exists
only in the mind. Mathematics is thus pure reasoning with ideal con-
cepts. When you argue that two apples and two apples mike four
apples, that is not mathematics; it is a concrete illustration. It is math-
ematics only when you think that two and two make four, to any intelli-
gence, anywhere in the universe, any time throughout eternity. Mathe-
matics is thus the grammar of science, a language for the statement of
all scientific facts and laws. Anything that can be stated at all can
finally be stated in mathematical terms; and only then is the statement
exact, '

In our effort to introduce mathematics early in the course of study,
we have brought in all sorts of concrete material, and permitted the
pupils 'to menfiorize. Learning the multiplication is, of course, sheer

"The Starv of an Itinerant Teacher, pp. 41-33. Copyright. 1934. Quotation
used by special permission of the publishers, The Bobbs-Merrill Company.
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memory work, and should be accomplished in the memory .period,
until one can say it forward and backward, awake or asleep. Every-
thing else in mathematics’ is pure reasoning: and allowing the pupil
to memorize problem and propositign, brings him, at eleven or twelve,
up against a dead wall; and he finds that he does not like mathe-
matics. Nine times out of ten when a student does pot like mathemat-
ics, it means that he has been wrongly taught. _

I am not one of those modern educators who hold that discipline
in one field ®an not be carried over into other fields. Of course I know
what they mean when they say that “knowing algebra and geometry
will not help you to decide whether the butcher has cheated you on

six pounds of steak”; but accurate thinking is accurate thinking; and

mathematics is the one perfectly accurate form of thinking known' to
man. Once the habit of accurate-thinking is formed, it applies to
everything you think about. It is not necessary to speak theoretically;
I know that I can organize my ideas more :logically, “better avoid
overstatement and express my thought more accurately, because I did
some six years of mathematics during my brief term in college.

{ .

We need more testimony like this to put hefore the pedhle who
are not convinced that the- study of mathematics has any impor-
tance in the schools. But bettéy still we need to teach mathematics
so that our pupils will ultimately. offer such testimony.

Masbhematics and the cosmos. ‘The following editorial statement
appeared in the New York Sun on November 8. 1030:

Jn search for the ultimate reality in nature. now virtually abandoned
as beyond the powers of the puny three-dimensional intellect of man,
mathematics was long a useful guide. | Its importance, increased with
time until men of science came to regard it as the only langusge in
which a natural\phenomenon could properly be discussed. “'oday the
curious are told that they will know all that can be known about <uch
a phenomenon whdq they have discovered a mathematical formula
which adequately dedgribes it.  dlathemitics is no loaser content to
be a tool; it threatens\to :ubsorb almost everyvphing else.  Sir James
Jeans asks us to look upng the Great Architegt of the Universe as a
pure mathematician.

In the Rede Memorial Tecture & the University of Cambridge the
other night the brilliant British astroyomer expounded his Litest physi-
cal and cosmic theories.  He had expanded the lecture into a small
volume, The Mystevious Universe._ which he put on zile in the bodk
shops the next day. Like evervthing which comes from his pen. it
has a fascinating boldness.  There is danger of some of "his readers
taking his jdeas for scientific gospel.  But he warns them. *“Ewvery-
thing that has been said,” he writes in his final chapter. “and every
" conclusion that has been tentatively put forward. is quite frankly
speculative and uncertain.”  The conclusions, except in the List chap-

o
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ter, are not wholly or principally hns own; he reviews the whole field
(\modern physical science. ..

The universe begins to look to Jnnns more like a great thought th'm

a great machine. If it is a universe of thought, then its creation must

have belen an act of thought. “Time and space,” he says, “which form

the sqttmg for the thought, must ‘have come into being as part of this

act.” The line of demarcation between reahsm and idealism is be-

coming blurred, Objective realities exist, but we are assuming too'

much if we label them either “Real” or “Ideal.” The true label he
thinks‘is “mathematical,” but this term must be taken to connote the
whole of pure thought and ngt merely the studies of professlon.tl
mathematicians.

What does the man in the street gather from it all? Perhaps that
science shows signs of becommg religious. Pure materialism is rather
out of date, When matter is dissected it is found to ve composed

of something which does not meet our ideas of matter at all, Nobody i

nowadays attergpts to say.just-what an electron is or ventures to hope
that ‘mafi~ean ever know what it is. As baffling as the mysteries of
the microcosm are those of thé macrocosm. Suns and’ planets may
evolve out of nebulae, and (it isinot difficult to picture the birth of
nebulae from the ggeat aggldmerations of atoras; but whence the pro-
tons and electrons which coffipose them? The mathematician may
put these questions aside as idle and impractical and find consolation
in his beautiful equations; the rest of the world will not so easily be
satisfied, ~ . -

Functional thinking. The following excerpts are’from a recent
study by Dr. H. R. Hamley, in which he dlscusses mathematlcs as
of mode of thinking.® . .

Our purpose in quoting these authorities [Spearman, Dewey, Ri-

gnano and Piaget] is partly to uphold the thesis that reasoning is ideal *

experiment, and partly to support the view that scliool mathematics
should be taught as the symbolic expression of actual or potential
activity; in other words, that school mathematics should be presented
as a concrete and dynamic, rather than as an abstract and static,
science. We.do not think that the function concept can be graqped

by the average student in any other way. Mathematics is the pro-

jection of life upon the plane of human imagination.

Now, the conduct of experiment involves the following main activi-
ties: the collecting of data, the arrangement.of the data according
to some attribute or quality, the identification of the data by name,
and the interpretation of the data so organized in terms of relations
or correlations that have been found to subsist betweén them. In
other words, experiment involves the recognition of the mathematical
concepts: class, order, variable, and correspondence. . . .

*“Functional Thinking.” Ninth Yearbook of the Nulional Council of Teachers
of Muhematics, pp. 37-18, 44-406.
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. . . We have now to inquire how far these_aims are capable of real-

" ization through functional mathematics, Of the. utilitarian value of

functional mathematfcs there can be no question. THe function is the

mathematical correlate of physical change, expressing in symbolic

language the relationships that accompany change in the physical

world about us, . . . the utilifarian value of functional mathematics
is commensurable with the utilitarian value of physical progress.

‘The cultural valde of mathematics can hardly be considered “apart
from that of mathématics in gereral. D. E. Smith has appraised the
value of mathematics in an article both eloquent and profound. ° He
shows that mathematics di¢ not come into being to satisfy utilitarian
needs. ‘It seems rather to have had its gefesis as a science in the
minds of those who followed the courses of the stars, to have had
its early applicatians in. relation to religious formalism and to have

", .had its first real development in the effort to grasp the Infinite,” That

mathematics has beauty has not been generally appreciated. Few who |
are not devotees would be ready to claim that “the true spirit of de-
* light, the exaltation, the seénse of being more than .nan, which is' the
touchstone of the highest excellence, is to be found in mathematics
as surely as in poetry. . . .” If beauty is an attribute of culture, then
cultural mathematics can claim to provide, in a spegjal degree, the’
food of culture, for order, rhythm, symmetry, haetiony and unity,
which are among the accepted qualities of beauty/:re also among the
popular concepts of functional mathematics.

That mathematics has disciplinary value some are disposed to doubt.
They maintain that the days when it 'was believed that accuracy, judg-
ment and reasoning were specific abilities that could be developed by
appropriate training and discipline have long since passed away. Others,
while admitting that the doctrine of formal discipline has béen rudely
shaken, still cling to the belief that there is something, in “‘the human
‘worth of rigorous thinking.” This subject was considered to be a
matter of such vital importance that the National Committee on Mathe-
. matical Requirements made a special study of “The I'resent Status of
- Disciplinary Values,in Education,” giving the result of the éxperiment
and inquiry up ™ the vear 1922. Many experimental studies of this
subject have been made since r9or, when Thorndike and Woodworth
undermined our faith in the faculty doctrine. Some of these have been
vitiated by faulty technique. others have heen discounted because they
o nat touch the real problem. Those that may he considered valuable
and unobjectionable as to procedure seem to point to a conclusion
which may be summed aif; in the words of Burt: “A common element
is more likely to be usable if the learner becomes clearly conscious of its
nature and of its general applicability: active or deliberate transfer is
far more effective and frequent than passive, automatic. or u%i:tvntinna] :
transfer. This seems especially true where the common elethent is an
element of method. rather than of material, an ideal rather than a piece
of information.” In other words: method of procedure, consciously
accepted as a desirable ideal, is the key to the problem of transfer.

#
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The bearing of this conclusion on our present problem "will be ob-

. vious, when we remember that functional mathematics is neither a

technical skill nor a formal discipline but a mode of thinking. ‘It may,
and often will, involve many skills but its real domain is to be found
in the concomitant changes of correlative variables and the relations
that subsist between them. If we seek the material of tranefer in the
common elements of ‘mathematics and life, we find them in the con-
cepts: class, order, variable, relation, correspondence, correlation, and
function. S

Numerous reasong, might be given to explain why mathematics
has come in for so much criticism in recent years, l)articularly' alge-
bra and geometry in the secondary school, but I will mention three
which I consider of fundamental importance. In the first place, the
stupid way in which many teachers continue to present both algebra
and geometry contiihutes largely to the unpopularity of these-sub-
jects. So long as we continue to teach these subjects mechan- -
ically and include in the course of study much material that is
obsolete, we may expect the pupils to dislike niathgmatics.

Secondly, the general educators, many of whom perhaps have had
unfprtunate experiences with mathematics in school, consider that
it is the =ubject per se that is at fault. They would therefore elim-
inate it. There are some who, although they may not know much
about the subject, or even how it should be taucht, recognize its
intrinsic worth while at the same time they know that the teaching
of mathematics is bad in many schools.
* In the third place. the professors of pure mathematics in the col-
leges and the universities who once had whatever responsibifity there
was for training their students to be teachers of mathematics turned
over the responsibility for such work to the schools of education.
The results reflect the obvious lack of interest. Schools of education
and teachers colieges have dominated the teacher-training programs,
and instead of turning out teachers with proper academic background
they have produced too many teachers who knov but little more
subject matter, sometimes less, than what they wyere actually sup-
posed to teach, Standards for teachers have thus hecome topheavy
with requirements in gerferal methods courzes, principles of teaching,
and the like, and with practically no uniform academic standards
that are satizfactory. o

Ihe prablem of mathematics education in this country cannot be
solved until we remedy at least the three situations first described.
We must first set up higher standards for teachers of mathematics.
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For example, no teacher should be allowed tcl teach mathematics,
even in the junior high school, who has not at least completed a sub-
stantial course in the calculus -

In the second place, we must educate the educators with reference
to the importance of: their-supporting our higher standards™ for
teachers and also with respect to the importance of mathematical
education in the schools. This can.be done if we show them that
the modern course in mathematics is modeled on the 1936 plan in-
stead of that of the seventeenth century. -

Finally, we must convince the professors of mathematics in the
colleges and universities that they must take a miore prominent part
in the teacher-training program. Most of their students will prob-
ably plan to teach mathematics. It is the duty of such college and
university teachers to pay more attention to the future needs of

their students and help the reat of us, whose primary function is t¢’

train our students to be teachers.

L]
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* THE REORGANIZATION OF SECONDARY
) £DUCATION*

A STUDY OF PRESENT PROBLEMS AND TRENDS, WITH
PARTICULAR REFERENCE TO MATHEMATICS

By WILLIAM BETZ

Rochester, New York
8

“The day has come to begm the work of our removation* . .
We must arise and move on.. We must liberate ourse®es from blind
technology and grasp the camplex:ty and the wealth of our own na-
ture,”—Alexis Carrel }

INTRODUCTORY STATEMENT

. Facing a staggering problem. Never in the whole history of edu-
cation haye teachers Been more baffled and wotried by the scene -
they are obliged to face from day to day. So great is the confusion °
of the present period, and so vexing are the questions demanding set-
tlement in every field of human thought and endeavor, that one
shrinks with some dismay from a survey of the educational pro-
grams set up for our adolescent youth. Yet, so pressing is the
need of orientation, so vital is an honest formulation of our difficul-:
ties, as well as a re-examination of our basic faith in a system of
universal education, that every effort in the direction of a compre-
hensive review, however fragmentary and halting, is at least better
than passive or stagnating indifference. In the following pages the
atteinpt will be made to lift into prominence and t6 analyze those
factors which seem to be mainly responsible for our present educa-
tional troubles. With the analysis will be submitted “tonstructive
criticisms and tentative proposals on behalf of a desirable co-ordina-
tion of the old and the new. In order to remove the appearance
of a purely subjective zppraisal, there will be frequent references

* The writer wishes to express his indebhtedness to Professor W. ID. Reeve of
Teachers College, Columbia University, for valuable editorial assistance, and to the
numerous publishers and authoss who made possible the quotations and references
appearing in this monograph,
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to the current vdumtmnal literature, thus enabling the rea@er to
check the author's position against a wider body of opinions.

Nature of questions to be discussed. The extent of the terntory
to be covered is such that it will be impossible to incl
survey anything but the “high spots” of the educatio
The full()\\m" queries may serve to suggest the general nature and
scope of the problems to be discussed :

1. What are the chief causes of the present educational unrest?

2. Have we a consistent and practicable philosophy of education?

3. To what extent should “social reconstruction” be a determin-
ing factor in a basic philosophy of education?

4. Which guiding principles, if any, may be applied in the ap-
praisal of the newer educational trends?

5. What ‘is the present status of the curriculum revision move-
mont? .

. How are the secondary schools trying to cope with the pgoblem

of mass education?

7. Should vocational cdumtmn he encouraged at the secondary
level ?

& TIs it possible to maintain :tandards if second'lry education is

to be .ulaptvd to the individual pupil?

9. Alonr what lines should classroom procedures and methods
be chanued, if the findings of the newer psychology of learning are
accepted?

10. Does the professional preparation of secondary teachers call
for extensive readjustments?

Although this study is intended primarily for teachers of mathe-
matics, its scope must necessarily be enlarged to include the edu-
cational scene as a whole. Education is viewed as a unified process
extending from the kindergarten to the university., Hence. fre-
quent excursions will be mude into the elementary field for the sake
of 1 mare inclusive perspective.

PART ONE
EDUCATION IN A CHANGING WORLD

. A Woerip 1v Turyorrn

External causes of world-wide unrest. That the whole civilized
world is now going through an upheaval unparalleled in history
has become a commonplace observation.  From day to day the news-

-,
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. papery bring us startling accounts of new and upsetting events at

home Mad aproad. - Everything seems to be in-a state of flux,  Great
empires are facing as sudden diszolution or transformation as the
neizhborhood grocery or the comniunity’s time-honored institutions, )
Eaterprises, large or small, local or national, seem destined to feel
the impact of forces that cannot be ignored.

We all know, in a general way, what is back of this development.

The story has been told often that its restatement is almost,

rye . . . . ¢ \
superfluous.  The World War, so we are informed, merely ac- .
celerated the approach of an inevitablé crisis which sooner or later .

was hound to overtake the modern world:  Our machine civilization,
with its ever-igereasing use of hich-powered and automatic produc-
"tion devices, is in violent contrast with the era of handwdirk. Tech-
nological unemployment appears to be with us permanently,  Agri-
culture, continually made more efficient, is likewize tending in the
direction of controlled mass production. .And so the “technocratic”
age is upon us, bringing with it an almost unending <eries of eco-
nomic and social problems.- The great industrial .nations, all striving
. to he self-contained instead of co-operative, seem to he bent on a
\ , life-and-death strusaie for raw materials, markets, and colonial out-
. lets for their excess population. In our big cities thousands of un-
emploved workers are anxiously awaiting the return of pirosperity.
Governments evervwhere are trving to feed their hunery millions
and at the same time vainly attempt to balance budictz,  Ke-
trenchment at some points and unlimited expenditures at other
points have thrown civic and national households inte a state of
chronic uncertainty, In the, meantime, the popular demand for
~table conditions and for economic security is approaching the status
of a relizious dosma. As a corollary, political reorfentation is going
on in an unprecedented wity,  Whiie the democratic nations of the
western world are experimentine with covernmental modifications
within' the framework of their constitutions, the fascist and collec-
tivistic ~tates are enforcing the dictates of a minority on hebalf
of an extreme nationalisim or o militant proleteriat, In this battle
of eieantic dimensions the fate of the individual is Dhecoming
increasinely insienificant and procavitas. Isanot the conclusion
fustitied that cducntion, forever cencerned with 1he dienity of in-
dividual devetopment and Teader-bip, witl be driven either to ine-
potent ~urtetder or 1o passionate defense of it most precious .
convictions and principles?
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Internal causes of unrest. Hardly less important than the eco-
.nomic and political factors just mentioned, as causes of our dis-
turbed outlook, are certain subsurface influences. These, too, are
well.known to any student of modern education. The old lands
marks of former, days have been rudely shaken. Iirst and foremost,
a deified materialistic science must be held largely responsible for
an all-too-prevalent mechanistic interpretation of the universe. It
is the tragedy of this age that precisely at the time wl\cn science
is losing its mechanistic bias, the spiritual forces of mankind are
held in bondage by a false reverence for alleged scientific finalities .
that are being discredited by -honest scientific thinkers,  As vet,
psychology, relizion, philosophy. and éducation are suffering from
their fatal ‘contact with a machine conception of life and human
destiny. Hence the futile attempts to derive valid guiding principles
from an experimenial philozophy of education which rests on a

. mechanistic foundation.  In proportion as the individual is viewed

merely as an inconsequential atom in a relentless ovnluti'un:lr_v strug-
gle based on the survival of the fittest, and in proportion as life's
ideals are given the status of purely prazmatic and provizional
generalizations devoid of intrinsic worth and authority, education
is finding it increasingly difficult’ 0" rescue itz faith in the unique
vilue of the educational process for the individual child.  Hence
we have a type of mass education which is forced down to the level
of the “statistical averaze,””  In a world thus robbed of its anchor-
age and it< dependence on clearly charted routes, education is wrop-
ing about blindly for pilots that appear to know how to steer a
course at a safe distance from the rocks of destruction,

How a philosopher views the situation.  Under such conditions,
how muay a teacher preserve sanity of judement and calmness of
mind?  More especially. how may we rise above the habel of con-
temporary voices and rescue for ourselves that unified thinking
which is aur only e~cape from hopeless eynicism or perzonal dis-
intecration®  For an answer, let us turn to a philosopher who has
been sufficiently close to the popular mood to have developed a
deep underdtanding of our spititual distemper and its possible cor-
rection. Wikl Durant, in his Mawsioes of Philoophy, has viven us
one of the most penetrating criticisnes of the modern ega. together
with a revealine dinunosis that misht represent a4 first <tep in the
direction of i cure. Quotations from that work are presented on the
followiny pases
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» Human conduct and belief are now undergoing transformations pro-
founder and more disturbing than any since Yge appearance of wealth
and philosaphy put an end to the traditional religion of the Greeks.
It is the age of Socrates again: our moral life is threatened, and our
intellectual- life is quickened and enlarged, by the disintegration of
ancient customs and beliefs.  Everything is new and etperimental in
our ideas and our actions: nothing is established or certain any more.
‘The rate..complexity. and variety of changesin our time are without
precedent, even in Periclean days: all forms™about us are altered,
from the tools that ‘complicate our tail, and the wheels that whirl
us restlessly abotit the earth, to the innovations in our sexual relation-
ships. and the hard disillusionment of our souls, The passage from
agriculture to industry, from the village «to the town, and from the

town te the city, has elevated science, debasetl art, liberated thought,~__

ended monarchy and aristocracy, generated democracy and sotialism,
emaneipated womai, distupted marriage, broken down the old moral
cade, destroyed asceticism with luxuries, replaced Puritanism with
Fpicureanism, exalted excitemient above content, made war less fre-
quent amyl more terrible. taken from us many of our most cherished
relizious beliefs, and given us in exchanze a mechanical and fatalistic
philosophy of life. Al things tlow, and we are at a loss to find some”
mooring and stability in the flux. | '

In every developing civilization a period comes when old instincts
and habits prove inadequate to altered stimuli, and ancient institu-
tions and moralities crack like. hampering shells undet the obstinate
growth of life. In one sphere after another, now th.t we have left
the farm and the home for the factory, the oftice and the world, spon-
taneous and Mnatural” modes of order and response break down, and

intellect chaotically experiments to replace with conscious guidance

the ancestral readiness and simplicity of impulse and wonted ways.
Evervthing must be thought out, from the artificial “farmula” with
which we feed our childreny, and the “calories™ and *‘vitamins™ of our
muddled dietitians, totbe hewildered efiorts of a revolutionary govern-
ment to direct and co.ordinate all the haphazard processes of trade.
We are like a man who cannot walk without thinking of his legs, or
like a pliver who must analyze every. moye and stroke as he plays.
The happy unity of instinet is gone from” us. and we flounder in a
zea of reasoning and doubt; in the midst g unprecedented knowledge
and power we are uncertain of our purpogés, our values, and our goals.

From this confusion the one escape worthy of a mature mind is to
rise out of the moment and the part, end contemplate the whole. What
we have lost above all is total perspective,  Lile seems too intricite
and mobile for us to grasp its unity and signiticance: we cease to be
citizens and become only individuals: we have no purpoges that look
bevond our death: we are frauments of men, and nothing more. No
one (escept Spengler) dares today to <urvey life in its entirety; analy-
sis leaps and symhesis Lies: we tear the experts in every field, and keep
aurselves. for safety's sahe, Lished to our narrow specialties. Every
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one knows his part, but is ignarant of its meaning in the play. Life
itself grows meaningless, and becomes empty just when it seemed most
full, - L

Let us put aside our fear of inevitable error, and survey all the
“problems of our state, trying: to see each part and puzzle in the light
of the whole, We shall define philosophy as total perspective, as
mind overspreading life and forging chaos into unity. . ..

For what if we should fatten our purses, of rise to high office, and
yet all-the while remain ighorantly naive, coarsely unfurnished in_ut:s)
mind, brutal in behavior, unstable in character, chaotic in deside
blindly miserable?

Ripeness is all.  Perhaps philosophy will give us, if we are faithful
to ity a healing unity of soul, Wegre so stovenly and self-contradictory
in our thinking,; it mav be Huf we shall clarify ourselves, und  pull
ourselves together inta cousistency, and be ashamed to harbor contrg-
dictory desires or belicfs.  And rough this unity of mind miy come -
that unity of purpose and character swhich makes a personality, and

Hends some order and dignity to our existence. Phitosophy'is har-

o monised knowledge making a harmonivus ije; it is the self-discipline
which lifts us to serenity and frcedom, Runowledge is poieer, but only
swisdom is liberty,

Qup culture is superficial today, and our knoeledge dangerous, be-
causc we arc rich in mechanisms and poor in purposes. The balance
of mind which-once came of a warm religious faith is gones science
has taken from us the supernatural bases of our morality, and all the
world ‘seems consumed in a disorderly individualism that reflecets the
chaotic fragmentation of our character. We face again the problem
that harassed Socrates: how shall we find 1 natural ethic to replace the
supérnatural sanctions that have ceased to influence the behavior of
men?- AVithout philosaphy, without that total vision which unifies pur-
poses and establishes the hierarchy of desires, we fritter away our social
heritage in cynical corruption on the one hand, and in revolutionary.
nadness on the other; we abandon in a moment our pacitic idealism and
plunge inte the co-operative suicide of war; we have a hundred thou-
sand politicians, and but a single statesman. We more about the carth
with unprecedented specd, but we do wot kFnowe, and haze not thought,
where e are going, or whether wee shall find any happiness there for onr
harassed souls. We are being destroyed by our knowledee, which has
made us drunk with our power. And we shall not be saved without
wisdom,!

Tue Crisis v Encestioy

A pychologist Tooks at education.  Having noted the mes<age of

the philosopher to our disorsanized s wiety, let us turn to a tr('nijh;mt
e

"Durint, Willl The Movdons of Fiilocophy, ppovit v x-xi. Simon and Schuster,

New Yok, 10290 The adines i thie rptetabion doosot appear in the origing test,

Liahies are introduced here and in all subsequent yuotations 1or the sihe of emphasis,

ERIC

Aruitoxt provided by Eic:

<



O

ERIC

Aruitoxt provided by Eic:

28 THE ELEVENTH: YEARBOOK -

‘analysis of the educational situatiof which confronts us at this

time. ‘It comes from the pen of a distinguished psychologist who
has also given evidence of his keen interest in the deeper meanings
of life. Professor Raymond H. Wheeler of the University of Kansas
is a leading exponent of configurational psychology. The’ fol-
lowing. abstract from one of his recent monographs is significant

-

here:

Why is our educational system under fire all the way from the
kindergarten to our graduate schools?  Nearly -everybody senses a bad
situation: it is doubtful if anybody has completely analyzed what it
is. Perhaps the reasons can more adequately be seen if education is
deliberately examined as an institution created by the people for the
purpose of facilitating social progress.  Then the problem requires a
close inspection of cultural history, and a clear-cut recognition of a
cultural change that is taking place on a world-wide scale, today, This
change penetrates deeply into science and is altering the fundamental
Indeed, the change is so revolutionary that

pattern of our thinking,
NO one sees

the conservatively minded person can see nothing in it.
into it whose mind is burdened with inertia, or whose attitude is shaped
by nincteenth century points-of view,

Essentially, the crisis ineducation is synchronous with this rrisis in
the fabric of human culture. Its immediate oCCsions dare nunierous,
Among them is the discovery that natugg has been misconceived, more
especially human nature,  Science, too, has been misdetined.  When
man redi<covered science during the Renaissance he overestimated the
part played by environment  the stimulus, the objective, the inductive
process - as compared with the part played by man himself, in relation

He underestimated the part he played -the depend-

tao environment,
He neg-

ence of envitonment on him --in the ohserviation process,
lected the deductive aspect of experience, itself.  Consequently he did
not discover until the twentieth century that nature. after all, has a
deductive as well as an inductive way about her, implicit in the char-
acter of her objective methods.  And what is quite as important, it
was not until the twentieth century that scientists discovered how
heautifully they were letting the deductive aspect of the observation
process impose itself upon nfture. He |the scientist] had left fact-get-
tine unsafecuarded against errors of logic,  He had taken for granted
4 vertain conception of reality and was leaving it uninspected. It was

a4 mechanistic conception,

Meanwhile, it came to be assumed. Tor purposes of education, that
knowledue is more inductive than deductive, almost exclusively induc-
tive. This fatal error has cost us much,  The inductive hins assumes
knowleduee to be built up piccenseal from o mach experience here and
~«o much there,  The bits are put together, The scheal curriculum s
hasedd upon this thesis from the kindercarten to the craduate school,

Separate couraes; separate skills Now we hnow that knowledge ac-
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cumulates in no such fashion and that. for the most part, individuals
become edncated, in spite of, vather than because of. formal eforts
to integrate these isolated scraps of knowledee into o single whole,
the individual mind.  Education has been successiul, in a moasure,
because there are good teachers who have always intuitively sensed the
fact that knowledge does not grow in pieccemenl fashion. ™ They have
beene successful teachers because they did not prictice the psychology
that they had learned, and because they ovedcdme the handicaps under
which o divided curriculum placed them. | / .

Culture s unitary, transposing from onel end of knowledge to the
other, across science, literature, art, philosophy, social codes, theory
ind practice, 1t is a single pattern. There is only one, mind by which
to salve all human problems whether they be in physics, psychology,
or politics,  And this one mind will solve its problems-- if at all  only
by beginming, in each case, with identically the =ame Kind of As=ump-
tions and by advancing with the same set of methods,  Fundamental
mistakes made in“one tield of endeavor will also be made in all the
others, at the same time, and for identically the same reacons, Hhe
chimge in homian thousht, today, is precisely the discovery of such
a fundamental evror which has transposed across all thoueht and dis-
torted the nature of gl observation,  So it is that, tday, there is
transpiring a universal revolution, encompassing the totalin” of human
thought and attitude. We see it in numerous so-called “movements,”
the relativistic movement in phys<ical science. the organismic mos ement
inbiological science, the contvurational movement in psychological
science, and the socialistic movement in practical cconomics and pol-
itics, It is no accident that abi these events are occurring simultane-
ously.  The revolution is beamning to penetrate into the minds of
cducators who dre hesinning to inpect the eiucational svstem with
the conviction that there fssomeshine fundamentaliy wreonge with it
but just what, they do not Koow. Jusi what is wiong can hest be <cen
in the light of chunges occurrmeg in science itseli,

This ncw conception of neture demands a wewe conce plion ot lucy-
tion and an altogcthey difiorent epe of teacfr trainine. 18 b mpands
a scidely diderent tepe ot cionicuiom than we nose e oll e TR

Jony the cdwetise soales At points Hhe wavoout o the frovont orie
[eorepiediato ] wrgualitiodle, @ pbchanistic cone ption o7 netine, o
clotatren, v e wind banine s 1 puadiato st i v bt croit ply
Hhistes ave baestt wh tromg simle things, that = doles ane iz
the ir ,'..'I!\_" o /‘w./,",'h sl Nenants b fli'l\'\/v ', /'i:':lni;'_\‘. ARY] Qotoyy,
Wit coies e o the oo, .1;::.’) i o, o -
SN0 e /’.’/I'II 0! //Ir tl/.[]l 11.’1.. I /lhl. ty /

L demands the apposite conception of the learning jiocess than
his adwon s B entertaived, except by the e rane thinkers il teadh-
ers of the post whose faithial intaitive vades < aeriing of huran naturne
cenpelled them e ol their commion <ense tather than the <cientite
thuoevies of their day, '

Phicoin conciall i the rerson why picetesnth century peschology
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and e(]ucatign, still prevailing, do not yield methods that provide the
growing mind with that wnity of knowledge which it craves, and makes
it useful, nor does it furnish the growing mind with that social insight
upon which the integrity of the social order rests.  The secret of
demacracy is co-operation, yet childhood and youth are taught under
a scientific philosophy of competitinn, the philosophy of a mechanistic
order. Youth is taught this falsehood in biology, in psychology, und in
business. .. . .

The resistance against new discoveries . . . comes from the man
who was once too sure that he was right and now finds it very difticult
4o change. It comes largely from that leadership in education where
one ought to expect the quickest and surest grasp of what is going on
in the world today. . . . As it is, educational leadership is far behind
scientific leadership, cven jar behind the leadership of educated
tavmen,  This leadership in cducation is so far behind, on the whole,
that unless it cames to lije, rejorms will be accomplished wwithout it. . . .

Education has spent its substance upon the mechanics of a machine,
worrying about technicalitiys of method and efficiency, swithout knowl-
cdge of what it is that makes the mind cflicient. It lacks a philosophy,

“a goal, an understinding of culture. It is ignorant. of history, science,

and logic. As a consequence it has set up a shallow educational pro-
gram, dry and devitalized, that works against the true jorces of democ-
Yacy by stimulating superficiality, conformity and the homogeneity
of ‘the mob.  Democracw hinges upon unique contributions of the
individual, wpon individual difierencesy not upon their elimination. A
common ground of knowledge and sympathy can not br obtained or
preserved on such a basis. Special skills or special subjects, taught

‘out of relation to culture as a whole, do not integrate: there is no

transier. . . . Methods have the cart before the horse, ‘The true pro-
cedure by which we learn is not that of beainning with the “elements”
but that of beginning with limited, but unitied, general grasps of ‘total
situations. Learning is orientation, a single process; it is not several
processes put together. ' '

Again, cducat’on is on the firing line because it is saturated seith
a hyrocritical and jalse utilitarianism. Praematism hus been misde-
fined. A fact is not true becawse it worksy it works because it s
tue.  Pragmatism overemiphasizes moans ab the expense of enids,
method at the expense of purpose, the practical at the expense of the
ideal. The pragmatic is that swhich functions as means toward the
ideal sohich is the end. There can be na practical out of relation to
the ideal, no process out of relation to an ewl, no progrens without the
anticipation of a goal which is its oxen researd.,  Knowledee should not
he taught as subordinate to the pragtical, but the pra: tical as subordi-
nate to knoeledgr,

Learning is discovery, alteays divcovery. 1t s not achiceed by me-
chomical methods of exiorcise and drill, wor, in the conontiznal sense
of the term, is it subordinate to pain and plewsurc. Those are symp-
toms. not causes,

. II =
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Education has much of its work to do over. That is as it spould be.
Tite sciences have had to do ity ‘hey are doing it nowe. When will
cducators discover what their true tusk is and build @ new temple??

PART TWO
THE STRUGGLE FOR- AN ADEQUANTE PHILOSOPHY
OF EDUCATIONS '
PHILOSOPHY AND SCIENCE AS EssENTIAL ENTERPRISES

Our constant dependence on philosophy. It has been said that

philosophy is an unusually persistent and honest attempt at clear -

thinking about life’s great problems. If such thinking is pursued
with sufficient intensity and thoroughness, it will lead inevitably to
a consideration of the beginnings and the end of all things., In .
other words, all true thinking seeks an adequate anchorage or
starting point from which it may proceed. and with equal necessity
is directed toward a goal. YAnd so, throughout the ages there may
he observed the pever-ending struggle to find convincing answers
concerning such fundamental questions as the following: “Where
do we come from?” “Where do we go?” “What is the purpose of
all things that exist?” “What is the goal of the universe?” ©Why
should there be a universe rather than nuﬂﬁnt_{?" “Is anything
truly real?” ~How can we know?”  “What is truth?” '

As soon as man emerges from a state of primeval savazery, he
bevins to ask questions of this sort. “To this day, they cannot pos-
sibly be evaded. Like a never-ending melody, these questions ac-
company us from the cradle to the grave. They transcend all of
life's activities, )

Science and philosophy as complements. Tt needs to be repeated
again and again that both science and philosophy are permanent
and essential human enterprises. There should he no quarrel between
them.  EFach has its characteristic domain, [T their respective func-
tions were clearly differentiated, much of the confusion in present-
dayv thinking would he eliminated,

*Wheeler, Ravmond Holder, “The Crisis in Fducation,” School and Sociely,
December o, o350 pp. 730-730. y

*1n the preparation of this section? The witter Bos Boenvrenthy - dited by Pro.
fessar M. Demiashhevich'™s Introduction to the Phioophy of Fduo2im, American
Book Companv, New Yok, 10330 He achnowledves b medobtedsess to this res
markably doar and helplul treatise and to ancather velume by Projesar AN
\\ hitehead, entitled The dims of Edwcatvom and 2her fooavs, The Macnallan

, Compuany, New York, 1929,
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‘Sciende is in‘:vl‘vstv(l in the discovery of Jacts and in their syste-
matic study,  The scientitic method has enabled man to enlarge
his dominion over this material world to an extent previously con-
sidered impossible. The achievements of modern science read like
a fairy. tale, By the expert use of observation, of laboratory ex-
perimentation, abd “of mathematical analysis, the scientist  has
fashioned the-tools which have enabled him to transform industry,
to relieve human xu‘nvrm-r. to place herctofore unkndwn material
comforts within the reach of everybody. to extend the confines of
kpowledge bevond anything helid possible in previous centuries.

But this spectacular success of the scientific method has led cer-
tiin men of science, though usually not the greatest scientists, to

32 TINE ELEVENTH YEARBOOK . - o,

ook with contempt at “mdye speculation.s Such an attitude ignores

a very simple but .1&1 -impyrtant distinction between the relative
functions of science and philbsophy. It is obvious that the scientist
can never subject. to observation or experimentation either the
beginnings of , things or their tinal fate. That is. the question of
“ultimates™ is bevond his province,  Philosophy begins where sci-
ence ends, A\ scientist may also be a phalosopher.  But wheh he
speaks a: a philosoplier, he moves in a different ream,

Science—in the sense of experimental science or “science proper™ -
is interested in knowing facts, their immediate origin, theiv- fruits and
consequences, It controls and verfies its own knowledge onlv within
the realm of those fucts.  Fxperimental science docs not vlm/\' nor
can it study --the first. couses and last ends of all existence. " Those
thines cannot, on account of their very nature, ge demonstrated in a
laboratory,  Similarly, experimental science is not concerned with the
problem of the last foundations of all knowledge, of the validity of
Knowledge in general. .. .

All told. experimental science on account of its very nature, result-
ine from its methad of investization and veritication, cannot penetrate
below the surface of phenomena or the reality as it appeiars to. be.
But humanity clamors for an answer to the question as to . hat is
the altimate sense of all existence, The hiztory of philosaphy, in its
metaphysical or ontolsgical doctrines, presents a series of answers for
the berefit of all who wish to he as-isted in their quest {or a rational
ultinuite certainty by the proved findings and suggestiops of ereat phi-
losaphers. Such is the first fundamental fact about the history of
[)hl](hnph\ +

It iz ¢lear that neither scienee nor philesophy can furnish com-

/ pelling answers to ultimate questions. Fach is moving on a curve

* Deminshkevich, epo cit, 45l pp. 1441 by perniesion of The Maomillan Com-

pany, publishers, ,
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that approaches, but never reaches, its asymptotes: This gap be-
tween reality and its human interpretation can be bridged only by
enlichtened relizious faith. It remains true that “where there s no
vision, "the people perish.,”  Pision is the fundamental concern of
philosophy and religion, ‘

* Education and philosophy. Obviously, educationrests on-the triple
foundation of .science, philosor v, and religion. Some+ educa-
tional leaders seem to have forotten this fact.s In their desire
tosmake education purely “objective” and “scientitic.” they have
been misled into an abandonment of philosophic orientation. Here
is ope of the principal sources.of the present confusion in our edu-
cational aims, and in our educational theories and programs.

In his Inglis Lecture on The Way Out of Educational Confusion,
rofessor Dewey stated, with perfect truth, that this confusion,
which is only too apparent, ©is due ultimately to aimlessness.™
Precisely, but what caused. this aimlessness? 'I,s it not due in large
measure to the very men who are now deploring its arrival? © Was
it .not the same Urofessor Dewey who urged us “to dbuandon the
search for absolu - and immutable reality and value]™ and who

identified religion with superstition?” We are certainly facing a

peculiar sitlﬂﬂsﬁ"when another well-known educator assures us
that until “tHe' people” have decided what they want in education,
there is no hope for improvement. s not this a declaration of
bankruptey on the part’ of the<e same educationai leaders to whom
“the people” have looked for guidance? -Is not our educational
crisis due largely to oyr uncritical gspousal of prazmatic thinking
which William James detined as “the attitude of lvoking azcay from
firstothings, principles, catezorics, suppvsed necessities, and of laok-
ing toward st thihzs, consequences, Jects™ 7% But how cain ~last
thing<” be dissqeited from “first thine"2 Dees not a ueal presup-
pose a starting paint and w divection? How can one dizcuss “con-
sequences” \\'ithuuq“;1ntv('wlvnt.<"? At best, a pricmaidic attitude,
leads one to muddle through omehow.” and to adept @ policy of
momentary expediency.

tDewey, John, The Wav Out of Educttiong! Confuwcion, Inclis Lecture, poog4o,
Horvard" Universita Presso Cambridee, 1911, R

SDewey, Juhn, ThesQueet for Cortainy, pootrr, Minton Baldh and Ce o New
Yotk 10 '

ALY A S -
*famics Waloan, Pragsestiom s ppe 23-220 Longnans, Green and Coo New York,
127 M ?\\é
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Instead, it is here contended that the first step in the direction
of educational recovery is an honest. examination of the “first things
and principles” from which we-have been turned away to our
detriment. . .

Basic Puirosopric ORIENTATION

Importance of basic c;mcepts and assumptions. Every well-in-
formed teacher of mathematics knows the rdle which is occupied
in the study of mathematics by its underlying concepts and assump-
tions or postulates. The first genuine example of a postulational
system was BEuclid's famous textbook on geometry.t 1t taught the
world how to organize knowledge on a basis of delinitions and first
principles.  We have ample reason for saying that the deductive
techniques of mathematics- have furnished a pattern that must
eventually be followed in every other field of research.®® Only by
being equally careful in its fu.damental appreach can education
hope to become **scientific.” The confusion and uncertainty char-
acteristic of education today will be overcome only in proportion
as its hasic concepts and its guiding principles can he stated in less
ambiguous terms.  This is impossible without a clear understand-
ing of the working vocabulary of the contributing sciences and of
the great histeric systems of phlosophy.

In particular, the elucatnr shoyld be familiar with the meaning
and philosophic import of such terms as materialism (natufalism,
realism), idealism, skepticism, dualism, pluralism, pragmatisfn, and
the like. Ile should know that each complet: system of philosophy
hits its own metaphysics, or conception of the ultimate reality, its
own epistemology, or theory of knowledge, and its own ethics, .or
doctrine of conduct and values.'t

Thus, the materialistic approach to the problem of reality is
empiricism.  NMaterialism asserts that all knowledge is .hused on
the experience of our senses, Ethically. materialism leads to deter-
minism. according to w hich man’s conduct is governed by mechani-

cal natural laws, the inherent properties of matter.  Hence, a con-

S Revaer, L], Y'l:irxA-inX aboul Thinking, p. 250 K. P Dutton and Co., New
Yok, 1426,

Yubhed oo ocr Seeadso Bell BT, The Search for Trach, The Witliams & Wilkins
Co, Badtimaore, 1,54

HSee Demsneehhesich, op o 1l Chaps T HITD wee abo Patrick, G T, W,
Introducticn to Phdesephy, Chaps. IV Hoachton Minhin Co, Boston, 1904, re-
\'Ib(‘(l, 19353,
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sistent matérialist must deny theé freedom “of the will as well as
moral responsibility.. :

Idealism, on the other hand, asserts that the ultimate reality is
spiritual or immaterial. Its method of obtaining knowledge of this
true reality is the speculation of our rcason. Etihically, idealism as-
serts the freedom of the will, ) L.

Just as we now have a’ "muMiplicity of consistent systems of
mathematical axioms, so we may approach life's ultimate problems
in the spirit. of one or the other of the great. philosophic systems.
And choose z:'c must. In the. folim\mg passage, Professor Ralph
Beatley has stated this thoujzht very ctearly, though perhaps the
negative form of his opening sentences may seem unwarranted:

We can never fully know what is the true end of man: we can never
know the précise purpose of the second: iry school; we can never know
the part which mathematics ought to play in training the youth of ‘this
nation. These matters rest ultimately .upoi philosaphy, and there are
many philosophies.  The answers vary according to the philosophy we
choose, 1f we choose that one which yields the mnst watisfactory
answers, we must rualize tiat this very mtrsfmtmn however obtained
-—from standardized tests, subjective opinion: the experience of the
ages, common sense- —dernee its ultimate validity for us from some
philosophy. Our choice of answer, of what to us is satisfying, reflects
indeed our choice of @ philosophy. Our neighbor may chonse differ-
ently. As between the respective merits of these philosophies, who
can arbitrate? _

Fven if we can never surely know,'a common philosophical notion
prompts us to the belief that if we would live, be good citivens and
good teachers, we must try to discover by thinking the most satisfving
philosophy concerning the education of boxs and girds in sccondary
schools '? -

In the lizht of these preliminary considerations, we shall now
examine, however briefly and imperfectly, the dominant educational
philosophies of our day. It will appear that our main task is a syn-
thesis that avuids extreme positions and fallacious inferences.

Tre PHinosorHy oF PRAGMATIC TNSTRUMENTALISM

Preliminary statement. The attempt to summarize in a few pages
the educational implications of so complex a philosophic movement
as is represented by the various phases of pragmatic thinking which
: 3 Beatlev, Ralph, “Chherence and Diversity in Secondary Mathematics,” The
Fichth Yecrbook, Noptjonal Council of Teachere of M athematios, po165, Bureau of
Publicat.ons, Teachers Collewe, Columbia University, New York, 1013,
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are now current constitutes an almost 'nsuperable task. But since
it is undeniable that the influence of pragmatism, particularly in

. the form given it by Professor Dewey, has been an all-pervasive

educitional ferment of our generation, such analysis, however
fragmentary, cannot be evaded. The very name of the movement
carries us back to ancient Greece. The term “pragmatic” was
emploved by Kant in one of his most important treatises. But it
wis William James, through his volume on Pragmatism, who gave
general curreney to this mode of thinking. We are here concerned
.primarily with that pbase of the pragmatic attitude which has be.
come known as instramentalism. Its chief exponent in this coun-
try is John Dewey. who has given us his views on the subject
in an impressive series of volumes or mnnngruph(&.“‘ Unfortunately,
Professor Dewey's style is difficult and his I-Ix)f:flish often ceems im-
penetrable.  As a result, it is doubtful if many feachers have ever

" had the time or the energy to read one of Dewey’s major works,

Most of them have been affected by Dewey's educational ideas
. . ¢ s

only* indirectly. throuzh a Mlarge number of slozaps. It is these

slogans, repeated uncritically until Ahey have been accepted as

axioms, which have been responzible, in the main, for the educa-

tional influence of Professor Dewey and his numerous followers.

Naot long auo, nearly every appraizal of Dewey's educatienal con-
tributions exhibited a ¢pirit of frenzied enthusiism hordering on
idolatry't N more conservative estimate is now emerzing, and the
haneful effects of pragmatic thinking are at last heginning to he
realized. ) '

Pragmatism as a methed.  We now have’a number, of excellent
critical discussions of praumatism. and particolarly of Dewey's
instrumentalism. In the opinion of the writer, nothing would pay
areater educational dividends ta the teaching profession just now
than a careful study of these candid studies. "

B Qee eepecially DNemocraey und Edwoation, Recon ‘ruction in Philocophy, Human
Noitarr and Condea?) Exgperiencr aqed N ture, The Qe b Loy Cordginty, and
e o aterioves The ~eries of ooy entithed Cregiise l):[a.'-'."._‘:'Hu‘. h\ Dewev
and his follewers, i~ ialso of importance

P lor iHlustrations, the reader noe be referred o the Prefee of Professor 1111
Horne's commentars om Dewes's Dempeergey and Fiodooa'ton, entitled The Demee -
cratic Phelocoply of Fduo 2len, ppoax ff, The Maomillin Company., New York,
| RIS

P In adidition te Horne's exocllent eommentary, reference <hould here be made
to the followsne contethton. Diempshihevich, Mooop o2 ppe 1o vis: Haorne,
O e N oo, Nanedon Pre-<0 New York, 50, RKandel, 101, > The
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The manifoldhued nature of pragmatism is characterized by
Patrick as foljows:.

Pragmatism is a tehdency and a movement rather than a philosophy.
In fact it holds philosophical systems in profound suspicion. Tt is
more like a “corridor”™ through which one may enter upon philosophical
studies. [t is an attitude and a habit of thought --a habit of looking
forward to results rather than backioard to first -principles.  Every-
thing is to be jadgcd by its fruits, by its consequences. Thus it jol-
loves that any idea, theory, or dispute which docs not make a dierence
in ifs practical consequences for us ceases at once to have any signifi-
cance. N these are simplv dropped: they cannot be tested.  Hence .
a ureat rumber of ancient philosophical controversies. theories, Lypoth-
eses, sastems just collapser they fade away under this rigid pragmatic
teat. . . '

In the obier philosophy there was much talk about certain ideas,
such o Godl Muatter. Reason, the Absolute, the Soul.  These ideas
were ultinute, and we felt that we could rest in them. But the
Pragmatist does not take this attitude toward them. e docs not
want Ao rost. Ale ingurires as to their cashh calue. He wcill put them
to ook and sed wehat consequences they may vield, [1f they il not
work, th we not true, Pragmatism unstiffens all our theories, lim-
bers them up and sets each one at work.  In actual life we have al-
ways to ddeal with definite concrete situations, and these situations
are to be met and solved on their own merits  not on abstract tra-
ditiomal principles.  Life is a maze throueh which we are threading -
our eav o ax hest e can, finding the path as we go along.  Ansioers
whivh solood former situations wwill not solve this one.  FEvervthing
chazes, cioes, decelops; nothing is jixed, stutic, final.

Favinomoral Lazos change; they grow and become perfected. There
are no fived or gl moral laies and ono cternal principles either of
convfuct o fvocelodee. Reality is incthe making; vou and I are mak-
dre it The voaed o the futwre 15 un open road, obstructed by un
overrnding piccidince or limiting fates, and defermined by no a priori
priveiples o phowsht, Reality is found in the floe af expevience, The
bl e g toicard o predetermined ond | each hill i< surmounted
as it comes int view,  What happens nest is not determined. but i<
contineent upem what has happened. Lile is a seriess ef problems to
e sofiod g succession of real strugeles with real difficultics, T'o think
is o cdal e cbiody with Leese problems  and ddcas ard tools to help
mthe ol

Reatpv i< il changing, evolving,  Pictures of a God-made, per-
fect el overned by eternal principles of justice or by eternal math-

Ptve o hye Do loclvins the Svateme of Fdocation in the United States The 11
crtr owl Voarbood o o Ienternationad Inctitate of Teachers Caollegs, Columbia
Ueperate: Keapoacl, W H O Tendencies in Fducational Philosophy™ Chap. 11
m T e Yo of By ion 1 Lo Kanddl Editar), The Maomitlan Co,
New Yoak, vy
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.

ematical laws, are just fancies. Leibniz' theory of the world as the
best of all possible worlds is false. The only real world is the world
of real experience. , . .

The spirit of? Pragmatism is the spirit of youth, adventure, and
experimentation; it has no patiexwe with idle vaporings about fate
and destiny. No philosophical ideas are true which ‘cannot be put to
some practical wuse.  Take such words as God, frec-will, or design.
Other than practical significance, says James, they have none.!

In other words, pragmatism is-only “a manner of approach to
philosophy, a doctrine of logical method, and, not a theory of the
Eniverse.” According to the pragmatist, “matter and spirit, body
and soul, subject and object, @ priori rules of thought or conduct
--all these are too far away, too abstract, too unreal.” Hence
“philosophy cannot begin with them’ it has to do only with ex-
perience: the world is a4 world of purc experience.”

Now, what is cxperience? The instrumentalist defines it, incom-
pletely, as ““the interaction of the living organism with its physical
and social environment.” Again, “ideas zre not psychical entities
or subjective representations of an objective reality; ithey are plans
of action, taking into account future consequences with reference
to the weal or woe of the organism. By Intclligence is meant just
this ability to orgunize responses with constant reference to future
conscqrences,”7

A Crrrrearn, Arprarsan oF PRAGMATIC INSTRUMENTALISM

We have cone far enouch in our analysis te make clear some of
the* cardinal flaws in this mode of approach.

t. ‘To =ay that “uall experiences are real,” is one thing. But to
affirm also the truth of the converse of this statement leads to
grotesque absurdities,  How can one assert that “all realities are
experiences?”  Certainly historical events are real, though they
can no longer be “experienced” by any living organism, Al race
experience is real, but no individual could ever “reconstruct” all
of it, even thouch he lived a million vears, Such ethical ideals as
justice, truth, and honesty are real, whether we appreciate their
existence personally or not. “The schoal is life,” we are told, But
the school can never reproduce or “reconstruct” @/l of life. We can
never eliminate from the scene the equally important ticarions ex-
perience of the race,

Bpatrick, G T W op cit [l pp o8 ff (The bracketed ficure heres and in

cubsequentsnotes, represents the title cited in a4 preceding foostnote indicated by that
number ) VIbid, p.oiso,
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2. The pragmatist’s conception of tryuth, as ordinarily stated,
leads to complete intellectual and ethical nihilism.  We are told
that “truth is that which werks,” and that “the truth of an idea
is not a stagnant property inherent in it.” Instead, “truth happens
to an idea; it becomes true, is made true by events!™%  Now, as
atrick corrvct[y points out, “the verification or test of truth is one
thing, while the structure of truth is quite another,’?

3. While it is often very helpful to look upon concepts, ideas, and
thinking as instruments or tools for solving life’s problems, it is hot
true that all knoeledge and all thinking are instrumental.  Medita-
tion, contemplation, reflection. philosophic speculation, and the like,
-are certainly of vast importance, even though they are at their hest
when not concerned with utilitarian considerations or practical
“consequences,” . .

4.t may stimuliate us to think of the world as “constantly in the
making,” of growth leading. to more growth, and still more growth,
by experimental living.” and the like. But what is the incentive
for constant striving, for all this experimentation, without a pur-
pose, without a worthy and inspiring goa?? How 'can growth lead
to desirable further growth without some guiding principle?  The
absence of such standards, however provisional they mayx be, must
imevitably lead to social and cultural chaos.

These inescapable implications of the pragmatic attitude have
often heen overlooked by Profes<or Dewey's many admirers.  Edu-
cation has paid a heavy price for these weaknesses in his theory.
Only a radical revizion of our educational creeds can bring order
out of the present confusion and aindessness which Profeszor Dewey
himzelf-deplores, but for which his mode of thinking is so largely
responsible.

The Pairosoriy or Crrasce aND oF SOcIAL RECONSTRUCTION

v

The concept of “change.”  “Fvervthing flows,” said Heraclitus.
some five hundred years hefore the Christian era. Since then, the
concept of chanue, of flux, has continuously affected philosophic
dizcussions. Foday, the apostles of qgange seem anxious to make
it the dominant coneept of cducation. Just at present they repre-
sent i powerful pressure croup. and on the surface their arcuments
seem both convineing and impressive.

“ihid , p ior.
WIbid, p. 393
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. In the ﬁrst.place. the doctrine of evolution, sa we are told, clearly-
points out the ceaseless transformation that has been going on in
the physical 'world. From the tiniest atom to the island universes
floating in outermost space, nothing seems immune from the impact
that constantly modifies the cosmic scene.

The same apnears to be true of all kunzan institutions, as Spengler
has shown. Culture epochs come and go, and civilizations rise and
fall, in obedience to the same inexorable laws of growth and decay
that govern all biolegical organisms.

In this evolutionary setting, it has become our fate to experience
. the arrival of the machine age with its unavoidable outcome, the

industrial revolution.  As a result the time-honored customs and
beliefs of <ociety are being subjected to transforming intfluences be-
vond the wildest dreams of even a generation ago. The whole world
is being tested in a crucible of fire. Will the result be a new birth
or complete chaos?

The doctrine of change in the field of education. The school, so0
we are told, cannot remain indifferent to the titanic conflict we are
witnessing from dayv to day. In ringing phrases, the militant edu-
cational reformer tells us that the school has degenerated into a
museum of fossilized procedures, of antiquated curricula and objec-
tives. We need a complete turnover.  Above @ll, the school must
assist in the “continuous reconstruction of society” and in bringine -
about the adjustments demanded by the new economic order.  This
thesis has been stated as follows by Profersor Dewey:

An identity. an equation, exists between the ureent social need of
the present and that of education,  Society. in order to so. e its own

N problems and remedy its own ills. needs to employ science and tech-

nology jor social instead of merely private ends,  This need for a
socicty in sehich experimental inquiry and planning for sociel ends are
organically contained is also the need for a new cdycation. In oone
case s in the other, there is supplied a new dynamic in conduct and
there i required the co-operative wse of intelligence on a social scale
in behalt of social valuyes ="

Mare recently Professor Kilpatrick has further expressed his
views on the same subject:

Mot inclusive of the new developments now demanding attention
i< the fuct of modern rapid change, mucn disenssed but =l tragically -
direwrded in social thinking and educational practise.

-

“Rilpatrick, William H (UditorY, The Fdwoational Frontier. po 6. D Apple-
ton-Century Co . New Yorko vy )
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A modern nntiur\i\_nf change has emerzed.  Affairs develop in ever
novel fashion. New'situat®oms continually confront,  New alms arice.
Old knowledge and hdnts are reworked in with the new conditions,
and new results appear\. Culture thus accumulates: ever new knowl-
cdge, distinctions, attitudes, and technics,  Eficiency thus increases
and social intelligence grows,  Individual intelligence sharing .theé new
cultural product should grow correlatively, '

Amid cver novel conditions, thinking is stressed, mere habit could
not suthce. Each wotw sitwation is a problem, demanding its study and
thought. " We try out our best thought plan; e watch whether it
works,  Iiach new program is thus an cxperiment.  Amid changing
conditions, e live cxperimentally, must do so.  Fducation ceases then
to be mere acquisition of somcthing handed doen, It too becomes
experimental, Othoricise, it seere vo edequate preparaticn for q chang-
ing and cxperimental liie,

In a rapidly changing civilization new social problems thus con-
tinusly arise, with ever hew solutions proposed.  These new solutions,
democracy demands, must he passed upon by the people. Citizens
must then be continually studving, criticizing their institutions to im-
prove them. Social education thus must hecome a lifelong process,
This must begin beforc twenty-one, or the person is sadly handicapped
and probably binsed against study and intelligent criticism.

The schools must aceept the new task,  The pupils must learn ever
Better, with their increasing years, to study and eriticize our institu-
tional life, in order, intellicently, to help itaprove it The alternative
is unintclligent indoctrination in the status quo =

Extreme demands. No gw should ohject to a sensible and halanced
Acmand e an "lI[)~((;-(,i.l ¢ educational program. Our future citi-
zens, taxpayers, and wage earners can hardly learn too much about
the conditions which they must face all too soon, It would be
highly menacing to our institutions to bring up the rising genera-
tion in ignorance of the pressing <ocial, ceonomic, and political prob-
lerms that surround u< on all vides. But does that obvious duty war-
rant a disrecard of all other educationad vialues or needs that we
have held sacred thus far?  In a frenzy aof enthusiagsm, the social
reformer would <tart with a clean <late. He has hut one objective,
to make.the school “cocicfy-contorod ™ T the interest of this new
cospel, everything else must he sacritice:l, Saelr hoary subjects as
Latin and mathematios must eo, foreien bimcuaees are taboo, <o
ence i< tolerted for it social service vdues and Titenaure anid
art are retained as leisure-tioee pas imes. Any defense of the @ald-
line subjects" i denounced as the autorye of “vested interests”

TRdpench WMot O oNcw Dieve et New Diewond U T e Lenasag! of
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Apparently the pupils will be expected to -give nea\ly all their
tine to current political and economic problems. They axe to learn
about unemployment and its causes, about technocriacy
“economy of abundance,” about taxation, production costs\ wages,
and profits.  Are they also to be informed about the real or ¢
dangers of capitalism, about the merits and possxble flaws of s
ism, communism, and fascism?

One gets the impression that under this new dispensatinn ¢

social reconstruction, each school is to be transformed into a con-
tinuons debating society. - The schoolroom is to he kept in con-
stant tnqch with the march of events by every available means. such
as excursions, visits to factories, bulletins, news letters, movies, and
radiy talks. Newspapers and periodicals are to replace the text-
books. Intricate and highly “explosive” problems that have baf-
fledd the ingenuity of an army of experts are presently to be attacked \
by immature boys and girls, many of whom &annot read seventh
~grade books, cannot write an Lnglish sentence, and cannot perform
the simplest computations.

A college professor has remarked that if all the economists and
statisticians of the world were placed in a ‘ne, end to end, they
would not reach a conclusion, Perhaps that . ‘he reason why the
reformer -expects such great results from pupils who are “unbur-
dened by the useless knowledges and skills of the traditional cur-
ricula.”  That many of them are thus unburdened, every teacher
knows only too well.2?

A saner attitude. Significantly enough, the teachers who are to
be the principal agents in creating the new, society centered school,
are beginning to realize some of the difficulties that lie ahead of
them. They know only too well that whenever the social studies
«till appear on the educational menu under such specialized desizna-
tions as history, civics, and economics, the “average pupil” extends
to them the same impartial sales resistance that all the other “vested '
intere<ts” of the school have so long been aware of. These ieachers
are beuinning to <u:pect that the trick of using a new name for
these “subjects™ is not going to make a new being out of a poorly

. T For a curver of the extreme views eugzested above the reader may he referred
to Everelt, S, (Fditory, A Challvnge to Secondary Education, D, Appleton . Century
Co, New York, 19330 For a contrasting point of view. see Demiashkevich, M.,
“The Alevbra of Civies)” The Hhrvard Tewlers Record, February, tois; and
Diemiashhevich, N Tatroduetion to the Philocophy of Iducatmn, pp. 197 ff,
American Buok Company. 1433
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prepared, aimless youngster. Tn their group discussions, they puint'
out the hopelessness of gssigning to the teachers of the social
studies the role of super engineers of the new educational age,

It is encouraging to observe this sane orientation in the authori-
tative pronouncements that have recently been issued by the Com-
mission on the Social Studies. In an impressive series of reports
and studies, some of which are still in preparation, the Commission
is submitting its findings and suggestions, Of particular interest
is the volume entitled Conclusions and Recommendations
Chapter Two of this volume presents a “IFrame of Reference”:
Chapter Three offers .a discussion of »Philosophy and Purpose in
‘ducation™; Chapter Four is concerned with the “Selection and
Organization of Materials of Instruction.” Much of this report
should be brotight to the attention: of every teacher, and particu-
larly to the attention of every iconoclast who, in the name of the
“social studies,” would demolish the entire educational structure.
- We submit merely the following statements as samples of the
commendable sanity and thoroughness which, on the whole, charac:
terize the work of the Comnussion on the Social Studies:

The main function of the social sciences is the acquisition of accurate
knowledge of, and biformed insight into, man and socicty; that of
social science instruction is the transmission of such knowledge and
insight, with attendant skills and lovalties, to the individuals conmpos-
ing socicty,  Regardless of the special civcumstances of a . ven time,
these jungtions are vitally important and likely to be cfF ctive in the

‘measure of the breadth and depth of their conception, involying a

real knowledee of man and *society under most diverse conditions and
circiumstances,

o Scholurship has its own imperatives, and to sav that science
exists merely to serve the instant weed of things, causes, or pavties is to
hetray a fatal ignorance of its nature and of inexorable movements in
thowght.

The Commission belicves that fundamenta{v the disinterested  pur-

Csuit of truth and the permanent interests of socictv as a whole are

O

not, and cannot be, incompatible, and that hoth the social siicntist
in his study and the teacher of any social seionee in his classyonm are
committed, to scholarly, scientific ideals inhorent in thedr professi woand
occupation

FRepoart af the Commivsiong oo 1he Social Studie, Charle: Soribaner's Sans. New
York, 1933, For a review of the finadd volume, Conelieions amd Recomer fation,
see The Sovdal Stdies, Vol XXV, Octabier, 1gag, eopeciadly the paper by Mr, Ken-
neth I Gell, pp. 258293, :

“ibid, pp. -8,
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The PuaiLosorHy oF PERMANENT VALUES

The concept of “invariance.” Fvery student of mathematics has
occasion to learn that this great science 1s not exclusively con-
cerned with “variables™ and with “transformations.” It is quite
as much interested in “constants,” so much so that the concept of
invariance has become one of the key ideas of mathematics, Thus,
the elementary number facts will always remain the same. Two
and two will always be four. The sum of the angles of a triangle,
in Euclidean geometry, will always be 180°. The quadratic formula
has ar unchanging relation to the standard quadratic equation.
This idea of invariance. as the mathematician sees it, was given
currency especially by Professor Felix Klein, and it has been dis-
cussed admirably by many other writers.* '

Now. the pragmatist seems constitutionally unable to tolerate
this idea of permanence, of enduring backgrounds, of controlling
“frames of reference.” IHe feels that he is being put into a strait-

jacket by any attempt at “indoctrination,” at binding agrecments,

at fixed principles of action or of conduct.  His style is cramped,
so to speak. by anything but a provisional and highly “experi-
nental™ attitude toward reality. He desires to be absolutely free,
“reconstructing” the universe as he sees it He i forever on the
road toward ever-shifting horizons, To a certain extent, this has
come to be a national characteriztic, Like many summer tourists,
we are “always going full blast  nowhere.”

Buat this old world of ours has been a longz time in the making.
Somehow, after hillions of yeuars of cosmic wlventure, it seems to
have achieved a few settled adjustments, If this had not been the
case, there would be no super galaxies, and certainly no solar svs-
tem. There would be no hiological orzanisms. for the very essence
dafyife is oreanization. and that implies a plan. When man arrived
on®he scene, he found no alternative but that of “accepting the
universe,” its law of cravitation, its laws of health, and if he was
wise itz Laws or tcommandments” of co-operative effort,

Education and its frames of reference.  All the forces of nature
seem to work tozether for cood”” and muan. unless he courted de-
struction, found it to his advintage to conform to this plan. Ob-

= Ree Rev-er. C )L o Mathematics and the Qii-tion ot Cosmie Mand ™ Saipta
Vatheneition, New York, tass: Southy DO F L o The Poctey ot Mathematn s and
(ther Faon " Serepta Mathemagtica, New York, ooy Belll BT Lhe (ueen of
the Sciotes, The Witliams and Walkin- Co L Baltimore, 1aaa,
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viously, then, there could be. no “experience,” and hence no

education, without the interaction of planful organisms apd a
Panned physical world. An aimless chaos is hardly a fit laboratory
for “experience,” for it lacks the very first presuppositions of ex-
perience, which are dependability. order, and duratior. The uni-
verse, we are Peminded by Sir James Jeans, appears to be a Great
ThoughtJthe work of a Supreme  Architect, a Master Mathe-
Have not .many of our educators fotgotten the facts of invariance
in their -personal and social philosophy?  Fortunately, the revolt
against complacent agnosticism or skepticism is steadily growing.2
Thus, Professor ‘T, V, Smith of the University of Chicago has ren-
dered a real service by analyzing-the relation hetween skepticism
and enduring values.®” JIn a' chapter devoted to an appreciative
study of the late Justice Holmes, there occurs this passage:

All men accept the universe, “Euad. they'd better!” True, not all
d voice, defying

whither.  Some take it wideeeyed, a-wonder at all that is, a-twitter at
what may bel Some tiake it equivocally, today atlame, tomorrow
hardly a flicker, day after tomorrow dumb despair.=?

[y

.‘- ¢ ¢ . . 1] ' . .
So it comes down to this: Shall we assist our hoyvs and girls in
accepting the universe intellicently and “like a ventleman,” or in
« . L " ey . . .
the spirit of “dumb despair™?  For there is no doubt that radical

empjiricism, .as Beruand Russell frankly admits in his own case,

# Jeany, Sir Jamee o The Univer-e A Great Thousht" Chap NIV of Has Science
Discavered God? (Fdward H Cotton, Editor), Thomas Y. Crowell Co, New
York. 1a5t. See also Jeans, The Univere Arood (v G0, revised 19130, and
The My teric Caiverse Crozoo vevied gt The Muaonallan €00 New York.

T Admirable expositions of the attitude of leading ~cientists toward metaphy -ieal
or reliviotus problems are now availible. Seeo tor'evample, A Svmposium ol Mad.
ern Scientite Opinion”™ coh-red and edited by Fadward Ho Cotton, and puablished
under the title fo Soence Discosered God?2 cited above Jio). Amone the
scicntists representod are Mdbhan, Finsteing Joban 82 Hivicy, Sir J Arthur Thom-
s Muchoel Papang John Lanelon Davied S Jane Jome Sie Oliver Toanloe, See
abo Carrely Mexico 3o, the Unknonn, Harpor and Brothers, New York, 1o:s;
Eddinuton, Arthur S The Natwre of the Phyv-jeal World, The Macenllan Co . New
York, 1922; Fiddinzton, Arthur S0 Seornee aned the Uoovewe World, The Maciblan
Co o New Yorko 10 Fdinston, Avthur 80 Voo Pathocasy in Seiewe, The Mo -
milin Co o New Yok ooy amb equatddly Moeon, Fredaces cbditaag v, The Great
Dievdon, The Muomdan Comipcan. New Yark, 14 3 '

Sxmuths TV Creatice S eprics, Willett, Clarh & Company, Chicaso, 1., .
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can only lead to “the debris of a universe in ruins” and hence to the
dubious “foundation of unyielding despair,”#

“Everything in nature is engaged in writing its own history,”
said Emerson. But every real story is based on a plan, a plot.  Shall
we not give to our young people enough orientation and perspective
to enable them to select wisely their own life plan, within the frame-
work of permancnt backgrounds? -

WANTED —A COMPREHENSIVE AND CONSISTENT KDUCATIONAL
. Puirosopriy

Three permanent centers of interest. It is the function of educa-

* tion to assist growing human beings in developing satisfactory rela-

tionships between: themselves and the world into which they are
born. ‘This process is obviously an endless one,-and it has many
aspects. dVhen it is directed too exclusively tg only one or two
of its legitimate objectives, it becomes one-sided and, to that extent,
a taricature of what it should be. This is precisely what has hap-
pcm‘d again and again.

. Educational programs w hlch are concerned prmmrll\' with the
redl or alleged needs of the “educand,” the ‘individual to be edu-
cated, lead to “child-centered” schools. This type of orientation
is particularly marked in the modern school.

2. When the edueational process is built principally around the
real or supposed demands of the educand’s social group, or the
community, we have a “socicty-centered” program of education,
We know that this type of emphasis has been a concern of “edu-
cation since the days of primitive man.

3. In so far as both the individual and gociety are ultmmtvl\ gov-
erned by cosmic processes and by such forces as account for the
historie evolution of human civilization and of Liaman institutions,
education cannot ignore the objective consideration of these per-
manent causal factors and their underlying relationships,  In its
extreme form, such an emphasis leads to a “cwrriculam-centered”
school, '

Importance of a balanced educational orientation, [t iz essential
that the educator should never lase sight of the three poles around
which his work will alwavs have to rotate.  If he foraets or ig-
nores.auy one of them, he will eventually wreek thie educational

» Ru~cll, Rertrand, Mystivion and Lifle and Oher Essays, }')p. 45 {f, Longmans,
Green and Co., New York, 1yer.
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machine. Our “child-centered” schools and' the *activity program”
only too clearly show the consequences of a narrowly subjective at-
titude. Again, a purely social emphasis leads to a type of regimen-
tation and autoctatic indoctrination that we now witness in certain
European and :\siatig countries. Finally, the mechanized trans-
mission of the accumulated wisdom of the ages invites the danger
of excessive formalism and a resulting decay of mental and spiritual
creativeness.

Is it not possible to give due attention to all three of these es-
sential aspects of the educational process? Can we not avoid a
constant swerving from one extreime to the other? By so doing, we
shall at last eliminate the glaring inconsistencies in \ur current edu-
cational philosophies,  Some of these inconsistencies will receive
further attention in later sections of this discugsion.

The present struggle for a dynamic philosophy of education

in a changing world needs to be oriented, above all, by a considera-

tion of wltimate objectives, and not merely of immediate interests.
In the languige of Professor G. T, W. Patrick:

The great things of the world have been done by men who were
inspired by great ideals, ideals of justice. righteousness, beauty, and
truth.  These lojty ideals are not something to be made and then
tested by their satisfactoriness; they are something ‘to he attained.
Beauty which exists just to be appreciated, truth which exists just to
be contemplated, laws of nature which just have to be discovered and
wondered at, ideals which just have tc be aspired to - all these great
things would seem to have no place in pragmatic philosophy, which
is too subjective.  Something cteynal must draw us on 3t

PART THREE

THE PRESENT STATUS OF “PROGRESSIVE™ EDUCATION

Introductory statement.  What is now known as “progressive’ edu-
cation, or as the “new™ education, is the culmination of a long de-
velopment. At first very sporadic and of uncertain character. the
movement hias now acquired the zest of a cult, Inits extreme form,
it has as~umed an uncompromising intolerance that aims to destroy
the traditional educational program.  Its impact on school proce-
dure<, on curricula and standards, may be observed at every turn.
[o teachers of mathematics this movement should be of consider-
able interest, sice it has given approval to the curious idea that

Bopatrick, G TOWopoat, {1n], p. 397
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“mathematics is useless to the average child and therefore must
either be elimiinated or restricted to its few practical and incidental

“functions.”  The threatened removal of mathematics from our high

school curricula, for the majority of secondary pupils, is due in
large measure to propaganda circulated by the uninformed.
Tt will be shown in the pages that follow that “progressive™ edu-

~

cation is based on a rather involved philosophy of education. Many -

of its aspects are contradictory, Like every other pronounced de-
parture from the beaten path, it has produced a conservative and
a radical group of devotees. It is the extremiszm of the latter group
that is forcing into the open a critical examination of the funda-
mental assumptions which govern the “activity movement™ and the
programs of the “progressive” schools.

Tue Ncriviry .\Im'r-f.\nc:\'_'r

A brief retrospect.  ‘The Thirty-third Yearbook of the National
Sacicty for the Study of Iducation may be regarded as the best
single =ource of information now available on the activity move-
ment? Its second chapter (pp. 19-43) oifers a “historical sketch
of activism.” contributed by Professor ‘Thomas Woody, which shows
how by gradual steps man made his way from the authoritarian, pas-
sive type of education imposed by the clan, or the community, or
the printed page, “to the authority of nature.” “Recognizing luw
in man's nature, educators came to dream of harmonizing his edu-
cation with that lawe. Hercin is to be found the source of modern
activism.”  Professor Woody presents an informing summary of
the-evolution of this idea through the centuries, especially since
the days of the Renaissance and the Reformation.  Qutstanding
supporters of the naturalistic trend in education, thus interpreted,
were Comenius, Rousseau, Pestalozz, Froebel.and Herbart. The
American phase of the movement dates back more than a century.
Weo are reminded that the desiznation, “the new education,” has
Leen part of the American pedagogical vocabulary for a hun-
dred years: the ideas, if not the words, have been current in West-
ern Luropean writing to some extent for five hundred years, and
to g pronounced extent for three hundred,”  But it was chiefly the
phitosophy and the psychology of Profesor Dewey that Tannched
activism in i new hivlhiy xl.\'n:nf'nv form and with a revolutionary

The Verivite Novement, " The o b Voot b of vfe N ) Soenty
Cop the Stady of Fdiacsrion, Pubbic Scheob Publy bins Conpany, Bloomineton, I
1.
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social implicatioAand momentum. Dewey not merely epitomized
the contributions of his many predecessars.  He and his followers
transformed and greatly intensified the central concepts of activism

with the aid of more recent psychological and sociological findings

or assumptions. :
Characteristics of the activity movement. In the third chapter of

the yvearbook mentioned above, Professor Kilpatrick attempts the

considerable task of f(‘)rmul;itin_gr a coheremt.2’definition of the activ-
ity movement today.” He states that in ‘their~effort “to find an
authentic picture.” the Yearbook Committee “collected and studied

(1) forty-two expert-made definitions: (2) twenty-tive carefuly

selected published curricula, illustrating the activity program: and
(3) fifteen books giving authoritative treatment of the subject.”
These forty-two definitions are given in Appendix 1. while the
courses of study and the fifteen books are listed inlater appendices,
Professor Kilpatrick's summary occupies nearly twenty paces. It
records a large variety of opinions and trends with reeard to thir-
teen major aspects of the educational pracess. As to ways of inter-
preting the principle of activity in actual school work, Chapter IV

of the same yearbook, prepared by four other reviewers, lists six -

groups of practices™ arranged in ascending order. from a moderate
and merely incidentaluse of activities, experiments, demonstrations,
pupil participation, excursions, and the likeo to »so profound an
acceptance of the fuith that the learner develops throuch his own
initiated activity that there are distrast of auidance, lest it trans-
gress individual possibilities, and great emphasis upon study of the
individual and upon helping him to further his own efforts.”™  As to
the concept of “activity,” Chapter IV offers the following statements
in linal summary: - '

Central among the many meanings that the proponents of the activ-
ity principle have in mind are kinds of work (1) that enlist the per-
sonal concern of the learner in what he is doing, €2 that invalve par-
ticipatinn of the learner in the life about him, (30 that encouraee the
learner to initiate action that will further the thines in which he en-
gaves, () that assume and teach personal responsibility for the con
sequences of one’s ownl doing, (5) that foster creative ~ch espression
as o means and g manifestation of the developing ~ell. toy that deal
with the Tearner’s reality and endeavor to teach the learner 1o face
his own reality, and 5y that assumesthe necessity of a freedomy which
nithes possible this danamic livine on the part of the learner, Some
pProponents seem to tse the term aciivity” as a briet way of postulat-
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50 . THE ELEVENTH YEARBOOK
ing these elements in the learning program. They assume that the
term “activity program” implies all these chatacteristics.®?

Dean Clyde Hissong, in his study of the activity movement, lists
certain basic ideas or principles which the majority of the schools
concerned seem to endorse* He gives particular prominence to
such items as (1) good health; (2) “learning by doing”: (3) an
of freedom; (4) the avoidance of standardization and
tests in favox of individual development: (5) social adjustment and
extensive co-operation; (6) opportunity for creative expression;
(7) joyous and creative learning: (8) the attempt to satisfy the
pupils’ “needs” rather than following a prescribed curriculum.

From these and many similar studies the inference may readily
be derived that all gaod schools could at once subscribe to a large
part of the activity program. An inspection of published courses
of study and of booklets which are based on this creed usually
reveals an unsuspected wealth of excellent materials of instruction,
of new means of motivation, and of opportunities for “jovous par-
ticipation™ and creative self-expression, such as any real teacher
should welcome,

The “danger zones’ of the movement, and they are very real,
are caused mainly by (1) an inaccurate conception of the learning’
process; (2) an unsound doctrine of freedom: (3) a disrezard of
standards and of critical thinking: (4) an unwarranted neglect of
organized knowledge and ot the essential tools of learning,  Unless
and until these defects are corrected, the activity movement must
be regarded with caution by ull true friends of American education.

Weak spots of activism. TlLe activistdasserts that we “learn by
doing.” To what extent is this true?

" Now, biologists and psychologists have made us thoroughly famil-
iar with the fact that “organic bepavior is determined by the struc-
ture of the organism.” More, than Jhat, it now sounds like 2 truism
that ““a child learns to do by doing, @< does any other organism, 3%
Thus, we learn to walk only by actuai walking, to speak and sing

MIbid., pp. 63-66,

* Hissong, Chvde, The Activity Movement, Warwitk & York, Daltimore, 1932,

= For illustrationg ot this type, see, tor example, the pamphlet entitbed Coredond
Obiectice s in Elementary Fdueation, is-ued by the University ot the State of New
Yeark, Albany, 1929.

M Ree Grav, ] Stantev, A Biologieal View of Behavior Modioation in the
Jowrnad of Eduycational Poechology, November, 1952, tor an able discusion ot the
biological aspedts of behavior,
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only by using our vocal chords, and to make a multitude of neces-
sary adjustments only by the corresponding bodily responses.

‘But is it true that all learning implies gross muscular or neuro-
logical activities, and in exactly the same sense? Do we learn only
by “doing™? To what extent can all the subtle but vastly important
mental reactions of the child be covered by this formula? Are
thinking, reflection, appreciation, and the like, to be regarded as
“activities™? If so, are these on the same level as playing a game,
or cutting out paper dolls?  Auain, race experience certainly cannot
all be *“‘reconstructed” in the school by means of activities, and
vet this experience cannot possibly be ignored. Hence the slogan
that we learn by doing™ needs to be clarified and to be restricted
to its proper domain, '

Finally. to what extent do activities, unless they are organized
with the greatest care, lead to cumulative growth, or to growth in
the right direction?  Can the unguided activities of groping ¢hil-
dren ever produce harmonious educational results?

Let us now review o few significant statements on this subject
from educators who cannot be accused of lack of interest in the
“new education.”

- Stanwoad Cobb, one of the founders of the Progressive Fducation
Association and at present one of its vice presidents. widely' known
as the director of the Chevy Chase Country Day School. devoted
an entire chapter of a recent volume to “the limitations of activity
education.”™" I'rom this chapter we quote the following signiticant
Passages ;

The tendency today is not so much that the activity method will
not be used by teachers, as that it will be abused by them. As in every
reform, there is danger of toy great a reaction.

A common defect in the use of activity projects is the neglect to
assure definite cultural results. .. In other words, the activity proj-
ect should be a means toward dv finite cducational goals and not an end
moitself. .

The tools and techniques of learning  such as reading, writing, and
arithmetic——cannot he learned by the praject method but only mo-
tivated by dt. These skills must be made automatic by means of much .
drill and practice. .

Lazy, anambitious, and slowe-temperamient chilidren do not respond
well to the project method.  They learn very litte by means of it.

T Cobh, Stanwood. Newe Horizons for the Child, Chap VIII, The Avalon Press,
Washington, 1914.
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Such children cannot ackicve their best academic resylts except by
means of academic pressure and discipline.

Retarded children definitely above the border line of intelligence
need thorough drilling in the techniques of readipg and arithmetic more
than they need activities. . .

Academic handicaps on the part of wormal but retarded children
can be overcome by carcful technical wevk on the part of tead hers;
but if such children arc abandoned to nianual arts ond praject activi-
tirs thev are thereby condenmned to suffer throughout their academic
carecr, and perhaps throughout life, from cducational infenioritics which
cowld, casily have been overcome on the lowcer educational levels., .

“Learning by doing” is an excellent formula for inducing interest
and effort i children and for awakening in them a consciousness of
how the Human race has materially progressed. It is the best method
of learning any trade, professica, or art.  But has this jormula any
proyiinent place in the acqu’sition of the racial knoweledge accumu-
lated over immense periods of time, orsin the devdopment of abstract
thinking? ’ S

Reading. rather than activity, is the way to eruditivon,

The world had had “activity education™ for sig”thousand historical
years and knew very little at the end of that pdriod. But during the
relatively brief period when the world has been practising edudation
iy means of book-learning, its knowledae has grown apace.  Humanity
has farned a hundredfald more in the last three centuries than it
had learned during the previous six thousand years,

Activity projects can”be hedpiul in motivating our study and in pre-
pring ws to understand sohat e read. But wine-tenths -1 wonld say
ninetv-nine hundredths -of what see moderns knowe comies to us jrom
the privted puee ...

Activity correlated with abztract thinking is the method par excel-
fence of <cientitic discovery. in which observation and experimentation
Both inspive and verify ideas. We must grant that the educational
fun-tions of activity are valuable and indispensable.  But e cannot
aziord to el wotivity crowed ot the honctions of abstract education,
Cortain thines can be dearncd much better throwgh doing than think-
iney bt other tFines can be learned only through thivking

Years auo Professor Dewev, in his Democracy and Fducation.
al~o cautioned auainst a narrow interpretation of the activity idea:

Moeve actizity doos nol constitide exporienee. 1Uis dispersive, centri-
fuval. dissipating, Faperience as trying involves change. but change
i~ meaningless tran-iton unless it i~ consciously connected with the
return wiave of consequences which tlow from it oL Blind and
Capticions impulses hurry us on heedlessly from one thing to another,
“ofar as this uppens, evervthing is writ inowater. Thore is none of
that camadative eroicth whick makos an experience inoany vital sense

Rl LI BN T LR IO
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*of that term. . . . The measure of the value of an experience lies in

O

the perception of relationships or continuitics to which it leads up.
.. . There is no difference ol opinion as.to the theory of the matter.
Al aquthoritics agree that that discernment of relationships is the gen-
inely intellectual matter; hence, the educative matter. . .. Thought
or retlection, as we have already seen virtually if not explicitly, is the
discernment of the relation between what we try to do and .what
happens in consequence,  No expericnce having a meaning is possible
without some clement of thought. . . . Thinking is the method of in-
telligent lecrning, of lewrniug that employs and rewcards mind.

Direct observation is naturally more vivid and vital. But it has its
limitations: and in auy case it is @ necessary part of cducation that
one should acquire the ability to supplement the narrowncss of his
immediately - personal experiences by utilizing  the txperiences of
others. . . . .

Processes of instruction are wnified in the degree in ohich they cen-
ter in the production of ¢ood habits of thinking. While we may speak,
without ercor, of the method of thousht. the important thine is that
thinking is the method of an educative cxpericnce. The essentials of
mithad are thereiore identical wcith the essentials of reflection ! '

In their study of chifd-centered schools, Ruse and Shumaker
likewise is<ue a word of warning awiinst the avoidance of real work
and of consecut:ve thinkine, which is only too often the consequence
or unrelated “activities,” The {ollowing passazes ure of particular
interest in this connection:

Emphatically, it lectual decdlopment is azvoided by nwany of these
scloole They staicl for informality and they sccure the onteomes of
informality.  Tir conters of interest (they are well named) lack in-
tellectual vigor in plen and decelopment.  They are too often con-
spicunus cxamples of follozcine the path of least resistane,

Thinkivie is iiedeed Jrand scork there is no karder scork -vet there is
no royal road to goederstanding: prolonged pntclectual v Fort oiicrs the
onlx route. The partant meanings are diewlt oi comps honsion.,
Thex will wot teach themslves. The newe school is oblizatod to teach
thm.

In the long yun the int?licont prorson is the iniormed person.  In
the long vun the intcllicont porsen is he weho e on tap a <ast arrav
of meanings, coneepts coneralizations, and skilly

The child as the center and the doctrine of freedom.  Of even
reater morwent is the peculioe concept of initiative and child -pur-
veoing” which Las come o characterize the radical sorivity <chools,

“Dieses Jebe Pewe co et Fde e, Chuge NXENTD D Eacorgts are it
e prernt e o TPH N e Cinergns e b0 New Yokl oo

CRuzes ™ U ] Shon O oers Ay The CU2ECons o S0 2 pn ey and

Dl Beeh Con Ny VYeadlo s
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In such a school, the “child is the center.” “Out of the child’s own
activity comes his growth, He needs contact wih a rich environ-

‘ment, but the past can hold but little of value to him, for it must

be secured in second-hand fashion, and second-hand experience can
not be vital.” Hence, “orzanjzed knowledge must be disregarded
and ‘the teacher must sit batk and watch the activity *go ‘on
apace.” ”*'  In such a school, “the teacher dues not direct.” She
has a “subordinate role.” .

Ing later part of this study evidence will be submitted on how
the doctrine of “child purposing,” of “felt needs,” and of “incidental
fearning” has “affected our curricula and our standards. The dis-
placement of the teacher’s leadership by that of the child is, how-
ever, of such serious import that it merits further attention at this
point. In a certain prominent activity school, so an official account
states, the sponsors “never let a little thing like a program interfere
with the dayv's business. . . . Everyone'is intent on his own plans,
The teacher is asked for advice, occasionally, but there is no un-
necessary subservience to her idea."™®

Common sense should detect: the injustice of such a scheme both
to the child and to society, _

In the first place. such a doctrine in its extreme form cortainly
will never work in a svstem of mass education. A group of thirty
or forty children without definite, collective guidance would soon
desenerate into an incoherent mob,

Second, the activist’s conceptiom of freedom is not substantiated
by maodern biological science.  The profound influence of the en-
vironment on a developing orzanism is now recounized Tt ap-
prars that it makes a tremendous difference whether or not a child’s
environment represents the tyvpe of milieu that he should have for
his ideal development,  This involves the idea of control and of
cuidance. :

Third, it is far from clear how the momentary interests of any
viven child can be transformed into worth-while consecutive centers
of intere:t for the eroup. or why one child <hould subordinate his
oy 1t felt needs” to those of his neichhor, In other words Aow can
cavinl co-oporation emerge in an atmosphere of unrestrained individ-

SO heone CLop it baglop 1 0

Cphid pore See abe Rurey 8L An Introductio to Proeressive Fducation,
Cininatic 16533,

St spe Hesen s cumnuarizing <tadye of “kFrecdem an the Licht of Modern Bio-
Ionicad Foundations,” ap it [ syl pp b1 71
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ualism? Extremely serious problem cases are often due to the re-
moval of uncompromising “law enforcement” in the home and in the
schoolroom 44

Fourth, it is not true that all normal children crave unfettered
freedom. Quite the opposite is the case, as is pointed out very
-effectively by Dr. Grace Adams. For seven years Dr. Adams worked
as an assistant to a psychiatrist who specialized in “adjusting”™ the
so-called “problem children” of the rich. In a revealing study she
tells us that “children are at heart tremendous sticklers for things
as they are and as they should be.” Again, she discovered that the °
child “can be made to perfofm the most irksome task with the most
eager pleasure if the performante is turned into a formal and com-
plicated ritual.”#> Any expérienced parent or teacher will readily
-endorse that statement. The golden-hued sentimentalism about the
Child should be corrected, so Dr. Adams thinks, by a more realistic
and truthful attitude. After stating that the average child may be
‘expected to exhibit undesirable character traits, judged by -adult
standards, she says: :

’

The normal child is like this not because he has been poorly trained
or badly conditioned or harshly repressed, but simply becayse he is
a normal child. Most of us are inherently much more like him thag
we often care to confess: and we would rezemble him even more closely
if advancing years, and the experiences they brought with them, had
not made us otherwise. But progressive education, by shielding the
child so vigorously during his early years, delays these chastening
experitnces until long after the more conventionally reared child has
learned to adapt his nature to them. By this method infantile traits
are certainly not repressed.  But neither are they corrected. They
are encouraged, made more pronounced, and prolonged beyond the time
when they should be gradually changing into characteristics more suit-
able to adult life "

Basic Ipeas or “Procressive”™ Eovearion asp ThHER
ApPprAISAL

The organization of the movement. The official sponsor of “pro-
gressive” education in this country is the Progressive Fducation
Association.  Organized in 1919, this w=ociation has grown tre-

** See Parsons, Alice Beal, "The Despotism of Polly Ros<” Harpers, November,
1930. 11 66y Of sinificance, in this connection. is the modern play, The Children’s
Hour, which has been attracting Large audiences jor many months,

¢ See Adams, Grace, “Freedom and the Child” Scribner’s, March, 1935, pp.
185 ff.

“lhid., p. 136.
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mendously, now having a membership of approximately 7.000. Tts
ofticial magazine, Progressive Education, started in 1924 as a quart-
terly but since 1929 has appeared as a monthly. The principal
American supporters of the movement are such private schools as

the Lincoln School of Teachers College, Columbia University, the -

Ethical Culture Schools, the Walden School, the City and Country

- Day School, all of New York City: the Tower Hill School of

Wilmington, Delaware: the Beaver Country Day School of Chest-
nut Hill, Massachusetts; the Francis W, Parker School of Chicago,
Hlinois: the Fountain Valley School of Colorado Springs, Colorado,
The Association is affiliated with the *New Education Fellowship.”
an international oreanization having representatives in at least
twenty-eight countries, distributed over four continents,  Many
foreiun periodicals wee pow devoted exclusively to the movement.

In the secondiry field, progressive education ix still distinetly “on
trial” even more so than in the elementarg tield. There are indi-
Cations that its original violence is already a thing of the past,
Modified progressive education may prove to be i real help in
making our secondary schools more truly cultural agencies than
they are at present.'

¢haracteristics of prigressive education.  The principal tenets of
i Progressive Education Association and of the New Fducation
Fellowship may Be summed up as follows:1®

-1 AN indoctrination should be eliminated.  Formal discipline
and the learning of hookish facts should be abandoned. Vital ac-
tivity must take the phce of mechanical memorizing,  Learning by
doing, by expericncing and cxperimenting, is of paramount impor-
tanece, —n

2. Sinee conly life can teach life.” the school must be the scene
of poal life, of phosical acticity, of making thing: instrad of merely
nokine et them or heering about them, N barren intellectualism
i- to he eliminates), ] .

s The wrp betiecon the school and life must disappear.  ‘This
requires the constant iztroduction of Aiie vtuations and of new
problems, Lrecly discovered and selected by the pupil himself.

¢ Fur further details (\nf the historv of the movement. teference may he made to
Parr, 5. ELep ey bz b ppe s and 1o the pobiliations ol 148 Progressive Edu-
Gitian N-sacition,

S Demtehiavic b M epodin, Palopp ey 00 Forowmaore detailed ~tatement of
thee prosorpdes al jreeres-ive edii alien, ~te WJee the ol publivations of the Pro-
gresanve Feliogion N-socntion,
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4. Ouly purposcful work will produce real learning and thinking.

Hence the pupil must make each problem -his own and must work
“at it independently, Al school work should be permeated by the
spivit of play.  The customary techniques will then be acquired
“incidentallv.”  The what of school work should be subordinated
to thv hoze,

The tyranny of established programs and uf rigid time sched-
ule\ must go,

The child's immedicte interests and desives should be held
wm'(l They should drive out the usual “chalk and talk™ of the
traditional school.

The artificial stimulation represented by marks, conventional
report cards, reicards and  punishments must be abandoned.

8. “Untegrated instruction is to replace the piceemeal approach by
means of separate subjects. The stream of life is a living unit which
cannot be experienced and appreciated bv its "dissected fragments.

The teacher must-cease heing a t.lll\mg dictator,”  He is to
:1id and to listen rather than to -command.

10, Spontancous activity on the part of the pupil m-t take the
pluce of sequential seorke and organized curricula.

A tentative evaluation. ‘There are those who g¢lorify these tend-
encies and propos<als with all the enthusiasm of 2 relivious faith,
They are hopeful that these ideas will eventurdly transform our
entire public system of education and not remain limited to a few
hichly favored laboratosy schools. They look forward to a new
educational paradise in which children will really be happy,
which there will he joyvous activity instead of passive listening, and
in which repression will cease. They zee the arrival of schoals
that <hall he the cradles of a new <ocial order and of truly creative
endeavor, .

To what extent. then, is this program ound. and at which points
2 it wtopian or danzerous in s fundimental assumptions ?

[t is obvious that, like the associated activity m/l'vnn-m. the
doctrines of prouressive education rest primarily on Dewey’s pra.
matic instrumentalism. We have Slrewdy criticized its doubtiul
theory of knowleduee and “experivice,” its crroneous conception of
“trathy” ard its rejection of first principles and binding s cindards
or aureements. We have also pointed out the dancer <pots of the
activity movement.  All these weaknesses lave been tiken over,
uncriticatty and almost blindlv. by the confirmed followers of the
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rogressive” creed. The reaction that has already set in bids fair
to prevent a major disaster to American education.*?
Most certainly, we shall plan to retain the sound features and
e corrective influences of the movement, without subscribing to
its numerous flaws and eccentricities. Under conditions of mass
education it is impossible to dispense with a considerable amount
of discipline and control. When the community pays for the edu-
cation of its children, it has the right to know what is going on
in the schools. It has the right and the duty to guide its children
in accordance with reasonable standards of personal and social effi-
ciency. It cannot afford to give too much attention to private
whims. It must make sure, first of all, of a wholesome, atl-round
product that will function successfully in later life. Is-it not pos-
sible to harmonize such a more realistic view of education with

"

. #the desire to see children happy, healthy, active, and even creative ?

)

Visits to the schools of the country, from coast to coast; would
reveal that in thousands of classrooms this conception is already
more than a dream. Progressive education has undoubtedly served
as a pruning knife. It has made us acutely aware of our major
educaticnal shortcomings, our inflexible curricula, the perpetuation
of meaningless drill, the questionable character of our testing pro-
grams, and the inadequate preparation of our teachers. To the
extent to which the progressive education mavement is correcting
these drawbacks, it is placing us under a debt of lasting gratitude.

PART FOUR

THE CURRICULUM D ITS BASIC FRAMES
OF RE LRENCE

A scene of confusion. A teacher entering on his duties for the
first time discovers with some amazement, as soon as he has learned

o Attention should here be directed to the fifteen-vear trial of progressive educa-
tion in the Soviet schools. The plan was found wasteful, ineffective, and sub-
ver-ive of di~cipline. So glaring were its defects that it has been dropped in its
entirety.  For a description of this Russian experiment and the rea<ons for its
1lnminnnunt ae The New York Herald Tribune, September 2, 19335 Bagley, Wil-
liem ¢, *The Ta<k of Fduration in a Perind of Rapid Social Change," £ducational
Adminstration and Supervidon, November, 1933, pp. 561-878: Bagley, William C,
“Is Subject Matter Obsolete?” Educational Administration and Supervision, Sep-
tember. 1u:s. p gca: Kandel, I 1o The Educatinnad Merrv-Go-Round in Soviet
Ru~~tt.” Thr Kadelpian Keviri, May. 1933 pp. 327-334; Demiashkevich, M., op.
RT3 S METITAN A3 53 & U8
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to look behind the scenes; tha{ there is no longer a feeling of con-
fidence in the worth-whileness of his work. This feeling of uncer-
tainty about the objectives of the school extends impartially to all
phases of instruction. In fact, such is the instability of our edu-
cational convictions that we seem ready to scrap at a moment's
notice plans that were hecalded only yesterday as a glorious achieve-
ment. One day we become very much excited by the children's
ignorance of the “fundamentals,” and we straightway make' copious
provision for “remedial work.” A manth later, some one tells us

that we are neglecting the creative talents of the pupils and their

“individual interests and needs,” and we hasten to .make amends
in that direction, often by curtailing the same "fun(ldmenml-a that
seemed to require so much remedial attention. Qur passion for
educational hoveltics manifests itself- as regularly as our habit of
bu_\,mg new spring hats or new winter coats. If we are not greeted
each year at our educational mass meotinm‘ by some new setting,
some readjustment, some “brand-new" crop (}f devices or slogans, we
feel that sdmething is radically wrong. At any cost. we must be
“progressive.”  We have become “pragmatic” and “experimental”
with a vengeance.

And so, “adjusting” the curriculum has become a major educa-
tional sport. “Everybody is doing it.” Problems that have taxed
the ingenuity of the wisest are boldly attacked and “solved™ in the
smallest hamlet.  The latest curriculum-revision wave produced
more than 335.000 courses of study, which are now on exhibition at
Teachers College, Columbia U niversity. And the end is not vet.

If this game did not involve the cultural and vocational welfare
of millions of young people. it might be regarded as an amusing
pastime, like playing checkers or pinochle.  The situation looks
immensely serious, however, when we become aware of its enormous
cost, not only in dollars and cents, but in ruined careers and wasted
years,  We do not seem to realize that we cannot develop an inte-
grated natienal life, a unified social consciousness, when the work
of the schools is huilt on sand. on a fleeting impressionism, on
momentary felt needs.” on local or provincial enthusiasis, on
uninformed prejudices. When the curriculum becomes the foothall
of powerful pressure groups, the result is chaos. It cannot be de-
nied that many of our leading educaters have been auilty of fos-

tering this spirit of educational unre~t. of chanee at any cost, even

though they have been unable to offer more than temporary suby-
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stitutes, In particular, at a safe distance from the classroom, and
without lirst-hand vx}wrivncc, the curriculum “exports” have offered
their wares withLanfassurance that is often inversely proportional
to their actual empetence, . Real teachers have become weaty of

thix costly and futile game, and they insist that there shall be less
ballvhoo and more educational honesty, as well as genuine ac-

quairiance with schoolroom possibilities, .

\ e rricvtes-Making wirnovr kxoo L,

Curriculam revision and the American scene.  The literature on
carriculum-building in this country has grown to vast dimensions,
and atan ever-aceelerated pace. It hasheen asserted that this steady
outpouring of suzgestions for educational reconstruction represeits
merely @ symptom of our national restlessness, our pivneering life
in a new continent. ot

The intimate connection between curriculum-making and the
cdrama of American life” has been et forth with foree and clear-
ness by Professor Rugg YTo quote: - -

Not once i a century aed a halj of national history has the curricu-
Lem of the school caught up wwith the dynamic content of fimerican life.
Whether of colonial reading or reckoning school, Latin grimmar school,
acidemy. or modern junior high school. the curriculum has lagged
hehind the current civilization.  Although the gap between the two
has been markedly cut down in the st threg-guiaters, of a century,
nevertheless the American school has been essentinlly academic,  Tq-
day. much of the gap persists, :

Not only has there been a huge gap beticeen the curricwdum and
American life: o similar one has persisted to the present day between
the eroweone child and the curvicden. There are. indeed, three eriti-
cal factors in the educative process: the child, contemporary Ameri-
can society, and, standing between them, the school carriculum, -

Nowe, in owmore than u hundred years of systematization of the no-
tional rc“n'utimml seheme, the materials of istryction have not only
Doen largely aloof from, dndced, torcien to, the istitutions and culture
of the American people o thes face jailed cqually to provide for max-
imal chitd erowcth. T the curriculum of our schools is to serve its trae
function, however, it must be reconstructed on a twofold hasis.  Ade-
gitate provision must be pade for creative porsonal deeclopment, and
(olerant wwde¥stan “ne of American 1ite pust be crected as the, great
cuiding int Tt goal ot cdication. s reconstruction, thebefore,
must concontrate wpon tico toci  cluld growtl and the dynamic content
of ~American civilization, '

Now, from the early davs of colonization, American life has been
dynamic, With each suceeeding geaeration the rhythim has accelerated.

-
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'1’/1: domiant tirene Is change, mdvenient. llu‘ innovation nf today
s orelezated 1o the serapheap o tomorrow.  Even national points uj
virw we altered overnight. | . .

The American tempo, I saw, is prestissinio and its intensity fortis-
simo. The current of American lije is torrential. 1t is personitied by
the pervading hum of motors and the dynamic syncogation of our
new wational music. Theé American mind, like its indusiry, displays
itseli in movement, building, exploitation, “bigness and bedamnedness.”

In a hundved vears, however, the public school has lagsed jur be-
hind. 1t has dever caught up with the monentum of industry, busi-
ness, community lije, & ;mlzlus Only rarely has it succeeded in deal-
ing \.nh contemporary issues and conditions; mover has it (Ii’l_lf(‘ipdl(‘(l
social needs, The masters of the Americim mind have fushioned the
public school as @ great conserving agency, and the hualo of the past
has-oriented those who have made the content of our school curricu-
lum.  Raroly have cducational leadgrs aliivmed - jor the .u/mul a pre-
paratory and prophetic function™

-
.

Ses it appears that because of owr feverish national tempo, the
public ,\'rnn({l has forever “lavaed behind.™ This outery esinst our
ileged backwardness is still with us. One recent example must
sultice.  In an address before the Progressive Educaiion Association
at its meeting in Hartford, Cennecticut? May 12, %1034, Trofessor
J. Ralph MeGaushy, of Teachers Colleze, siaid that co3 per cent
of the schools in the United States are entirely out of step with
contentorary life.”  Commenting on this st:iatenient, an able xchool.
nmitn oftered this redoctio ad absurdum

1T 03 per cent of the schools of today are out of <step with contem-
preary life, then certainly that proportion. must leive been out of

stepr ten tteen and twventy vers ags o -that is o <ave 93 per cent of -

vur citizens are out of step with modern tremds, Whoo then, creates
the contemporary Eie?  Suarely, it is not the remaining 5 pner cent.
I anything, this sttement proves just the opposite of what it intends

namely, that the emphusis placed in the pablic schoals upon the
hoasic principles of knowledee is most condudive to preparinge the m-
dividua for contemporary life,™

Toothis apt veply may be added the query, how could the un-
questiped achievements of American civilization have been ace-
complished by hopelesshy inadequate schools”

Anocher perennial exphimation of our supgwesed educational re-

o Tl The School Corriedum and the Dires ot Aswrnom Line” o
P iovie alin Yook i\ af fhe Natrongd N ity der thae Sewed s o0 T teen,
NS 1. b "( Scheal Pabd ens Co L Blheommoton, T

ll;l) iotane V0 l}.l Daw Fancioon ol .\'\:i:-idl_\ !
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tardation is that of “collcge domination.”  More recently; however,
a well-known professor of education assured us that until twenty
years ago we had been held in bondage by Europe, that we were
just beginning to emerge from that intellectual slavery and were
at last building a school system in harmony with the ideals of the
fathers of our country. A strange alibi. Of course, the majority
of our people, as well as the basic features of our civilization, origi-
mll) came from Europe. It would have been decidedly queer if
‘the pioneers had brought with them no educadional ideas which
they considered: it desirable to perpetuate.  But, did that constitute
“domination by Europe”™? Do we not all belong to L]_Ue/dt family
of western nations: that have a common cultural background? As
the following pages will show, we have had ample opportunity and
have made hefoic attempts to achieve dur own goals, What is
obviously lacking, to this very moment, i$ clearne s of purpose and

‘a consistently applied educational philosophy. It e had a really

convincing plan, our American initiative Lould be tru:ted to put it
into effect.

- Four decades of curriculum revision. The Twenty-sixth Yearbook
of the National Socicty for the Study of Educatior gives a particu-
larly illuminating survey of national curricdlum-making during the
past generation,  In this development we may disting qn:h at least -
three distinct t)[)es of procedure,

(1) The Cononittee of Ten, This committee (1892) was largely
composed of college presidents and repre-entatives of private
schools.  Of the ninety members of ity subcommittees, forty-seven
were college professors and administrators, twenty-one were head-
masters of private schools, while only fourtecn were principals of
public high schools. The work of this committee exerted an enor-
mous influence, but chiefly in edministrative trends.  Its emphasis
wis on college preparation, on uniformity and standardization, and
on time allotment. ‘The baneful efiect of the unit idea, endorsed
and iposed by the Committee of Ten, is still with us. Its quanti-
tative formulation of an adequate colleze preparatipn Jas remained
ong of the chief stumbling blocks in the path of educational reform.

2) Era of Nativnal Committees, This era extendei approxi-
mately from 1803 to our own day, starting with the work of the
Committee of Fifteen (1803) and continuing to the work o7 the
Commission on the Social Studies, which is still in pr\ugress. Of

¥ Qv op. cit., Fs0l, Sec. I, Chaps. TV
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particular intcrvst o scmmlury schools were the contributions of

the National Committee on- Mathematical Requirements (1916-

O

1923), of the Classical Investigation (rg21-19235), and of the Mod-
ern Lunguage Study (1924-1928).  The Tewent y-sixth Yearbook
offers a penetrating critique of this phase of curr iculum-revision,

The shortcomings of the work done by these committees are attribu-
ted mainly to thaafact that these committees “contained not a single
professional student of curriculum-making, not an educational psy-

chologist, not a sociologist, not a critical student of society.” ™ This
arraignment is then continued as follows:

Recent national *“subject” committees (like their predecessors) have
not viewed the curriculum as a whole, Never have they taken a posi-
tion alvof and tried to determine the vital social needs of children and
adults, Instead, they have bien defenders of their particular faiths.
They have been spec ial pleaders for their subjects.  They have main-
tained that their function was to inveatory prmnt practices. The
Gligsics Report put it: to investigate the “relevant fucts of classics
teaching™ 4and to formulate programs for improving the teaching of
their subject,  They never really questioned the wisdom oi teaching
the existing content., They assumed that it should be taught. They
stood like their predecessors of 18go-1920, for the status quo,

Never once did these committees open their minds to the really
fundamental curriculum questions: Showld mathematics and Latin be
taucht at alt to all pupils? If so, on what grounds? To whom?
With what materials?  How chosin?  On a broad analysis of thesocial
needs.of conte mporary America or on the bhasis of dise lplmarv values?

- Instead of answering these questions the reports (the Classics Report
(‘\pt’(l ly. the Mathematics Report much less conspicuously) used their

vast arrays of facts to defend the position of mathen mu and classics
in the curriculum.”*

As to the Mathematics Copmittee, we are told that “the person-
nel of the committee was destitute of professionally trained stu.
dents of curriculum-making, henee the Lick uf objectivity and’ com-
prehensiveness in its procedures.”

() Nation-wide Curriculion-Makine. What the above compre-
hensiveness michit mean was <oon reflected in the third phase of na-
tional carriculum-making, Tt will probably 2o down in history as
the ereat “curriculum jamboree.™ Since the “specialist=" had
failed to produced aceeptable curricula, the doctrine enanated from
hich plices that perhaps the clavsromm feack-rs of the country

BAhid . op.os;. '

“rhal po<y
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mizht find the answer to the great conundrum, Thus began an epi-
sode in curriculum-making which fostered the uotion that “cach
community must have a curriculum all its own.”™ The results were
startling,  As already stared, more than 33.c00 different curricula
have emanated from this movement, and new surprizes are still an-
nounced from day to day. The idea of expecting classroom teachers
without special trainine, without estensive library resources, and
without an adequate time allowance, to il the painful gap left by
the specialists, was .in the frank works of I’l'nl'v.~.<n( William (',
Bagley “not only silly but tragic.”™ 1t is hardly necessary to en-
Large on that pathetic theme,

The new approach.  And now we are facing auain the perennial
challenge: What next? Well, the keen eye of Professor Ruug fore-
=aw the only logical exit from the dilemma of curricutume-making
as interpreted ten years ago, In Chapters HI and 1V of The Twenty-
sixth Yearbook of the National Socicty for the Stady of Fducation,
he outlined his views of a really “scientine” procedure. Nhove all,
we must have a celear orientittion as to the outcome of education™:

The day has passtd in which a singie individual professor. teacher
of administrator, psychologist, cducational Low-giver or rosearch spe-
cidist, can hope to master the maiifold, highly professional tasks of
curriculum-nuiking, They are far too diffealt and complex for any
one person to hope to compiass them all singde-handed 8

There must e, according to Profossor Ruse two types of spe-
cialists who should take part in this co-operative enterprise: (1)
Those trained in the study of the validity of materials :and (2) those
trained in the science of curriculuntmakina: in the study of society
and ot educational paycholoay. He adds that ~it is inconceivable
that a curviculum can be niwde properly Dy eithor 2roup working
alone,”

But who is worthy of taking part in this difficult tsk 2 Neain,
Professor Ruzg supplick the answer, in the following pissiawe:

Uhe tonk of stating Ve ooals of cducttion is not to be consumnrated]
loscan anal vsis of social acticitios elowe, 12wl be acdod by the lattor,
bt i not be dombated byit, 16wl beoas iz od ondy by hard
thinking aned by the most prolonscd coonddoration ot dacts by the
decpest soers of Juman hiieo For the vrear bull of our curriculum,
therefore, the analy~is of social activities will induence the judements
of fronticr thinker<: but it i< the hwlement of the wcer based upon
the scientine study of society not the mere factual re-ults of sodial

“ Ruee, Hatold, op. it {20l p 52,
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analysis - that will determine the more intangible, but directing mate-
rials of our-curriculum.

Social analysis merely gives us the techniques and, knoseledges see
should have on tap. For the basic insights and attitudes e must
relv, as we do for the statentents of the goals of education, upon inan
juden _ [t is imperative, howevery that e make use of only the
most valf® judgments.  The forecasting of trends of social movement,
the perception of the focal problems and issucs, and the connections.
underlying them, demangd “crudition and maturity of rcflection that
eventuates only jrom proloiged and scientific study of socicty.  To
the fronticr of creative thought and of deepest feeling e go o for
guidance as to what to teach ™

It would seem, then, that we are now ready for a fourth stage of
national curriculum-building, that of the “frontier thinkers.”  F¥i-
dently the challenge has been heard.  The mantle of wizdom has
obviously descended, on a group of self-appointed disciples who feel
the urge to lead us out of the wilderness into a new land of promise.
Unfortunately, the new symphony of expert talents seems .o be
nurred by oceasional diszonances, perhaps due to faulty orchestra-
tion. At any rate, a unitied melody has not vet emerged. There
are, in fact, quite a few versions of the new theme sone.

But the main point is that the central secret has already leaked
out.  The solution now proposed is as anmizing as it is simple. It
ix to the effect that, since the curriculum has cavsed so mueh trou-
ble, we can improve the educational situation only by eholishiing the
curricubion.  This may cound like macic to a poor. uisophisticated
school teacher, Tt s like curing the dog by the funous expedient
of cutting off his tail just hehind his cars, The arvival of =~ Nirvana ™

may, indeed, he the final attempt at curriculum tinkerine, for there '

will he no “subjects” lett for further henevolent execution. And
~0 the curtain iz aboat to rise on another New Deal in education,
the planless school.

New Wavs or Disise witin rne Crere trr

The planless school. The areuments which underlie this Tatest
development represent @ nuize of partial truths el aross errors,
Here we meet gzain our old friends, already considered at lenaeth,
mamely the doctrines of praaometic instrument Jlisme amd the pin
crams of the getivists aed the social reconstraciioni .

Do dicte cxperione alone is con ddorcd conthe hel o Moo

¥ Qhid., p. 8.
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tary interests and problems tronscend in importance the experience
of the race. Individual frecdom and *felt noeds” must be respected
at-any cost, Standards of excellence are necessarily outmoded.  Se-
quential learning is of no consequence and is regarded as stultlj\'mg

The traditional “subjects” have been kept in the schools, we are
told, only because of g blind belief in the “obsolete” doctrine of
mental " discipline. We must drop that Hoary myth and with it
throw out foreign languages, mathematics, and other “dxsaplmary"
subjects. Everywhere and at all times the emphasis is to be on

social values, sodial efficiency and participation.

When the school has been thus emancipated from its traditional
fetters, progress can at last be made in achieving the real objectives
o%wiueation, It is true tha} these have not yet been fully formu-
lated, but they are expectefdl to emerge in due time, after further
experimentation and “recdnstruction.” The new school will be
very different from anything wve have had thus far, Glimpses of
what is intended may be found by those who are curious by reading
some recently published monographs dealing with that subject.®®
The aim of the transformed secondary school is described by one
of its enthusiastic proponents in the following manner

‘The new high school should have as its central and dynamic cbjec-
tive: to prepare voung people to take am active part ‘in planning and
building a new socicty which ful fills the matevial and cultural needs
of the great mass of the American people,  This ()})_](‘(tl\t‘ is definite,
meaningful, and dynamic, a guide and a drive to action.™

As to a program, essentially that of “social reconstruction,” we
are informed as follows:

In planning the (‘«111111\[1th_\' and the » hool there <hogld be a long-
term plan which states in.broad outline what the needs 3f the people
arc. There should also be a short-term plan extending say over sev-

* Reeespediallv, Fverett, S tEditory, 4 Challeee to Secondary Fdue tion | 22).

“lhid L poo1gR0 For further information concerning this “social” objective of
cducation and related problems, thé*reader mav be reterred to <uch cources as the
followine Kilpatriek, Wil H oFditors, The Fdwoational Frontier, l2c); The
Soval Frontwr, a Jouwrnal of Foeogtional Crifaor moand Reco traection, especially
the issue of January, 1as30 Chdd- John 1, Fiwoation and the Philocophy of Ex-
prromentalivo, The Century Co o New Yaork, 12, Overstreet, O H, We More in
New Directions, WOW Norion & Co Toe s New Yorh, 105, Retaner, Fdward 1.,
“Can the Schools Chanee the Socal Order 2™ Treschers Collece Record, February,
133 Counts, Gooree, Dare the Sohecl Bousid 0 Newo Socaal Ondor g, The John Day
Co . Ines New Yérk, 1o, reprosentine Nooap o The Jobn Day Pamphlet-, and,
c-pectallyy The Thrtrenth Vearheok crasan of o Department o0 Superintendener,
“sooad Chanee sid Fducation,” Washineton,
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eral years which 11 followed by succeeding short-term plans.,  Step by
step each plan leads toward the zoals set in the long-term plan, which
of course is revised in the light of the experiences accumulated i
working out the intermediate plans.*™

The curriculum is conceived of as a series of “experiences and
activities”:

Instead "of organizing the curriculum into narrow s bje ts of study,
it should be set up as integral parts of the broad the me or objective,

namely, “planning and building the new society.” .. convenience
of reference, these parts might be desivnated as aréas of experience,
for example, “making a living,” “developing health,” etc.  Fach of
these areas would have definite social objectives which would be ap-
prmched through a consideration of Lruudl lite problems and through
participation in vital activities."! "

The many proposed “activities™ of the new school are’ justified in
the following manner:

Two fundamental principles of modern psychology are that learning
is an active process and that people learn what they practice. In
accordance with these principles, the new high school should have an
abundarce and variety of student activities,"* .

As to the equipment of the new school, we are told that it will
be converted from a “factory” into a place for “living.”  There
will be movable fables and chaivs.  Bach classroom will have its
library, its newspapers and magazines,  Special rooms will he avail-
able for particular “areas of experience.” There will be other rooms
where pupils may write poems, draw or paint, or just rest.” Of
course ~radios will be available at every turn.

In such a school there will he “no hard and fast grades™ and
there will be little or no emphasic on marks. The nupils themselves
are to be judees of their own achievement.  Above all. they will
spend considerable time {n making first-hand studies of the com-
munity., They will visit fictories and offices, slums, museums, and
city halls. They will Tearn, as directly as possible, all about family
and community buduets. Their knowledue of economics: govern-
ment, and soctil planning is to become real and “functionall”

And what about the feacker in ~uch an emancipated schoot? It
is recaenized that the new program ceqnires “masier teachers”
Their main function woubd he that of curdaner, Fach master

T Rverett, SOcbEditony, op G o poooo
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teacher would be responsible for the work of approximately a hun-
dred pupils.  He would be a “teaching counselor, remaining with
-his group of pupils throughout three, four, or six vears.”" There
should alxo be ordinary teachers who are to “advise a group of fif-
teen or twenty students.”  “The adviser is responsible for seeing
that pupils really work: that they put themselves wholeheartedly
. into projects; that they accept and carry out duties and responsi-
bilities,  He stands in lieu of requirements and administrativg pres-
sures,”  Quite a contract for the “ordinary™ teacher! In fact, an
“imaginary typical day” for a teacher whose special field is “statis-
tical mathematics” is suggested in Professor Goodwin Watson's
monographt The schediile extends from 0 AM. to 8 par., when at
last the harassed teacher-adviser is “free for recreation and studv.”

Eaciv pupil has a card file of desirable projects, under various
“functional” headings.  From these he will select certain ones
X . “whenever an iwea appeals to him.”  Some of them represent “long-
term purposes.” and some “short-term purposes.”  Professor Wat-
<on submiis a tentative list of seventeen “functional divisions™ of
the curriculum.  They include such diverse items as “establishing
a home.” “bringing up children,” “working out a satisfying philos-
ophy of life.™  Evidently, mere subject matter and ordinary text-
hooks will not he necessary or suftficient in developing such - fune-
tional™ areas.  Each will require “several hundred guides,” and
“new cuides will be added constantiy,”™™ ’

To aet this whole enterprise started smoothily, Dr. Samuel Fverett
wisely remarks that »a social philosophy must tiest be formulated
and accepted.”  As to separate subjects, however, he savs with
fnality: .

Most Americans will gefer use history, mathenutics, physics, chem-
istry, and the like, as these'subjects are now Grught, For the most part
/ such skills and knoweledze can be loerned inoa graducte school, o

“chene ver individuals fecl the voal woed Tor sucle spocidlization 5

This i< another return to the theory of “incidental learning. dis-
proved o often, The same writer achicves even areater heights,
or denths, of insizht, when be weites:

Few Americoms will sver travel shroad anel therefore need forcien

fonewnee, N relatively Tew individuals will use Tyreivn Linvuaee in
KA T Ml o <
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business.  Only a very small group of children will love Tanguage for
its own sahe. The whole tone of a secondary school can be so devel-
aped that the eequisition of [oreign language as @ mark of the leisure
cluss and as a badye of invidious distinction wiil be in disrepute
One wonders whether this gentleman ever =saw one of the huwe
ocean liners that annually carry a million American tourists across
the sea. One wonders whether hie has ever withessed an assembly
program given by madern languinge clubs in our high schools, or-
winized by pupils who evidently enjoy the study of foreiun lan-
aiitees,  And one doubts whether this astute observer of the Ameri-
can seene relizes that many thousands of young men and women
in our professional schools, das well as all research workers and
technicians in countless knboratories, must, if they are to be leaders,
mike wide use of foreizn books and periodicals. Simitarly in math.
ematics.  Is such training also to tie acquired “incidentally,” as a
sort of adult “project™?
. We have ziven enough samples of what i< intended in the cideal”
. seeondary 2chool of the future.  After learning of these plans, a
clever teacher remarked @ “These educiitors are shining examples of
the minimum edication which they wish to force on our American
schools, the only type of education which ti ey seem able to com-
prehend.”  When the whole world is clamoring for more complete,
systematic, and thorough traiuiag in every tield of human activity,
we are advised Dy these educational spokesmen to develop a plyn-
less school devoted to ~functional” areas adjusted to “personal in-
terests” or alleved individual “needs” -
Curricula based on orientation.  Much nmore signitficant is the
vimphatic plea for educational or professional orientation, which is
cneountered wzain and agsiin in the recent literature on secondary
education.  Many subject-matter teachers have, of course, been
keenly aoware of thiz lesitimate demand. They know thut each sub-
ject =0 or should be, a constituent and vitad part of the sreat svm.
phony of personal and social intere-ts. Only too often a frau-
mentary and piecenteal mode of teaching obscores this adl-important
fact. The spectacular sucees: of such hooks as Wels's Owtline of
Hivtory demonstiates the positive hunser for @ panoramic view of
thines cn the part of countless thousands. Apparently. this e ”l\_,

the vadio, of air travel, and of the movies has prepared us fof

-

Lircer visions aned more clusive discussions, We all know of the
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danger of extreme '~pecmh7dt10n so characteristi¢ of our age. The
specialist only too often is a person who “learns more and more
about less and less.” The story is told of a bone specialist who
was called to see the victim of an accident. The poor fellow had
broken his right leg. Shrugging his shoulders, the specialist re-
fused to take the case because he was merely an expert in “left
llxgs."

Besides, the fund of human knowledge has become so vast that
no single human being can cope with it alone, even in restricted
fields. Thus, Dr. Alexis Carrel teils us that a comprehensive mas- -
tery of the essentials of the new “science of man,” as he conceives
it, would call for the unremitting, painstaking labor cf at least
twenty-five vears on the part of even a super-scientist.®® Similarly,
Dr. E. T. Bell informs us that modern mathematical science has
grownt to such dimensions that “a detailed, professional mastery of
the whole domain would demand the lifelong toil of twenty or more
richly gifted men.”™

For some time, the colleges have recognized the imperative call
for orientation. More than four hundred colleges are now giving
survey courses in one form or another. But how can the secondary
school meet this demand? How can one “orient” pupils who have
not vet acquired even the rudiments of a general education? At
lpast two plans, differing widely in scope and in merit, have
emerged.  The first is a debatable imitation of the orientation
courses offered in the collezes. When high schools offer “explora-
tory™ or “survey” courses extending over a few weeks or months,
they are in great danger of encouraging a superficial smattering
of subject matter that iz imperfectly understood and quickly for-
gotten.  Such courses may be entertaining and even “popular.”
They can never be a substitute for more substantial, long-continued
contact with any one of the major subjects of the curriculum.
Above all, they undermine the appetite for really serious study by
creating a false sense of mastery.  They are reminders of the hrief
“exposure’” courses given in the academies and hich schools several
decades aen, Such text- as “Fourteen Weeks in Botany ™ rarely left
a di~coverable trace in the pupil’s mind.  Why revive a pian that
wis discarded long azo as futile  And yet, it iz now proposed that
“slow pupils,” (~>p0('i;11|_\'. be given precizely that <ort of “snappy

B Careet, AL op. it [yl =83, L
 Rell. FL 1".. op.cit, 23], ;'
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orientafion.” In mathematics, we already have a number of cur-
ricula and texts based on this idea. Primarily for “slow” pupils
or “non-academic”™ pupils, a one-year survey course in secondary
mathematics is now proposed. involving the elements of business
arithmetic, “applied” algebra, intuitive geometry, trigonometry,
demohstrative geometry, statistics, and copious related units of an
optional type. In some cases, morsels of physical science are also
to be included. Any teacher of mathematics knows that such a
one-year program is dishonest and impossible. It will lead only
to the further destruction or disintegration of secondary mathe-
matics. '

Of very different quality is the type of orientation that gives the
student a real understanding of a major field in which he may be
interested. It may be described as “intensive orientation.” Such
a plan has been developed at the Fieldston School, New York

. City.  After seventeen years of experimentation.. the plan is now

working successfullyv. In a thirty-page monograph, Dr. V. T.
Thayer. director of education of the Fthical Culture Schools, has
given us a welcome description of this program.™*  Thus, in the
field of art, a student may pursue a four-year, preprofessional orien-
tation "conrse, Any major center of interest of this type is then
used as “a bridge to culture,”™ leading to many extensive contacts

-with science, history, mathematics, and other related branches, A

O

student thus prepared carries away not only a substantial equip-
ment in his field of concentration, but also in many of the other
basic domains of knowledge and skill. It is the type of orientation
that one mizht welcome in any hich school.

The core-curriculum plan.  Closely resembling the program of
intensive orientation is that advocated by proponents of the core-
curriculion idea.  But while the former is essentially prevocational
in character. the latter is very general and is intended for every
student.  Various modincations of this plan have appeared in print.
One outstanding example, the result of the Virginia Curriculum
Prouram, is described by Mr. Sidney B, Hall, Superintendent of
Public Instruction in Virginia, in collaboration with Principal F. M.,
Alexander™  For all pupils in the secondary school a core-cur-
riculum his been set up which i~ orsanized around certain broad

T Everett, SO cFditony, op dny Ledf, Chap 1V .
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. . ‘ .
fields of knowledge, It is based on centers of interest that are defi-
nitely related to eleven major functions of social life.  The cur-
riculum extends throughout all the vears of the hivh school period,
Detinite provision isemade for those pupils who also wish to “elect
the study of specialized organized bodies of knowledge such as for-
eien lansuawes, mathematics, and =0 on,”  Varieus “adaptations™
of the plan are suggested. 1t is noteworthy and very encouraging

“that vocational education is definitely ruled out of the picture. To

(uote:

The scope of the curvicudum for the cntire system of  public

schools shvatd b organized as a continious system on the basis of

Lo maios tction and conter-of-interest approuch.  The secondary
el should be merged into this common-school program and should
not be redarded as a separate institution with peculiar functions of its

L OwWn.,

2 Vecatwonal cducation except comercial training, other txpes of
training on this Ioel, ad cxploratory w ok, should e postponed un-
til tae peiiod of gonerel cducation s over. This means that general
ey etion seondd porsally contivie to wchatl i anne considered  the
cnld 0f e jrarior-collese period.

3. Pupils <kould be_rerained until in l}n' judiment of school authori;

ties, uncuided by the school, they can discharae responsibilities to

sacie Ty,
40 Thiz oommn-se hnn] program should he concerned with the value

of its own caurses.  The courses shoulild not /n aimed qurln/ PRepara-
tion for vocational work or advarcd studics

A divergent and more conservative pl;m i= that <ugeested by Dr,
W. B. Featherstone, formerly Director of Secondary Curriculum,
Loz Anzeles, California, and now Assistant Professor of Fducation
at Columbia University.™ It iz definitely recgunized that there are
common educational essentials which ali [u‘(rnns ‘must have acquired
in the interest of social solidarity and the security of life itself,
Mare than that, the importance of contingily in the major activi-
ties i~ admitted,  Beyond that, each pupil may pursue such “mar.
ainad™ activities asanay appeal to him particularly, The one areat
enemy of such a core-curriculum is seen to he the current anit sys-
tem. In the following paragraph our present dilemma is clearly
pointed out:

There are many elements which helong in the core-curriculum -
Eochish, history, art, - dience. music, genzraphy, ccabomics, psycholoey,

Clent, o
- ]{n .;" ,n, l,;'.
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and probably others. ()h\'i()usly we cannot provide a period a) diy - -
for each of these and have any time left for other mattgrs.  Further-
more, we dare not spread them out, providing 4 dose of one here and
a dab of another there. 10 we do; we shall violate one of the mest
“ important principles of teaching, that of continuity. There is only one
*alternative, and that is to develop unified programs which bring into
one lcarmng situation essential materials that were formerlyt found
-only in subject,- atter fields sharply sep: wrated from one another, We
must find a thread in the form of a.central theme or central Jdea upon
which we can string the separate beads of Linguage. geography, scienes,
ant]’the like, and have when we have tinished something that is whuolg
in s own right and Mot just an aggregation of unrelated (mmcs.'r

¢ The integration movement, .\ further variation of the same ten-
eral idea is represented by recent insistent demands for o wreater
integration of our instructional enterprises,  In thiz case we nuy
have in mind @ core-curriculum such-as those described above, or
we may think of the fusion of two or mare otherwize distinet lines
. of wark, The Tatter plan has heen advocated particularly by mm)r
" cators connected with Techers Collese,  Colunrhin P niversity,
Thus, Professor L. Thomas Hopkins has <ubmitted a detailed list
of the characteristics of an “inteurated individual™ gand of the cur-
riculum changes which this conceptiseems to imply.™* A\t present.
one of the most active supporters of this phin s Dr. Jesse 1L
Newlon of the I.im'n]p Schaol of Teachers Colleae. The following
typical passages frem one of his recent addrvesses on this subject,
as gnntt-(l in Leachers Colleze Kegord, may be of inteiest:

It4z of critical importanceat this particulae tinie that the curricalim
be desizned to mike possible the .uhn\umm of the Broad sovial values
ol education,

T this end an effective plan must comprehend all sicniieant cul-
tural processes el problems in order to give the individial the et
passible orientiation to the world in which he Hveso Tt mos? introduce
him to all important areas of human knowledze and experrence. Theie
must be no gaps in his social education,

Interration of the experiences and actigities of the fearner at each
Tevel i< alzo essential, These wre mwre than poshlems o vraede place
m(nt of materials. They are not problems in vae hanics

Experiments in this direction have heen going onoat the Lincoln
School since 19209, Mtempts Tuve been peede tyinteciate mathe:

Ihid . pp 6763,

T&ee Hophins, I Thomas, Nremmen s Favening Litecraha ™ a0 e

le v Record, April, maiz0 pp Hog 612,
STenkery Collesry Kocord, Moaonho oz jp 2y sy

O

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:
.

~

74 ) THE ELEVENTH YEARBOOK )
matics and science in the seventh grade. In 1932 a course devoted
to a study of the evolution of Western culture was introduced,
replacing the usual courses in history, English,- and art. This
course is expected to culminate in an inténsive study of American
culture. Needless to sa_\,, all the usual subject-matter boundarles
are deliberately-ignored in these experiments,

Comments on thest plans. [First as to-the planless school, it is
to be hoped that our.proverbial sense of humor may keep us from
taking . this edﬁ’é’ational burlesque too seriously. . However, if
heavier artillery is needed to demolish this almost incredible ex-
travaganza, there is an ample stock of it for such bombardments.
For. example,flet the reader turn to such devastating critiques as

_those furnisifed by Professor Lagley, Professor Kandel, and Pro-
~fessor Demidghkevich.”  Above all, et him learn of the verdict of

Russid when, \after nearly fifteen years of a compulsory, nation-
wide tNal of planiess education based on the pattern glorified by
our own theorists, it swept the whole useless structure out of
existence.™

< We may, however. feel much more optimistic about the other

three plans discussed above. In due time, their extreme and vision-
ary features will e eliminated. Orientation of the Fieldston type
has great possibilities, The core-curriculum idea has the merit of
not giving .up an emphasis on essentials, And integration has al-
wavs been a more or less subcorscious objective of every real
teacher. The “many-sided” interest of the Herbartians and sub-
sequent “correlation™ theories have served to keep this ideal alive
in modern education, .

On the other hand, any attempt at excessive fusion will almost

certainly lead to failure. There have leen numerous previous
attempts in that direction.  They have never heen successful. Thus,
‘the plan of fusing mathematics and science was launched with
much enthusiasm, thirty vears ago, by a groun of leaders in the
Middle West, .\ special committee was organized which eventually
submitted its recommendations in a published report** Much lab-

™ See Bawley, William €L 1 Subject -Matter Obsaolete?™ op it [4a9l. pp. ge1-
EYIRN ‘.mdvl. I L. =Alice in Cloud-Cuckoo-Land.” Teachers College Recerd, May,
Vs ppofien 6y, and Demiashhesich, Mo,egoar, [l pp. 235 ff.

TSve reterences ti toothote gg, patee 3% -

' Report o0 the Committee on the Correbation of Mathematics and Physics in
Sevordary Schon's, Second  Pdition, 1g0z. This constitutes the Appendix of the
Procecdines of the Second Annyal Mevting of the Central doodiation of Science
and Mathemuatio s Teachers tout of print i,
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oratory work was suggested and particular endorsement was given
to the famdus Perry movement, then at its he;cht in England.
Professor Perry’s main objective was in the direction of applied
mathematics in a thoroughly correlated setting.  Hardly a trace of

that movement is left in England, in spite of the enthusiasmi w uh/

which it was greeted by many teachers. Must we a’ vays Hpeat
the errors of others?

A critigue of integration, in its relation to mathematicy, was ve-
cently offered by Professor W, . Reeve.™ He furnished a helpful
biblivgraphy and pointed out some of the merits and dangers of
the movement. Of particular importance is the following passage:

It should be said here that before teachers can properly correlate
mathematics with other fields, they ought to learn how to correlate
the various parts of mathematics.  They should first learn how and
whére arithmetic and informal geometry can be correlated, how and
whers algebra may be best correlated with arithmetic and informational
geometry, and so on. Unless we can do this, there is small chance
thiat we can successi itly correlate mathematics with science, music,
the arts, and other applied fields. We should not muake the mistake
of break ng down subject-matter lines before teachers are qualined to
rrtke the proper con-acts and to explain the signitivant relationships
hetween subjects to their pupils,™

Teachers cannot integrate several subjects or courses unless they
have mastered each of them. At present, it is only too clear that
vohave not yvet developed adequate mastery in even one teld on
Aeopart of the majority of our teachers,  Are they to spend three
v vedrs inuniaduate schools fo. the cole purpose of intecration?
Wt salary nducements, and what professional security e we
offering in return® /¢ is significant that in most European countrics
teachers of sconce qre also the teachers of mathematics.  In spite
af this ddeal preparation, thes prefer not to fuse the e subjects,
Ihey realize that each of these fields has its own genius and its own
technigues.  Sowence and mathematics should  constantly support
each other. but they would only lose their characteristic educitional
fundctions by heing fused into a single subject or “area of experience.”

Baste Fravis or Ry wreNcE

Unchanging backgrounds.  After davs or weeks of weary trave,
thooush an arvid desert, many a caravan has veen spurred n

YRee Reever W Do o Mathematios and the Intecrated Procram in Folacation,”

Feder CWhee Reo D March roor pp g 01 Ml pooson
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by the realization that an vasis promising fresh water and a source
of food wis not far distiant, Just xo, in our moods of despair over
the educational situation, we may wain renewed courase and vigor
by Keeping our eyves on those enduring kindmarks that never fade
from the picture.  For there are three such mountain peaks; They
are Nature, MVan, and the Ultimate, '

In the realm of Noture, we witness every waere the reign of de-
pendable kiwss The cosmic foree of pravitation prevailed belore
the arrival of man, and we may count on its further operiation in
all the aeens thit may He ahead, The sun nd s satellites have
been spinning throush space for untohl millions of vears,  Life-
civing il Hiessustainiv 2 principles and enereiss have heen at work

durites eotintless aues, and a beliel in their benefteent continuance

i- not at vinggnee with aecepted postulaies of scienee,

A~ to Man, the mystérious straszer on this strange carth, we
hnow at east that his physical veeds, his dependence b food,
lothing, <helter, and othere nuterial comrorts) a< well as his social
need witlh abway s remain the Jourdiation of "his ceaseless struggle
ta trinmph over huneer, want, limitation, and disease. Long and
paintul s teen his pilwrimaze, terribly exacting has been the
tuiticn fee fer his education, many e the lesons st to he learned.,
Lt ever more dlearly there emerses the visim of @ soctal human-
iy created byotraly wise, seil contralieds consaperative men and
Wenen. '

inally, we Bave heen o the vod Tonse eaonzh to feel inereasinaly
stre of the permanent presetoe of i nd my<terious element which
i~ nearer than breahing, ol closer than hands ar feet,” o Soame
cadl it evoiygtion, and others call it Gedl™ However we may wish
to paraphiase ity whether we il it e Suneeme MNaed, or the In-
tntte, of the Good Lite, the decpest <cer- of eanlind have vever-
eniiy bowed v it ctoaling and have wendbercd fooie their own
!

inspita oo, B is Bete dar we ctootnter o thind pf soment realm,

dhe univesse of feals et moral vadig s, o hich -'!1-!7:\--1' sl unselt'-
'

t-hdevnginn,
The one great variables Whato thens we nons now -k s it thae

Clanees . Phe answer s simples s Mo s ndoion-le e o his ime
Paet Irsge ‘-;-,\i_-..l;.' el (5:‘11:_'1 H~ '_:lt-.\i:}: ,;Il-."._'/l.’ ini-: Ill«‘ ]:h_\ ~i(.l],
~ocaaioaned speataal e St en that condiren oy welfee has

Pocn the cooar tran bamer thar conties to B e P canaze v

Caotner oouier bershis, It b enabded By tooonverome his e f-



e e gt i mm e e e m e e a e e e

L -

MATHEMATICS I.\’. MODERN EDBUCATION 77

doni to the forces of nature, his bondage to fear amd superstition,
*and to develop dan oever more confident control of his o destiny.
I/umun mu!/zganu is nota comtunt. 1 Aot viahle,
Fduce “mis forever concerned with the development il the trans-
mission of higher and nobler forms of insight inte the hasic relation:
ships mentioned above, -

Constants of the curriculum, 11 this analysiz is sound, it follows
~conce thal the carricalum <hould he the vehicle of i browd orienta -
tion, It should initiare ineach individual @ arowine ability to
gnderstunl, to apnrecitie, and to control his envitenment, not foy
prrely selnsh rea-ons, hut alwavs in the divection of an inereasing
social welfare, Hence the permanent elements of the curriculum
must be those nunual, mentald, and spiritual adaptations which race
experience has shown to he essential for human progress and for
an intearated social lifeo We st have at least six such ofomnts
moan elemeptary curvicklum, as followes: the practical artls, lan-
giage, sedonce, mathewictios, the sociel studios, and e tine arés.

. The practical arts. A1 the basic achiovements of our material
civibization are fundamentally products of the human dend. The
machine is nothing hut an extension of the hand. The hunman
Baned and s zubstitute, the machine, are forever concerned with
the wtilization and the transformation of the “aw matesials fur
pi-hed by navwe, for the immedinte and witinuate: purposes of
saciety,  The epic of the hand <till remains to he weirten. The
story of the transition frem the crude implements of the Stone
Aue to the mmvels of a0 modern machine <hopis an epitome of
e <utfering and T drivmphs. T s one of the treedie
of our hiz cities that nuny children and sdalts nec fonzer experi.
ence the dignity and the <ari-faction of reqd Londworks We mins
testare ~ome of the st opeartuiatios for chtginiog such trainine,
N fot vecativial purposes, bat for the heen ciieyment el ap
preciation of the ability 1o smake thine<™ with one's hanedsl andd
net mictely with o nee hine, swe mnst St mecach < choal o ren
sonzthle variets of creavive peaned? activities. The Eoivasal Schaol
of Tho-dicrait~, in Rocheteller Center, New Yark '.'\_ directed Il\
Fobward T Pl mieht well <erve as g moaded Tor =il o eamiza
tion in both Lrze and <madt ieh <ehoals

o Lo Chhe cpolons waiirtens e priitod wond s the
v toowaand that maede possibide Sl forens o8 20l thinkine
an-tornnced a0 cradke Berd dnsinet i the g eoar so il com
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L
munication. Dewey has stated correctly that the jnvention of sym-
bots. was the greatest single event in human history ™ ‘The pres-
ervation of human accomplishments by means of written or printed

records made man a “time-binding animal.” to use a famous phrase

due to Count Korzybski.™ Hence we have good reason to stress
the transcendent importance of the language arts in the curriculum.
Here we may also include the study of foreign languages. .if time
permits, for—as a great thinker once =said--whenever we -study
another language, we add another soul to our own,

Science. We have already pointed out that science is con-
cernes with facts. The aim of the physical sciences is the discovery
and formulation of the relationships which govern the happenings
of nature. Hence science is the handmaid of technology and of all
forms of engineering, When applied to the “human machine,” it
leads to the life-conserving study of health. The biological sciences,
including psychology, have opened up a new universe that the school
is only beginning to appreciate.  Modern life depends on science
at almost every step, and the curriculum must make adequate pro-
vision for broadly conceived contacts with scientitic backgrounds,
including a constant emphasiz on bodily health and efficiency.

Mathematiov.  In co-operation with ¢ ience, mathematics has
furnizhed the principal tools for discovering, testing, and stating the
laws of nature.  1Uis the abstract form of scicnce, the protot vpe of
all scirnce. Without it our material civilization would crumble into
dust, and man would return to a ~tate of savagery. These undis-
puted facts alone weald warrant a mandatory (mphl ~is on mathe-
matical training in our schools,

The social studies. Tt has been charged that in the unavoid-
able endeavor to understand and control our phviical environment,
we have nealected the study of man as o ocial beine, To this al-
lewed fact leading educational critics now attribure many of our
present-day difticulties. As a4 corrective they in-ist on a0 much
Lirezer.an almost exclusive, considenation of the cocfal stadioy in the
curticula of our schaolss While we must reject estrenie demaneds
i this direction, it is certandy true that the citizens of a democraey
~urrotnded by danzersus world currenis <hould be informed s to
the fundamental social, cconomic, wrd poditical peoblems of the

e aes Iehy e Qe ot e Cepraoren b e ey
SRt o Nrad Moavhe o Hamp oo oo b i N G New Yark,
[ R
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immediate future. For a time, at least, this social emphasis may
have to replace or supplement the customary pageant idea of human
history, the orderly recital of man’s evolution from a primitive state
to that represented by modern civilization,

6. The fine aurts. Music and the representative arts, aside from
literature, constitute a form of release from life’s daily routine.
Here, at least, we have a field of almost pure creativeness and of
idegl appreciation.  The liberating intfluence of the fine arts can
hardly be exaggerated,  No human being should be sent out into
life without having passed through the door that leads to thiz land

—6T enchantment."
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These six domaing constitute the permanent frame of reference

‘for all curriculum- o wking, Thexoare busic because taey have giowcn

out of the very mm\u of things. They are the products of human
evolution.  They all date back to the beginnings of humiin history.
And they will continué until the end of the story. [T all human
institutions were destroved today, provided human beines remained,
these six great basic categories woule return with inevitable cer-
tainty. Not one of them, therefore, can be emitted fram the cur-
riculum, for that would cause the loss of an essential “area of
experience.”

We have not included in this list the all-important matter of
character building. simply because ethical education does not con-
stitute a “subject”™ or fnrmulm'tl cour<e of study that can be
muastered from day to day by a ~1 ted series of lessons, The <('hnul
must certainly make a definite contribution in this direction™  But
it can never relieve the home and other agencies from their share
in developing strong, moral chaticters, from stressing ethical and
religious ideats, and from discourazine all forms of antisocial
crimimil behaviar,

The time element.  Fver since there lunve heen modern schonls,
there has been the puzzling question of how the time could be budu-
eted to gecommaodate all the desited obiectives, In the modern

*The tentahable cuccess of hroadhv contruotod and wedb vreeezod art courses in
ot ] or specndized bigh o schonls s weltome proeg o the Deon that many youna
cudent s elert theoe <tiphe., not Prevann~ thl_\ RTINS PR ol e L oasy, bt he
cavse they after an cesental and cigosabde elesont e cuttarad e Ao
the ~choo's whah are domye pioncer workc my thee dire tiens s the Newarh o New
INERREAN ilah Schaol

S nen cChar ot Tl o T F etk Voot bl e epiriment of Syper.
prrenden oo In ot of Speercnchees o th o N tenad Ve atoon o1 the
Urated Statoe, W linsotan, gy
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American high school, the solution hax becn made cirinally i pos-
- sible by the unit system wohich is still in torce. U st be given
up. Anstead oo omust hace ‘cont ity of work inocach of _the six
wukdine domains outlined aboce, over a period of at least four
Newrs, from grade seven through grade tew, and piciorably through
ede ticclve. To accomplish this, we must cassizn three or four
periods & week to some of the major subjects, insteadd of five, This
vl geave o tlexible marein of time Tor health training, and for
work in the practical and fne arts, Schools preferring a core-cur-
dcwlum, or orientation courses in minor tekds, will then Le able to
vork cut useful variations and =till provide for continuity in the
.cjor tields,

[1 it be objected that this cannot he done, attention may he
directed to the time-schedules of other leading countries, as pub-
lished in such sources as the Educational Yeocirbooks ai the Inder-
national Institute of Teachors College, the Report of the Naltional
Conmmittee on Mathemationd Regudre mend s, amd the Fourth Vear-
book of the National Cauncil of Teechers of Madlimetios (o).
Al these “time-tibies™ provide for continuity in the prindpal sub-
jeetsand especially in Emawaze, mathematios: aml seience, The
tatal number of prescribed weekly periods usualiy exceeds that of
the carresponding American school<s For esample, in the Japanese
~ccondary schoals somiddle <choalst, the hous carry thirty periods
of work each week, and the wirls Lave twenty vizht periods ol
werhlv o insiroetion. Neain, the number of presoribed periods .-
~tened to nnhenstios i ~schonle for beay < cach week Hlaouzhont o
Jeriond ot noe ve s Leocither foar or e,

Tror Uspots Tuaronoaser o Mayriivvap s

The crucial quesdon, We lnove referred proviens by o the crowin.,
tendenoy 1o thirottle o detense of secandany nuehomatios by nwn-
rents that coe anythie bat conshusives OF coer o0 well intfarmed
cducators shousd realize that o nocotler conety as <uch a defense

. ctomnthenntios considered necescary s The canct ad most fare
l«.ni:i!l-'_ (ll. .i” I}l(‘ ~t irl)(r\ ll(i'l'\ e luli.ll :-I« -r“:l'_‘ v ll \\i”
continee to he o core sabpect Ton ortes the v B o0 e oy
b e l]:~.l,'-]'|'.|!«'-l_ ”'l\\i'\t'l'. hthy TE NIRRT B ) T A N TRT FRARANY
Poins doinived ol am essenind eleaonn v b0 b by g
v hiroetedD oo ey it b e Vied e ey

AR PR P N Seventeet state- bive iy Cirrit et it e

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

MATHEMATICS IN MODERN EDUCATION 81
. .
mittics from the list of prescribed gubjects in their secondary schools.
Among the principal reasons given for this action: by respensible
officials are the following: (1) poor teaching, €2) poor texthooks,
(3 a Jack of essential and convincing objectives™™

Now there is -hardly any doubt that the ‘accustion of - poor
teaching”™ may be extended with equal justice o apy and every
other secondary subject. Perhaps the same thing is trie alvo of the
texthooks,  So it comes down to this, that oui courses of study
evidently do not seem to retlect convineinely the real spivit and
the purpose of naghematical instruction at the secondary Tevel o
put it diferently, the question that we ate now facing s the
followine:

Progisely schat s the veal or potertial contribailon of malle-
matics that seoudd jistiivits mandatory inchasion bt cducation
of all v vouns prople coon if it be concedd tlhet peay ol them
Py sy haie occavion to e mathomatios tor sticil v cocetional
purposis’

The service value of mathematies,  The answer miay be resobved
inta two parts.” We must fiest Jook into the oo ad o™ values
of nuthennatics, for that is the only phase of the subject that seems
to interest the mun in the street and the praznieic 1y e ol educator,

Wl that part of the story Tus been treved <o many times by
<wores sl competent wiiters that iy one who canvoed o inform
Dimeeli alone this line, Merely dunonnz shis evidence ds not
refutation ol its trath, N

In the Century ol Proztess Lapesition at Chicazo there was exe
Bibited car ome of the walls of the Tl o Soiciee a0 Laeae picture
Clled the = Tree of Rnowledee.” Tis e s Toane e repre-ented
the = Ia-ic and .\p]»]i('t] Soivhice=0" N the oot ol the tree, toriming
it~ very fonnndation and nin oot s plagcd the besee B Muathe
toatios. T This piotwre mon e beocconat the e Muc e ol
scienr ] hndeetny i Chicn,

(O the Wb H{l['(hil:‘ thot [)i\?lll('_ the o croer was Vot o

with the <tory ol clectioiny aned e the i edio [ T FE T IR CRE RN
woitten by attoess of vhe Drited Stane. Ny od Moee Cope,
Ioontin ved in the Tollowing svenvenaes oW ot e ot how
TLE A IS PRY A VR D AR D T S O RTTUA TR PN N A U R L
oo o

. Voo vl N o) "
L . PN ot b N
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This same theme is treated in almost endless variatjon in scores
of articles or reports found in such publications as 7'he Mathematics
Teacher, School Science and Mathematics, Scriptu Mathematics,
and the Veurbook of the National Council of Teachers of Mathe-

[}

_ . SCIENCES
v [:ouvuous‘cJ:| K LAL“niBTABW] .
S deroion|™ ] e Spaies g

[
'« [#3vcHoOLOGY CHEMISTRY | ’
*: . [#AQImiDLGey EEOLOGY |
- " (200106 Y SOTANY .

" [MATHEMATICS] °

tHL Trie oF KNowl Lbok

From a mural painted by John Norton tor the Century of Progress Exposition

An enbused copy of the Tree of Ko ocdeder in colors 02" 0 38"y wall be
muvhed postpaid ter scents by the 10 s Manazer of the Museumn of Suence
and Industry, Jackeon Pak, Chuoaco, Hinor.

wictic Pven o briel enwaeration of the salient monographs, not
to-mention nany ~pecial treatises, would require considgpabile space.

Iomay, however, be of creater interes1 1o hear how Seme of our
hizher institutions of learning are reacting to the current attiacks
o mathematios. Thus the University: of Wisconsin recently took
officrt ction concerning the present situation by o drastic modifi-
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[\

cation of its methods of admission. Hereafter, students are ade
mitted on either an “unrestricted™” ot a “restricted” basis, according

. as they have, or have not, met the usual requirements in mathe-

O

matics. Tho{e who come without such preparation, may pursue
such studies *‘dg_do not require high school mathematics as |their |
background. It does not give admission to the College of Agri-
culture or the College of Iin«.{ifueering or the Course in Chemistry,
and does not permit the student to major or specialize inschemistry, -
b{mmerce. economics, mathematics, pharmacy, political science,
pre-medicine, philosophy, psychology or sociology, or in any of the
other natural sciences including physical geography and geology, or
to graduate from ‘the School of Education with a major or minor
in any of these fields,”™” 7

Commenting on this action, Professor Langer, of the University
of Wisconsin, writes as follows:

It seems important under the circumstances, firstly, that the facilities
for the study of the mathematicel subjects in the high school be guarded
against any impairment, and that under no circumstances they be
allowed to deteriorate from their present status, Secondly, it seems
important that students be brought at an early stage to a realization
of the role plaved by mathematics both as a subject in itself, and as a
buttress to innumerable others many of which are not obviously related
to it.*" . .

Mathematics as a mode of thinking. Tt i< true that our unitary,
one-year courses in aluehra and geometry give a totally inadequate
picture of the “instrumental”™ values of mathematics. This is not
the fault of the subject nor of the teachers, but of the insufficient
time allotment. Besides. even the undeniable, practical contribu-
tions of mathematics have failed to impress certain critics. These
writers readily admit the “ancillary™ functions of applied mathe-
matics in modern life,  But they follow Professor Inglis in assigning
the “direct™ values of a ~ubject to the domain of vocational or prac-
tical training, and concerning the “indirect”™ values of mathematics
they continue to have their doubt<*' This <keptical attitude as to
the “eeneral”™ vilues of mathematics is still due, to a very laree ex-
tent, to the unfortunate “ental discipline” controversy, It appears

“Tancer. ROF O The New Mautho et Requieennt” ar the Pniversity of Was-
can<in. The Americon Madhom gt Moonthiy, Apnl, poass poo2rr

“lhid . p oo

Uity Alexander, Peeroaples o0 Sooow e P oo Chap N1 Heszhton
Mifftin Co, Bostom, 1%
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that the latest phases of this age-old debate have not reached those
who complacentiyv-and erroneously prefer to believe that “mental
dizcipline i= a myth,” They have not heard of the disproving re-
search work of Lashley and Orata®  They continue to maintain
a wrong position, to the detriment of our young people.

In the licht of the latest psychological findings, secondary mathe-
nEtics may now reassert its Ccyltural” claims with even greater
contidence. These claims have been publicized ever since the dgys
of Pyvthavoras and Plato.  In fact, the potential training values
of mathematics are assuming ever areater dimensions. Whether
we are thinkine of arithmetic, or aluebra, or ceometry, or trigonome-
try.in every case we dare in the presence of essential modes of
thinking without which modern lite could not endure. The number
system s our great instrument of fprecision, It underlies all forms
of exact measyrement. The shorthand of aluchra represents a type
af symbolic thinking that has invaded many other sciences. Awain,
ceometry ave to the world the first and most universal form of
poctulationasl thinking, as a model that will never-he outmoded.
Lastly. trivotometry has Jed to an ever-expanding view of our
Larcer Homeoopening up by dedivect measurersend the vist expanse
Gf inlinite space.,

FLGo Wells has remindess us that =the new mathematies is a
- ~ort of supplement to lincuaze, alfording a means of thousht about

form and quantity e aomeans of expression, more exact, comyprct,
vl readv s than ardinary Tingglaee.” _

Mathenvtios e cometimes detined az the science of robationship -,
Iemay alo be called the selence of<icaofanee, Henee it alleem-
Bracine chiacter. s Fors as Professor Kevaer has said o heauti-
Pddvo o b it e i Tepcd 20 The sme writer huas also oiven ns
prochope the briefest e mest compelling stiwrement of the cultural
et of eathematiod thinkine, To quote s

Favery one Lnesss that vre of e carstandivg (et of onr world s
the croat et of Chuapres The sworld of event<s whether wret e small,
H!l'l:'il or _r\{]_\ﬁ\ dois s teadine stream. Ctransfonmation, <hay ar
st e ey hle s perperasl onevery hends Bt events e
eterdependent o that chance inone thine or plee or time prodoces
chrces i atber b s and places and times Wit the processes of

chance coeny baerm beine rst deal constiontdy or perish, CThe prodc-

B T N Y FYIFEIE P N R [T IRRITI A IV PO Y S TN AXISCP U SURPIY T (o PR
| A RPN B LT L A O N R Teovirne an b F b sl il
% RN 1. a.r. \1, oo s
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eases of chanee are nap haphazard or chaotic, they are lawful. To
deal with them succésstully, which iz @ major concern of man, it is
necessary o know their laws, 7o discover the laws of change is the
aim of science. In this enterprise of scicnce the ideal protolype iy
mathematics, for mathematics consists mainly in the study of functions,
and the ~tml) of Tunctions is the study of the w .1\\ in \\lmh changes
in one or more things produce chinges in others.!™

PART FIVE
MASS EDUCATION, VOCATIONAL TRAINING, AND THE
PROBLENM OF STANDARDS

Preliainary statement, Ino18So there were 3,041,303 persons 1
to 1y vears of aee in the United States, ol whom o255, or 2.8
per cent, were enrolled in public secondary -« hools. I rozo there
WeFe 0.311.201 persans g o rgovears of e, of whom $.:34.8153,

*or X per cent, were enrolled in public secondary schoals PP
present, more than so per cent of our adoleseent population are
atgending our hich schodd~: and the hope has heen expressed by
~<ome of the hizhest educttional authorities of the country that in
the near future we tuy have 123 per cent enrollment of all our
vorne peonle '

Now, no laree husiness <hewing an inereise of nearly g2-2 per
cent within a few decades Should Deeapected toeseiape serions
crowing paias. When the depression was awliled 1o this sitaation,
it broushl an even arcater inmtiny into our secondary schoalss while
a1 the = e time availalde funds were Sharpdy reduceds Unemiploy
o nt hesed the daor 1o \'illl.\' Ve ational n:)]ml'lmlili('\. .‘\I.lll_\'
thoncpnds of poesids forsd themsehves up acainst <acelemic” ure
vic by o wii h e were pot teady, A socthe stae woe set tor
oui present edincional perplesities.

Fwo viiws of \(‘\'und.n'}' education,  The vener, tl |Hl‘l.l| Lons Hll]\
i the fminnessive attewdinee fenes of our secomlary «honls,
Flue ~taristicad evidinees of croawth Love been civen prominens e
in the daihy pres~. We e Buiit up by the Bircest sy-tem of
cecnmdary schmls i e wes ko More tham any other country, we
hove apened the donr ot nnpastanity tooo yorme preestes vt
Duilding procram, veefiine in e and ospensive additin o the
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school plant, has been the source of alternate pride and despair to
the taxpayer. . '

But there is another side tg the picture. Only a moderate be-
ginning has been made thus far in ascertaining the real educational
and vocational possibilities of those admitted to the high school,
and in providing them with appropriate opportunities for growth.
When tested by conventional scholastic standards, a very large

-percentage of the present high school population must be rated as

“iatlures.” It is impossible to deny or to ignore that fact. To
make secondary education available. to all who wish to apply for
it is one thing: to maintain a reasonable degree of efficiency under
such circumstances is quite another thing. The conflict between
the demand for mass education and the preservation of reasonable
standards constitutes the dilemma which democratic education is
now facing,

Reverations oF THE MEASUREMENT MOVEMENT

The effect of educational tests and measurements. When the meas-
urement movement was launched on a large scale in the field of
education, about two decades ago, the opinion was expressed very
commonly that a new era had dawned on education. We are now
able to appraise the significance of that movement more sanely.
Grievous mistakes were made by the pioneers.  Influenced by the
spirit of Thorndike's famous dictum that “whatever exists at all,
exists in some amount,” a veritable defuge of testing devices began
to tlood the market. .

The ruvv'lkttiunﬁ of the subject-matier tests tivat were soon tried
oat on millibns of children were certainly disquieting.  Soon there
wits added the alleged proof that a childs 1.Q. is constant.  School
procedures everywhere were profoundly afiected by these findings.
\n educational determinism of unparalleled intensity threatened
to <weep aside our hrave optimism of former vears,

The follie< and scientific inaccuracies of many investications in
the field of educational measurements are now admitted by alt who
are interested in facts rather than fanciful theories.  Fver since
Professor Bazley's heroic battle auainst the crroneous assumptions ¢
and implications of the testing movement, the lisht of a clearer
understandine has continued to spreacd” « We no longer expect to

Cosee Bt Wl © 0 Devera i o e B ey Warask oand York, Balti
praresn, oo e HL cNaeer hiree Devades of soertie Mothed in Fducation,”
Trochere Collooo Koo, November, 103 e aleo Ot B T, "The ln‘iﬂﬂiﬁ'
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solve our major educational problems by’ the ,naive expedient of
“counting noses.” . '

“In the followirlg pages we shall refer to certain educational tests
not because we share the pessimistic interpretation commonly as-
sociated with thom, but because we shall derive from 'them certain
conclusions that are pertinent for the purposes of this discussion.

Educational ‘records in English and mathematics. Since langudge
and mathematics are the most highly sequential subjects of the
curriculum, they are bound to reveal, more than any other subject-
matter fields, the difficulties which both the elementary and the
secondary school encounter in their effort to solve the problem of
mass education, There is fairly conclusive evidence that English
and mathematics go hand in hand in showing up the numsrous
maladjustments which have been caused especially by the lower
ability levels in every modern school system.

With reference to reading, a very large amount of statistical
material is now available. ‘Thus, Assistant Superintendent Jobn L.
Tildsley of New York City reports as follows in the official
monthly journal of the New York high schools:

In June last we gave the Terman test to 27,573 pupils who entered
the 9.\ grade of our high schools from public elementary and parochial
schools. ‘The range of 1.Q. was from 55 to 174. Some 6,109 registered
1O of less than go, 22.4%¢. We then gave the Haggerty Reading
Test to the pupils who registered less than go in the Terman Test
and learned that 87.57¢ scored less than the norm for the 8th grade.
These resuits bolstered the judgment T had ‘expressed before that we
had between 40.000 and go.000 pupils in our high schools who were
not equipped to do high school work as hitherto conceived.™

An immense amount of work has likewise been done in ascertiin-
ing the decree of mastery achieved by pupils at the various grade
levels in the field of mathematics. Thus, Professor Raleigh Schor-
ling, of the University of Michigan, gave a test comprising roo simple
tists in arithmetic to 3,545 pupils in grades 5 to 12 inclusive™?
[Some of the ttems in this test and the corresponding percentages of
correct responses on these items in grades 7, S0 and g are reproduced
on the following paues,
came ot the Statencall Semitio ) BEducationad Adomi tration and Superviaon,
Mav, toqp ppoior g0

“Eddes, Jeho Lo Phinned Fabweation™ Hich Poiets) Junes 1o ppo11 14,

" Schorhne, Raleich, “The Need for Being Dennite with Respect to Achevement
Standard- " The Mockemation Teacher, May, 1yit, pp o st1-6,
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Questions SEIECTED FRoM PRoPLSsor SCHORLING'S List
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' . Pot Cept of Correct Responses
t Questions e, Girule 7 " oGrade 8 o Graile g
643 Pupily 633 Pupils 235 Pupils
N N T T e T T T, ~
55. Write the [ru‘c,uun as & per cent: §1.2 82.2 | 26.3
. B P g (

64. Write the following as a decimal fric- N R -

tion: —_ sh.a 74.7 ,50.0

. JF 4 _ ' -

6;. Write the fullowing as a decimal frac- -

tione RO £ 6 53.2 §1.6

) 4°/n = . - '

24, Write as a common fraction: ¢ . '/ :

0o = e, : 10 ' 48.¢ 62.4
— s LT . . R RS
79. zs,oof&ou___. 42.7 j0.0, +57.5
83, Lt 'of 48 = 1. . 9.6 - 12.8 22.0
83.7-__.‘,‘1,of 14. ! 12.2 182 25.2
ot. What is the average of 4 6, 8 uh(l xo’ 18.0 39.5 ©o40. 5
97. Complete: the interest on Qxao fnr 2 4'.-6 20 4 34.0

months at 67 0 is .

— e JRE—— s

The following table presents the norms fos grades 5 to r2, mclu-
sive, on the same 100 ‘tasks in arithmetic.

. Grade .
s 6 7 8, ° 10 1 12
No.of Pufls . ... . . 62 03h 039 ‘633 133 236, 249 a3

fe e ——— .

. &
75 percentile ......... 342 M8 506 34.2 5§08 ,m 3 22 Rig
Median score ..2...... 17 0 12 08 44.8 480 7517 syo 0.0
2§ pereentile L. 123 17,6 304 330 0O 420 o g g;’,
Lowest score ......... 1.0 2o 6.0 0o §0 120 1bo >
Highest score ... ..., 3to j¢n 8o ¢1.o (4.0 Q2.0 gho y4.0

PGS W e e e mam e e e et e ¢ ——

Phe same investigator tested 2,693 frtshmen in the University of
Michigan on the fundamentals of arithmetic and algebra.®® Some
of the questions and the corresponding percentages of correct re-
sponses_are reproduced-on page go.

—An algebra test -prepared by Mr, Harold Lundholm of the Uni-
versity High School, State University of Towa. was:given in 1932 to
11,572 pupils in the Towa high schools at the completion of a course
in ninth- -year algebra. It was a power test in the'sense that approxi-

® Ibid., pp. 317-319.
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*  SrurcTep Test ItEms RoM ProFessoR SciomLNg's Test -~

v ", " Per Cent of
No - Selected Test Ttema . Correct
! : Responses ~
Part I (Arilhmetio-)

4. Multiply 86.% ﬁy O it s e e 67

5 \\hntmthenverageo“.u 66, o,nndg’..'...............‘ ...... r N
11, Reduce 3/20 to a decimal FERCHION vvvervrvrnnns L S .. 68
15. Write as-a decimal fraction 309 millionths ....................... e 43
16. What percentof 2518 762 ... ..o 28
20. Whatpercent of 3d8 3?7 vvvvevrinynnnns e AR N |
: oy e

Part 11 (Algebm) : '

1. 1f d is the cost pur dozen, what s the costof oe? ............... .. 81

s Whatisthesquareof G+ 3?7 «ooovviivvnnininnn, i . 74

7. Perform the multiplication: -3x(e F8Y) ceiien e ... 64
10, Add: -+5-.__.. B NN 27
12, If ¢y + d = o, and ¢ is not equal to o, what iq the value of 7 ....... . 12
13§What are the factorsof a* = 6% .......oiill Cierreranies creend D74

1 . .

1. Add.z';-f-nu____...... ....... PR R S {

xﬁ.mld:-x-+-'-+-r—-=.___................;... ...... er e 24
x 9y 3 N

. . x \ .
17. Tor what value of x is the expression o without meaning? ....... .023

18, Sim;.\lif yi V() (1) uzbe e e 14

Part JIT (Presumably a ** Power " Test) !

1. Write as a power of 12 the number of cubic inches in a cubig {dot ..., 34

2. The pcrimm-r of a square is 4».  What is the diagonal? ....... .., ... 21

6. What ig the difference hetween' the squares of two successive integers,
thesmallerof whichis y? .. .. . . o iivir oren 15
Thearea of atriangleis ab, What is the pmductnflhcb.mc :mdnltmulc 34

8 Write a formula which gives the cost ¢ in dollars for m miles O wire at )
, d dollars a pound, if or.e foot of wire weighs ppounds .............. 20
(Write equation only) -

13. Pind two numbers whose sum is 1oo and whose difference is 28 ..., .. . 30

nntely one minute was allowed per question. Tﬁe test was of the
“objective” type and the items selected were of *a comparatively
simple nature. 7The pupils were not ready for the prompt reac-
tions expected of them. In Part I, comprising twenty questions en
algebraic relations and representation, the percentages of correct

résponses fell below so per cent on eleven items. In Part IT, con-

taining twenty questions on the fundamental processes, . fourteen

N

-~

PN
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questions scored below 50 per cent of carrect respon%ec Part TII
contained work in problem analysis. Of the fifteen items included,
xourteen “fell below 50 per cent of correct responses, - .

n his Psychology of Algebra, Professor Thorndike reported on
a\tm comprising twenty-eight simple algebraic tasks which he
gave m terr schools that had a high educational rating. All the
pupils’ tested had studied Hlgebra for at least one’ year. ‘The re-

-sults qhowed an appalling weakness all along the line. In the.lan-
guage of Professor Thorndike: “It does not seem af exaggeration

to say that, on the whole, these students of algebra had mastery of
nothing whatsoever. There was literally nothing in the test that
they could do with anything like 1ov per cent efficiency.”® Find-

-

-ings such as these led Professor ‘Thorndike to express the opinion .
that, pupils having an intelligent quotient below 110 are, in g\
“eral, unable to understand the symbolism, generalizations, and

proofs of the usual course ir algebra. - He also stated that if this

copclusion be accepted, it Would rule out more than 56 per cent
of the present first-year algebra students. He recommended that

- purils who are, thus excluded mlght be,given a course- in mathe-

.

matics within their capacity, or, in some cases, might study the cus-
tomary first- -year course in algebra during their second or third year,

We have given some of these figures merely to explain wh many )
y y

educators seem to feel, that the traditional voork in mathematics
as at present organized is too difficult for the majority of elementary
and seuondary students and that for this reason alone mathematics
should be made an elective subject. Again, they are of the opinion .
‘that if mathematics is to be retained at all in the general course,
‘it should be so “simplified” that pupils of average ability tan pur-
sue it with a higher degree of measurable suctess. We shall exam-
ine these arguments at a later point in this discussion.

Amp'rmc rm; Hicx Schoon 1O Immmum DirreRENCES

Altempts at 1djustment In the h;‘ht of facts such as those men-
tioned above, the hlgh schools have trwd often very earnestly, to
find a way out of the present impassc. - They have attempted many
adjustments or modifications of their traditional proceduces.
~ In 1932 the' Committee on Secondary School Problems of tife As-
sociated Academic Principals of New York State, as a result of

® Thorndike. E: L., The Psychology of Agebra, pp. 320 ff., The Macmillan Co,,
New York, 1924.
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five years of study, adopted nine theses as an expression of the phi-
losophy of education to be followed in that state,'" "'I‘he Erst

. of these.théses stated that secondary schools should provide edu-
cation adapted to the néeds of all pupils. This thesis recognizes

that in the modern high Yhyol there are enrolled pupils of every o

degree of abi\hty and inierest, that the idea of selectivity is given ‘8
" up, that the single standard of achievement {s abandoned, and that .
_a high school education is the right of every normal boy and girl,"19

The association devoted its annual session, December 26-28, 1935, - * *

to a dlelleOn of the question of “how thlq phllosoph) can be put R

igto practice.”

We touch here on one of the most vulnerable spots in our entire
cdutatmn.ll progrim, It has™Mong been regarded as a settled issué
that “every normal boy and ml is entitled to a high sthool educa- -

-tion.” ‘But what about those who are not “normal,” who have ot

o mastered even the rudiments of an elementary educatfon? The
answer now commonly given is that for them, likewise,*we must .
provide some form of secondary education which meets their “spe-
cial needs.” We can hardly do otherwise. To Jw"lect these hoys
andlgirls would be suicidal But from that point on the roads
diverge very sharply. To contjnue to throw these backward and
unprepared pupils into the ordinary high school courses is to invite
the complete collapse, of hoth secondary and 1n"hor education.

At present the high school is merely a “receiving station.” As
one principal has expressed it, “Evervbody goes to high sehool.
The genius, the novmal, the halt, the lame, and the blind come to
us together and on equal terms.”  Shall we not at last apply the
principle of individual differences, so often invoked for sentimental -«

-
'
——

~ purriose, in a really scientific way? What is the use of all our ,
. testing and measuring if we refuse to do anything about the facts .~
-’ which thev cumktdml_\'_brmg to our attention? -
Admihistrative attempts at adaptation. On the surface, a D]iln.
e involving mass education would seem to preclude the possibnlity of

emphasizing individual differences in the classroom. When the
number of pupils assizned to a class exceeds thirty, (and when the
teacher carries a load of five or six such classes a day, it is impos-
sible for the teacher to Keep in mind the individual interests and

. . . &
" Summary Repart of the Cemmilter on Secondary School Problems, p. 16,

Assopiated Academic Principals, 1012,
" Nes w York State Fducation, December, 155, p. .4(
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needs of the pupils enrolled in her classes. Whun, in addition, the
teacher must follow a prescribed curriculum, and when her pupils
are expected 'to face uniform’ city-wide or state-wide tests, it is
evident that the dice have been loaded heavily agginst the didea of
ad.tptahon to individual needs. In proof of this statement the

“table on page 94 is reproduced from liullotm 1932, No. 17, of the

National Survey of Secondary Educiion.

An inspection of the table reveals that not a single one of the
many plams reported as being in usc may be regarded as satisfac-
tory in an 3 real sense of that term. Tt ‘will be observed that only
a moderate number ‘of schools carried on “remedial” work or de-

pended on “adjustment’ classes, and that the schools reporting these

plans as successful represent a comparatively small fraction of the
total number of schools inghyded in this study. Evidently, then, we-
must look ima different direction for a solution of the problem of
mass education, “

" Subject-matter adaptations, The b{‘btm" movement, as already
suggested, has clearly proved the existence of a vast amount of re-

tardation in the entire school population. From a.standpoint ef

mastery, we simply have not arrived.at any fair degree of suc-
cess, With a resignation amounting to fatalism we havel come
to feel either that “nothing can be dong about it” on that all re-
quirements must be reduced to such a level of simplicity that éven
the slowest pupil can cope with them. ‘The latter plan appears so
plausible that the administrator tends to favor it because it pmm-
ises to reduce the per entages of retardation and “failure.” Its
tremendots d mger, hoteever, is in the direction of such a dilution
of the utrr.mtum for all pupils that very little of value remains for
anybody. Thus, speaking gf algebra, one experienced administrator
said to a group of teachers of mathematics: “Unless you can bring
this subject down to the level of morons, you need mnot expect to
teach 4t very much longer.” In other words, the “moron™ is to-
deter&e the educational program of the school,

An examination of current textbogks shows conclusively the fol.
lowing, unmistakable ‘results of this demand for *‘easyism™: (1) the
vocabulary has been greatly simplified. in accordance with Profes-
sor Thorndike's efforts in that direction: (2) many “technical”
details have been removed: (3) the entire presentation has been
made much more elementary., = '

In mathematics the simplification movement bas ulCu]y achieved,

~
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Frequexcies witi Wincir VARIous PROVISIONS FOR INDIVIDUAL
“Dirrerences WERE REFORTED IN Usk, oR 1y Use witht

“oe , UNusuaL Sucless, ny 8,504 SECONDARY bcuum.s'
. ve—- - g 7 i S e
. : Vs Use with Estimated «
. . : : ) . ‘ o« Unusual Suceess Colurin 4
Pravialon -o— or —uy = Divided by
: Num. Ter Num- Per Column ¢
) , bcr o Cent ber . Cent? ’
1 / ¢ L I 4 - 5 o 6
— e il I Th = I .
1. Variation in nur:lnr of Nul)j\(lb a o . b
pupil miy carry e - 0,428 5 108 9 o.12 -
2, Specidl coaching of al’uw pupllq cer §.000 50 78t 9 ° L1y ° .
3. Problem method ... .00 « 4,210 49 444 5 T .10
4 Differentinted assignmeats ... 4,047 47 758 9 ©.30
- 5. Advisory. program for pupil guid- B :
ance ..... P 3.004 42 540 0 I {1
« 6, Out-of-schowl pm;rchnnluduu co3451 T 40 430 5 13
7. Homogeneous or ability grouping . 2,740 32 w2 A .20
. 8. Special elasses for pupils who have ’
\ faited ....... e 2,012 30 350 4 .13
¢ o. Laboratory plan of instruction ... 2,011 30 f 323 4 a2
ro. Long-unit assignments .......... 2,602 27 40 A , .15
1. Projéet curriclmm\ ............. 2,203 Iy 08 4 .10
12, Contractplan . .....ooin 2,203 2 RUTS I3 .20,
3. Individualized instruction ..... .. 2,145 25 309 4 14
' 14. Vocational guidance through cx-
T ploratory courses ... 1,911 ‘23 130 2 .10
15, Fducational guidance thruugh ex-
ploratory courses ........... . 1,000 22 193 2 .10
10, Scientific study of problem cases ., 1.343 10 140 2 O
17. Psychologival studies .. ...o.. .. 1,057 12 0 1 \ .00
18, Opportunify rooms for slow pupils  g4o 11 152 2 a8
19. Morpisonplan ... 37 - Q 175 2 .24
20. Special cgaching to vnublt. capable '
N pupils to| “skip™ a grade or, Aalf
grade oLl Tl =20 8 114 1 .16
21, Dromotions more” frequently tlx.m *
each seruester ... 1. Oso 8 103 1 15
22, Rtmedial classes or rooms ... .. 503 7 9o . 1 .15
23. Adjustraent classes or rooms ..., sa4r O 53 1 .10
24. Mudified Dalton, plan ... .. 450 6 §2 1 .11
25. Opportunity rooms for gifted pupnls 322 4 - ty 1 21 A
20. Restoration classes . ........ ... 191 2 24 o .13
- 27, Daltonplan ............. . 1h2 2 15 o o
28, Winnetka technique ... ... N & 1 14 o V2 ’
29. Other ..o 101 t
¢ l rom \almm\‘ Nurvey of Nuund.lr\ ] \llll ation, \lnnu};mph \u 13, U, 8. Office —
of Education, Bulletin 1932, Nu. 17, Table 4, p. g
. L]
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conwlerable dimensions. This is true of arithmetic especially, ‘but
also of elementary algebra and plane geometry. The latest develoy-
ment is'a group o one- year orientation texts that-have given ap
all attempts At cgheréhce and thoroughness. In these boo'.,, a
series of “snapshots” has replated the sequentml prcsentauon of.
~ more substantial treatises,

Some cities have also begun to issue their coursés of study in
various editions, according as they are intended for good, average,
or §low pupils. Grade-placement charts have been modified in a
similar way. A three-track systém is ofﬁciall) sunctioned in many
schools, and a different time-schedule is in fotce for each of the
three different levels of ability- officially recognized,

Educational guidance. I'or some years, also, the schools have been
doing a gratifying amount of “follow-up” work, scrutinizing with
greater cire. the progress of the individual pupll But for the de-
pression, ‘which curtailed the clerical and executive staff of many
an institution, much more progress i1, that direction would now be
in' evidence. Again, with increasing frequency, the .éducational
history of each pupil is being recorded, thus enabling the official
advisers of the pupil to deal with him more wisely, At best, these
counsellors-have a very difticult task to perform. Often they fol-
low the Nine of least resistance by sending the pupil from the “aca-
demic” classroom to the shop or to the vocational®school.  Such
educational “guidarce” may rescuethe pupil from the Seylla of
“failure,” but quite commonly substitutes for it the Charybdis of
a closed door at the end of, the line. Other attempts at adaptation
to individual differences, such as the introduction of differentiated
courses and of special adjustment programs, will be discussed at a
later point,

Tir Issvr oF VOCATIONALISM

Statement of the issue.  The problem of the unadjuste.” - retarded
high school pupil has led many to advocate a solution which at
first sight looks very promising, It is to the effect that the major-
ity of these young people are not “book minded,” that, instead,
they are “hand minded.”  Hence they should be sent to vocational
schools offering courses in the practical arts, iu trade instruction,
in pre-enuineering work, and the like. 1t is assertpd that the real
trouble with the “academic™ type of high ~choal is ‘hut it lacks the
“life-career motive” and therefore does not appeal to our most

il
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active ahd vigorous boys and girls. Once more we meet here the old

.argument of narrow and early vocationalism against general train-
ing and liberal education. - '

o Prevailing misconceptions and fallacies. We have already pointed
out the importance of adequate hand training and of art apprecia-
S tion for every boy and girl. But we must carefully distinguish,.
L such liberalizing contacts from a stuctl) vocational emphasis,
\What, then, are sonie of the pros and cons of vocationalismi at the

semnda;y level? : '

r. If"it were possible to diagnose correctly the latent_practical

* or ptofessional abilities of each fourteen-year-old pupii, ind then
to pran and to provide for each an appropriate course of study,
many - of, our troubles would prebably vanish. We are far from

* being able to carry out such a scheme., Most children are not
sufhcwntly mature at the age of fiurteen or fifteen to feel reason-

, ably sure about their permanent li‘e interests. A prematurc voca-
= tional choice would lead to misery-and social maladjustment,

2. Tt is not true, as one prominent administrator asserts, that
“eighty per cent of the high school pupils -are hand hungry.” ‘The
majority are not. Even a superficial acquaintance with shop

' " schools serves to bring out the fact that they complain even more
bitterly about their unadjusted and aimless pupils than do the
“academic” high schools. The lower grade of trade schools have
become the “dumping ground”™ of “problem cases” and -often re-
semble reformatories rather thin “joyous laboratories of direct

« experience.” In other words, * handwork™ alone is not the glorious

-miracle formula though theorists cling to it ardently.

3. At best, trade schools of this type futnish an opportunity for
apprenticeship trainingz. They cannot turn out master craftsmen. It
is"true that the graduates of such schools are still in demand in large
industrial ¢ities. In prosperous times they can usually find immeli-
ate employment as junior craftsmen. But if they do not continue
their education, they often receive a rather unsatisfactory wage
and also~face the certs tnty of periodic or perniinent unemployment
before they reach middle age,

4. Our industrial system, as Z’usr\lmd\ knows, is in"such @ state
of turmoil at present that it tikes more than courage to recommend
a narrow type of industrial training to any yvoungster, Today, tech-
nological ui. smployment predominates.  Its problems demand a

much broader educational equipment. Hence those « ho know a

-
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good deal about modern industry are advising -against carly indus- -}
. trial education.
§. It is highly slgmﬁcant that industrial and agricultural \\orkers o
as a group are strongly opposed to a merely “practical” education : :
"+ for their own children. They know something of the limitations :
resulting from an ‘exclusive emphésis on. handwork. Apain, the o v
_ young people who crowd our evening high schools, after a day in L
N the factofy or in the office, know evgn more of the boredom of .
> this machine age and have e:\perlenced the emptiness of mere E
manipulation. , '
6. So mechanical has become our way of living, so ensl‘wed are
we to the machine and to. the routine of business, that only
. -broadly trained mind can hope to find in the rich cultural pos-
sessions of the race an antidote to the weariness resulting from the
‘ daily grind, and a satisfying refuge for leisure houfs. It scems
almost criminal to rob young people of the few precious years
which they have to get ready for the wear and tear of life, by a
premature injection of the mechanized performances which only too
often are destined to hacome tlieir steady diet. T,
No royal toad to learning. It is also a fatal 'error to suppose that ‘
early vocationalism somehow corrects or makes less serious the
scholastic or attitudinal shortcomings of the ipupil merely by sup-
plying a more potent or more direct kind of motivation. \ stenog-
‘v rapher or typist who cannot, spell is dis¢harged or relegated to a
secondary place. A machinist who is unable to measure accurately
and to niake shop computations cannot evpect to hold a steady job.
\ Everywhere the demand is for greater efficiency, for good judgment.
for almost instantaneous reactions. A dawdling, shiftless boy is /
simply “out of luck” in a modern indugstrial plant or in almost any
practical career. At best, he may look forward to the occasional
\ . and uncertain employnent accorded to the unskilled laborer, since »
“\in effect he is a mere “hand.” .
How, then, is the vocati- nal school attempting to supply that
mastery of the fundamentals which even the humblest industrial or r
" commercial worker simply must possess? . An inspection of many
shop tests and “practical” coyrses of study shows that only too
often The situation is met by ignoring it. Thus, in mathematics, no
attempt is made ti. develop insight. -The fundamental processes
are “reviewed” by a lot of mechanical. imitative work which is
based not on principles but or unexplained rules.  There is 0
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R vidence ok acquaintance with modern.educational objectives, or G
' /Zvith th® newer psychology of learning. Obsolete processes and o

outmoded types of exercises are continued in abundance. Not in-
L o frequently, the organization of ‘the topics and, the presentation of
S . . new materials are almost archaic.
sTeachers of shop classes have found that it is next to impossible
to carry on group.instruction when no two pupils in a class have
a common educational background. The disabilities of such pupils
often date back five or niore school years. As a result, shop teach- _
ers commonly depend on individual instruction, with the aid of =~ »
~ lesson sheets, special shop manuals, or work books. With thirty- '
. five pupils in a class, each individual pupil may receive as much
o as five minutes a day of individual instruction. At that rate, back-
ward pupils will sometimes take many days to complete 4 single les-
v son. Such js the price we pay for the mistaken notion that “voca-
' tional” ttaining, instead of foundational teaching, is a quick rem-"
edy or a cure for educational retardation.
The old and the new conception of vocational education. Educa- -
tional treatises written thirty or forty years ago assign to the sec-
ondary. school thé task of direct life preparation. Professor Hanus
insisted that it is the function of such a school “to stimulate every
individual to aini at intelligent self-support or some worthy form
‘of life-work, whether he inherits an income or not; and to give him
general preparation for such activity.”'*? In his opinion the sec-
ondary school in the past prepared its puplls too exclusively for the
profejsxons and: ‘

-

What we do not yet fully recognize is the function of the secondary
school as regards the pocational aims of those who subsequently devote
themselves to industrial and commercial pursuits. This function ‘de-

d serves recognition on the broadest grounds, both for the sake of-the
vocational interests themselves, and for the sake of all the possible
interests which the individual or society has.

, This means that in addition to the plrely intellectual courses of the

school we showld maintain in every secondary school, whether public

£ or. private, courses in manual training, and commercial courses, which,’

together with their gencral educational aims, minister directly to voca-
tional and social aims.\*® ’

It is noteworthy, however, that even in the days of Professor

¥ Henus, Paul H., Educational Aims and Educational Values, p. 82. Quoted by
permission of The Macmillan Company, publishers.  New York, 1902,
"’l[nd pp. 83-86.

1
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Hanus there was no intenfion to identify “manual training” with R
the teaching of a trade.'.One of the writr s of the same period ' -
" expressly says that “the working boy of today needs not ‘so much C
any one trade as ﬁgat combination of qualities’ whizh will enable
him to, turn with facility from one occupation; to, another as each
in turn‘is supplanted. in the course of the industrial evolution.”1t -
And commercial education_was conceived -so tbrogdly that its ulti- -
maté aim, for the young man gt least,-was -déscribed. as that of
‘making him “a public-spirited, intelligent, Well-eduqa(ed and suc- . ' Lo
“cessful man of affairs"%s.  © -7 . e
The “cosmopalitan” and the “manual training” high school car-
ried on for years in the spirit of that tradition. For a while every- . e
“ thing looked very harmonious. But the ever-increasing momentum g
of the machine age, the effects,of technological unemployment and T
of economic itisecurity, and the resulting influx of pupils into the ~~ -
high school, caused a gradual, yit inevitable.change of orientation _ SN
with. reference to vocational education. | We are riow in the midst . - '
« of a transformation that cannot be evaded or postponed. The
" Smith-Hughes Act.of 1917.proved as ineffective as did the numerous
‘“exploratory” shop courses that we still find in so many juniqr .
and senior high. schools. i} - . A ‘

The new outlook is governed by the thesis that, in the future\, Yoo
vocational education will be essentially a post-secondary problem, S
and, accordingly, the secondary school should limit itself primarily. ‘
to general types of.education. - ‘ SR R

Who are the sponsors of this new View of vocationalism? Those
who have been in close touch with fts development and who have
made thorough studies of our preseyt industrial system,'"® Among . -
the leaders in this ‘nvestigation i3 Professor David Shedden of ~ .
Teachers College, Columbia University. Whatever one may think ’
of his drastic views concerning the cultural work of the high school, .
the many years of careful attention which he has given to the’ soci\al S

. and vocational prol:lems of American schools compel us l(; heed his

14 From “The Working Roy,” by Florence Kelley, American Journal o} Sociology, . ‘-
II.. p. 158. Quoted approvingly by Professor Hanus, 0p. cit., [102], p. 8%,

w6 Ihid., p. go. ) N ’

’ 1Ty Professor Paul R, Radesavljevich of New York University the writer is in-

debted for an illuminating account of corresponding recent developments in Russia, *
Of particular interest in this conrection are Professor Paul P. Blonsky's two
volumes entitled Trudovava Shkola (School of Work), Moscow, 1929 Professor ]
Blonsky is the head of the lareest <chool in Moscow (2,000 hupils. from the kindergar-.
ten through the second vear of the secondary school), as well as a professor of philos-

Y .
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authoritatwe adwce in, the field of vocational tt‘ainmg. He has
outlined his position in'a series of recent publications.}% ° He.re-
jects in toto, as futile and ineficicnt, our present provision fbr

vocatipnal training at the secondary level, including the usual “shop

work” in junior high schools, as well as techmcal manual arts, and
industrial high schools, commercial departmeuts. home economics
departments, agricultural high schools, and Smith- Hughes voca-
tional courses, , He characterizes as “fantastic’ the .notion that

‘junior high schools can profitably offer genuine preparation*for any
vocation. We are told that because of prevailing economic condi--

tions, any one hundred boys, now entering ‘any typical Ametican
high schoel at fourteen or fifteen years of age will be found, fif-
teen years later, distributed among seventy to eighty ‘unlike voca-
tions. ~Professor Snedde® predicts, somewhat prematurely, that. by

' 1940 all commercial dcpartmcnts pull have disappeared froWm Amer-

ican high schools.

Professor Snedden insists tl\at in the future all pupils must attend
full-time schools of general education until the end of their eight-
eenth year. Training for a junior vocation ‘may begin at eighteen:
for an operatne vocatxon not wunder twenty; and for g mastership
voc: 1t under tTocitv-fivé, He advocates “a New Deal Sys-
tem of f1 l-competency vocational education at\the post-secondary
level” consisting of one or-a few schools specialized for each voca-
tion in each populous state, and administered on a State-wide basis

Under the Expected New Deal a fully developed, fairly democratic
system of vocational schools (le51gno(l to serve all of the million young
men and million young women who in these United States must each

— e e e e e e S P, [T,

oph) in the Academy of S'o(lul [‘dumllml. alu hrup"-k'ln” Thc}vllomng

© passage from Professor Blonsky's work (p. 163) j&0f great sighificance:

the teaching of a trade. but the developmen( of the worker and brother and ally
to all toiling humanity; a Leen observer of the life of mankind, a ripe individual,
vet retaining the altruism and poetic feelineg of childhood. an individual living in
close touch with preseat-day technique aned science. nature and art—such is the
product of the School of Work., brinviny together active men and humanized
nature; such is the little industrialist ogtegfng contemporary life by way of the his-
torical evolution of mgn and in aceordance with the evolution of childhood: such
i< he, the ahle and informed builder of the future o a better human life, mightily
steepedin lizht and happiness” ’

P See especially Snedden, 13 Amevican Hich Schools aud Socational Sehools in
rgfo, Bureau of Publications, Teachers ‘Colleee, Columbia University, New York,

“We do not want to produce an nrtisa:l:.zu/'nm of the School of Work is not
C

.roar; <ee aleo *An Fxpected New Deal for Vocational Education,” Teachers Col- °
lrge Record, Octaber, 1934, pp. §3-G1.

.
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ot read elementary texts, and cannot solve the most ordinary &
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year, qnme\\'here. betiveen' their elghteenth and twenty-fifth years, en- A /
ter upbn ‘full-time, sustaimng vocational work, or, later, advance to’ et :
lu;,,her vocations or stages of vocations, it is predmted (¢) will re-

quire perhaps from one thousand to three thousand distinctive kinds »,
‘of vocational schools for the entire country; (#) will vequire alto- .
fether not to exceed fifteen to twenty thousand distinctive schools for o
- the entire country; (¢). will entail an annual cost not to exceed two =~ .
_hundred to four huntired mitlliop~dollars per vear; (d) will prove ex-
“ceedingly” simple of administration, once basic guldmg prmuples are* . .
aueptu(L and (¢) may be expected very soon, even in strictly pecuniary ) L
*terms, to expand the/productife and taxpaying powers of our popula- .

tion f.u; beyond the' annual L\o§t of the system of vocational suhools .

itself.}" : . . . : ' .

,\.' 'l‘m I’Ronu M OF Smr\muus : ‘ . '_ ,

A battle of conﬂxctmg opinions. The ‘writer has-had.the-benefit of -
many “group conferences with a large number of elementary and
secondary tedchet‘s representing a considerable number ‘of com-
munities, He has never met one subject-matter teacher in the
“higher grades w ho failed to insist that without d reasonable founda-
tion and withowt careful sequential training a pupxl is almost ‘cer-
tain to become a “problem case.”. Thus, a pupxl cannot learn to )
multiply until he can add. Hc cannot solve ‘percentage ptoblems
.unless he"can handle gleunn]s He ‘s helpless in algebra without i
ssome proficiency in arithmetic. Teachers everywhere regard it as .
axiomatic that progress is impossible without a moderate aniount .
of effort and-self-activity on the partof the pupil. - - :

When such abilities and attjtudes are lacking, they c'mnot be '
created ov ernight by a sort of magic. The correction of deep-seated L
disabilitics i never a matter of a few “remedial” lessons; .very j .
often these shortcomings call for heroic measures extending over
weeks and months, , :

Now, thecducational theorist seems to think that all these teach- Ve
ers are sadly mistaken. * They have no right, we are told, to call ‘ '
any pupil a failure.” Tt is too discouraging to children to be
branded in this way. Children should always have a buoyant sens¢” - =~
of vsucees,” "EFven though they misspell many common words, can-

prohlems in arithmetic, these deficiencies should be no hindrance to
a ulorious, unimpeded development anward and upward.

CCTeaiiers Colleee Record, October, 1634, p. 88, Sce also High Points, June,
Fail, P b, -
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\t any cost, children must be promote, It“l‘“ the teacher’'s busi-
aess to find out what can be done about it. [‘eachegs havt.\ come
to feel that etiquette forbids the mentioning of such anfnpleasant
fact as retardation. A conspiracy of silence is expected to eiminate
-all problems of -maladjustment. L'nfortunately mathematics re-
fuses to be built on anything but” an honest foundation. Tt is
incorruptible, Two and two will never make five. -Nor can mathe-
matical skills be acquired without careful, continuous effort over a
period of years. Because of this refractory nature of the mathe-
~matical curriculum, it is now to be punished by being destroyed.

The grand discovery has been made that we o not need anything -
bt “thie" Iitest-rueliments_df arlthmctlc in everyday life.'9® Every-

thing else, including fractions and decimals, may safely be assigned
to “technical” course at the higher levels. Such details, it is claimed,
can rexlily be “picked up incidentally” whenever they are needed.
This aesertiom that mathematics and the other fundamentals are

superﬂuou: ar outmoded” for the average pupll has been received
with such warm approval hy ‘a group of “progressive’”’ educato_rs

that one wonders how far this aberration will extend. e
From the standpoint of the teacher, the disturbing and amazmg

. thing about this development is that no suggestion is ever offered as

to how it is to be made passible to do any kind of educational work
with a large group of pu/u[v chen no two of them have a common
foundation. '

Let us now hasten to assert that Hzr real question which refuses
to vanish from view is whether society has a right to expect from ev-
erv child a reasonable mastery of the fundamentals in the trunk line
subjects. 1f that question is anssiered affirmativgl ¥, as it should be,
itwill then be necessary to invastigate the reasons for the educational
disabilitics of so many zlulrln n and to” find out what can be done
to correct them, i :

The rejection of standards, How far some educators are ready to
o in their policy of infliscriminate adaptation to individual differ-
ences» may be inferred from the fn]lmnn'r statement, made by I’ro-
fessor Guy M. Wilson: -

Provision for individual differences, which is re:\llx functioning,
means that there ore no failures, no money spent on“repeaters, A

child is entitled to,six years in the grades, three years in the junior |

" A\Vilson., Guy M., What drithmetic Shall We Teach?  Houghton Mifilin Co,
Boston, 1920,

o
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high schoel, three years in the senior high school. Admission require-
ments for grade 1 is age 6,-to the junior high school age 12, to the
senior high school .age 15, These are.the general admission require-
ments: by agreement with pupil and parents slight modifications may
be made in either direction. * T'he teacher's preblem becomes one of
adgptation. In all of the grades, the workyis adapted to ¢he intercsts
am‘abilit ¥ of the child. Under this scheme college entrance as such. is
ignored by the public schools. ‘The service viewpoint is developed.
The best single adaptation is ‘that of granting to thé teacher full
fteedom to disregard or adapt administrative machinery to the needs,
of her purticular children. The teacher's major instruction should be:
“Keep the child in mind; meet his real needs with sizable tasks, self-
chosen, self-planned, and. adapted to ability."?"" B

At a recent educational meeting in the New York area, Dean
Milton E. Loomis of New York University is quoted in the metro-

politan press as having made a vigorous attack on *regimentation.”

He is reported to have sa.d, in part:

If democracy is to survive, American practice must conform to
American thenr;(-'f%must free our institutions from the caste spirit,
and indi: " lualized edication must lead the way. . . . Adequate in
their own day, the three R's are no-longer suftjcient or of paramount
importance in modern educational technic. . . . The social studies and
‘the fine arts are now the proper foundation of the curriculum,

This sudden and meteoric solicitude on behalf of the social studies
and the fine arts fits in beautifully with the prevailing dislike of

“high-mortality * subjecti and the rejection of standards. One

more quotation of this type must suffice. In the Chicago Schools

Journal of September, 1934-February, 1935, there appears this

passage: - -

Fortunately, the policy of reorganization is simple. The basis for

all ‘sducational reorganization should be the needs of socicty and of -

the individual for the present age, the present vear, the present hoyr,
the present minute. Nearly all other ages have recognized this truth
but we have preferred_to follow a pattern cut Jor and by men of a
day long since passed. The earliest civilizations insisted upon this
principle of educating for the present. . . |

For the ninety-five per cent, hawever, who will not go to college,
who lack the ability to succeed in college, and who should not go
there in any case, different types of education should he offered. . . .
If vou will study without prejudice the curriculums of elementary and
high schools through-ut the country vou will discover §m amazing

Y Wikon Guyv M o The Child as the Center” Second Yearbook of the Depart-
ment of Claovroom Teachers, poo1i, Washineton, 1927, -

-




104 'HE ELEVENTH YEARBOOK

number of subjects that have little or no practical or cultural value
for ninety per cent of the studeus.

The substitution of a new program for the old in the Recondary
schools will not he easy, but it must be made. Beyond art, music,
some of the social subjects\ and a limited amount of science the foun-
duum is weak. . To circumvent future depressions the study of
ummml( s at varions levels will be demanded.” Tt can be made inter-
«ntvm.v, even to young children, but at present it is ineffective. .The,
stigma which the schools have so often placed upon labor \\11! be
Cremoved and vocational education, or cducation jor versatility will
“ become respectable. The primary function of free public education in
a democracy, the development of citizenship, will be recogny:ed as the
task of the pubhc schools, from kindergarten to.college. < Guidance,
direct l::]nd indirect, will lighten the pathway o} adolescence and
youth,

Appraisals of the present trend. I‘ortunately not all of our edu-
cational thinkers havé failed to recognize the ominous implications
of these tendencies, Professor Boyd H. Bude is of the opinion that
the net resilt of current educational policies is that “our conception
of general cilucation has becomé a collection of-odds and énds for
which it is impossible to have any profound respect.”!'t He says.
that “we teach a little of everything,’ expecting the pupils to
achieve a synthesis in some unexplained way. Instead, “the various
element$™in théir educationtend to neutralize one another, and so
‘the final result is apathy or intellectual and emotional paralysis.”

The most searching critique "of the principle of “adaptation,”
however, is that of Professor 1. L. Kandel. In his Inglis lectute,
entitled “The Dilemma of Democracy.” he exposes with relentless
logic both the fallacies and the fateful consequences of the educa-
“tional theories we have been considering,  This: essay should be
pead by every teacher who is interested in the present situation.
Professor Kandel points out the error of suppesing that all subjects
are of equal educational value. He traces this error’to the con-
venient but totally false belief that the doctrine of seneralized train-
ing, incorrectly called formal discipline, has Leen disproved. Recent
investizations, as was stated previously, point in exactly the oppo-
site ditection. In brief, Professor Kar ‘el finds the root of the
trouble to be the constant confusion of f. ceaen of apportunity with

‘

" Bowan, William J.. “Reorzanization in the Public School\System,” Chirago
Seheots Tournal, September, 193g-February, 1933,
"1 Bade, Bayvd H, “The Confusion in Present-Day Education,” in The Educa-
“tional Frontier, Chap. 1, Kilpatrick, William H. (Fditor), [2e].

.
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equality. We submit ‘the . l’ollow'\%:\sngmﬁcant passages from his

monograph: ) .

To insist that courses should be so diflerentiated as to bc.ada)fcd

_ta the heeds and abilitics of the pupils is one thing; ta adapt standards

to the abilitics of the pupils is another and means the complete aban-

donment of any standards at all. 'The sggnificance of this principle

is that high-school graduation is again reduced to the time element and
scrambling through the required number of units at a pupil's own
level, . . .

In the desire to do )uvtue to all*it is highly probablc that the new
dispensation will result in domg justice to none:. *In the confusion of
cquality with identity there is a very sevions daniger that the real prob-
lem is evaded of devoting that care, which is essential, to the discovery.of

- teays and means of treatment most appropriate to individual d:ﬂcrm(m

of capacity. In the widespread concern that pupils'at the lower end of

. the scale -of intelligence now admitted to the high school shall profit

from their stay in school and that the word “failure” should be eradi-
cated from school practice, questionable justice may be cone to,this
group by the warping-of standards to meet their capacities: but at the
other intellectual level there is no doubt that injustice has been and
is Heing done not only to the brighter pupils but to society as a
whole. . . .

The extension of the permd of education for all adolescents is in-
evitable; it is not beyond the scope of wise educational statesmamship
to devise the most appropriate methods of promoting equality of oppor-
tunity, equipping all with a common language of intercourse, giving
to each according to his ability, and leaving an open road to talent.!'®

Some common misconceptions. Tn the current educational litera-

_ ture one comtdntl\ finds: statements which are sources of misun-
deystanding. W hile it is certiainly true that not all children can

reach éxactly the same goals, in a given period of time, is it not
absurd to argue that because of this fact there should be no stand-
ards whatzoever? Again, those who advocate a multiplicity of
standards never indicate how a school system can operate on such
a hasis. Finally, it is forgotten that “in man, the things which are
not measurable are more important than those which are measur-
able.” 1% In other words. many important types of training are
not of the verbal type and cannot be tested by written examina-
ions, There are physical, mental, and spiritual adjustments which
tlemand constant attention in the school and wiich can never he
recorded in terms of a standard scale.

U Randel. 1. L. The Dilrmma of Democracy, In-;h': Lecture. 1034, pp co-70,
Harvard University Press, Cambridee, 1934,

b Carrel, Alexic. op.cit,, [27], p. 278,
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‘Olviously, however, there are other aspects of the pupil’s life in
school which do require the application of definite and even uniform
standards. The moral ideals of life{are not determined by personal
likes or dislikes, Honesty, truth, justice, integrity, loyalty, and the
like cannot be juggled to suit the convenience of :he crowd. Nor

~can intellectual and aesghefic standards-be “adjusted.” There are

nfany situation#”which rfquire the unflinching applicatior, of such’
standards, / .

We can sum up these apparent or real contradjctions by saying
that a pupil should certainly not be rated a “failure” so long as he
is really trying. to the best of his ability, to improve in every

possible way, within the limits of his capacity. On the other hand,

standards of excellence are never to be given up.
In the light of these eomments it would'seem superfiuous to point.

-out in detail the mixture of truth and error in the solution recently

proposed by-Dean M. .\I-C\an of Lehigh University:
]

It is easy to see now-that the gospel of standardization was based
in part on a tacit. uncriticized, and unwarranted assumption:’ the as-
sumption. pamely. that all men and particularly all -children are equal
and alike, or nearly equal\and nearly alike, not only. in their right
to Life. Liberty, and the Pursuit of Happiness, as the democratic doc-
trine declares, but also in kindand degree of intelligence and capacity.
In short, we quite overlooked \the little matter of Individual Differ-
ences—af which, in fact, little ar nothing was heard thirty or forty
years ago, . . ' _

We 8ntirgly missed the fact that the great majority of the children
in schools, and even a substantial minority of the undergraduates in
colleges, wert not at all like us, but were endowed with quite other
kinds of capacity and often with lesser degrees of capacity of any kind.,

g
A W

For those others -the majority! —our generalized wiform Stand- -

ards were all wrang, in that they zave exclysive sanction and exclu-
sive prestige to tasks which were unsuited to their kinds of capacity
or impossible for their degrees of capacity or both.  As a consetjuence,
the Standards have caused, and are now causing. untold damage and
untellable misery to vast numbers of children in the elementary schools
and hjgh schools and even in colleges, thwarting “aind warping and beat-
ing down voung lives, ° » . _

We vaguely imagined that in providing and-enforcing substantially
the same kind of instruction for all children we were.serving the
democratic principle already cited: Life, Liberty, and the Pursuit of
Happiness {or evervbody.  But in fact our uniform and cxcl\xsi\‘ely
intellectual Standards have deprived a majority of our pupils of the
last two of those rights,

Plainly. then, what we necd is more standards; many highly differ-
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entiated and carefully graded standurds, adapted to as many kigds
of capacity and to as many levels of <attainment as we can identify
in the children actually in our srlwols. Lach of the new differentiated
standards wouid naturallv—-like our present Standards-—carry its ap-
propriate prescription or indication of subject matter cr kind and
method of instructjon and its own norms of excellence. Al should
be ‘given cqual sanction, and to each should be sccorded its a{)propjiale
restige. Thus, and thus only, shall. we succeed in bringing to all
children those benefits -={irst-rate facilities and feasible goals and suc-
cessful and happy attainment—which .our old Uniform  Standards
sought to bring tu all but have actually brought” only,to one limited
group, namely, those who are in some degree bookishly superior, 14

In defense of standards. In concluding this part of oyr discussion,
we submit'a few significant comments relitinz to the\necessity of
maintaining standards and to the danger of ignoring them. DPro-
fessor Bagley has repeatedly summarized the consequexices of plan-
less and effortless educdtion. Krom a paper entitled FHow Shall
We:View l.ilementary Education?” we quote the following passage:

~ We turn now to subject-matter. . . . There is noterm —not even dis-
cipline—that is in greater disrepute in educational theory and practice
today. The severest epithet that one can hurl at a teacher or an ad-

ministrator is to say that he is “subject-matter conscious.” 1 have .

not discovered what the antithesis,’ar corresparding virtuewreally is, If
“subject-matter consciousness” is the vice, is unconsciousness of sub-
ject-matter the virtue--or perhaps innaeence of subject-ntitter -- since
innocence and virtue are closely associated?, 1 am left myself in the
predicament of the student of the new physivs: | cannot comprehend

education without subject-matter; --but perhaps 1 could if 1 had.com-,

mand of the proper symbolism. . . © The slizhtest reflection is suffi-
cient to prove that an enlightened system of education must in large
part reflect authority. It should npt reflect an authoritarian control
by vested interests, but it should refleck the authority of tested human
experience. . .. It is the background of expericnce that determines
the meanings which we read into the impressions that impinge upon
consciousness. . . . . v e

The systematic and sequential mastery of past experience as or-
gunized in the various fields of human inquiry 1 regard as the most
dependable source of helpful backgrounds. It is casy to deride such
mastery as the accumulation of mere information; it is easy to dis:
credit learning processes that demand -effort and sustained attention
in the face of desives and distractions.  One may be sure that any

proposal which sanctions and rationalizes the lines of least resistance .

" MeConn, M, UFExaminations"Od and New: Their Uses and Abuses,™ The
Educational Record, October. iz, ppo 5 {0 Reprints may be obtained from The
American Council on Education, Washington, D. C.
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will receivesthe applause both of the gallery and of a goodly. scction

CLof the pieMd T v L g

\Writing on “the ?allacy of the passing grade” and our customary”
“get-by attitude,” Professor Henry C. Morrison of the University
of Chicago states the situation as follows: '

" Study of problem cases, in the laboratory schools especially but
elsewhere as well, seems to show in many pupils a characteristic well-
definegl volitional’ perversion which wé have come to call the “get-by
attitude.” The pupil thus afflicted—and the victims are many—comes
to see auy task which he has to do, not as a thing to be accomplished
in a finished manner as a matter of course, but rather as an under-
taking upon which he will economize effort to the degé which gx-
perience has taught him will be accepted. I we raiseftne standard
by requiring a highe. pass'ng grade for certain purposfs, we simply
require greater exertion without changing the attitude. “As the pupil
goes on into high school and college, he often becomes very, skilful in
his ability to just scrape through. What college teacher has not met

" these people? ,They occasionally “become solicitous about grades and

upon being.assured that their work is acceptavle, receiving B perhaps
when the passing grade is C, they at once relax.

Now, the teucher, and perhaps the parent, passes this all off with
a good-natured smile and the comfortable verdict’“Just a boy—he will
come out all 'ﬁght."s Yes, it is just a boy—a nine-or-ten-year-old boy.
The truth of the matter is thut the attitude when found in high school
or college is a scrious perversion and, unless corrected, results in per-
manent wvolitional retardation.” The attitude carried over into adult
life means irresponsibility,«low standards, and, whencver the social
controls become relaxed, lawlessness in a varicty of social relations.
Such an adult is incapable of becoming a citizen, in the social scnse
of that term, albeit he may legally be capable of voting and holding
office 118 . .

Assistant Superintendent John L. Tildsley of New York City is
substantially of the same opinion. He says: ) :

In view of the experience to which our lnE‘a”Smi girls have been
subjected +in our schonls of the generation past. the ever lowered
standards, the ever lessening demands made upon them, the failure
to hold- them to even the lowered standards, with this effect heightened
by the example set everywhere in our parks and on the streets by
men on relief or in the regular City service, I am convinced that the
most important change we need to produce in these boys and girls in
our high schools is to build up in them as a lasting posscssion, the urge

2 RBagley, William C.. “How Shall We View Elementary Iducation ™ The
Mathematics Teacher, March, 1933, pp. 170-180. .

1 Morrison, Henry C., The Practice of Tea-hing in the Secondary School, pp.
4> if, University of Chicago Press, Chicago, 1920, ¢
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*
to do oncs best. I would be willing, if it were necessary, to exchange
for posse ion of this quality, knowledge of many subjects and many
shills. To the boy possessed of this assel, kuowolcdges and skills in-
_evitablyeare added. In fact, in the very act of developing<thir quality,
" knowledges and skills accrue as by-products.  Lhis quality has been
throygh the ages the dominant quality of the great arust, of the gild

craftsman, even to our own day, 1t was rather common in the schools -

of my boyhood. It was common amonhg the New England house-

wives, Each sought to make the last pie the best ever. T oduv in the.

» high schools of New York it is most yncommon, -It reigns chiefly
in athletics, especially in sports requiring team play. Not to do one's
best when on a team is taboo. . . . Somcthing more than interest As
' required.  Many educators o the contrary, I am firmly convinced that
in & school all of whose te..chers are permeated by this urge, it can
be in" large measure universalized ainong the students to the extent
that in whatever a student undertakes that he thinks worth the effort,

this urge whick has become a vital element in his make-up will dnve '

him-on towards the,'for him, perject pcrfarmanu e

We have not yet spoken of the ta\pa) er and the parent who are

. affected at least indirectly by the battle that is -going on in the field
of education. While *parents, very naturally, prefer a “passing
-grade” for their chilren, they are by no means oblivious to the
danger of purely complimentary marks. It is safer to tell them the

‘trith. In the long run, they are bound to hear it anyway, often

when it is too late. For some time, the dangers of “painless edu-
*, cation” have received attention in the daily press and in the peri-
"+ odical literature.  We quote merely the following passage from a
‘recent paper by Professor E. A. Cross in The Atlantic Monthly:

\m(mg the patrons of the public schools there h 18 HIOWN up 4 Cun-
viction that snmzllzmq is vitally wrong with our’syste m of cducation.
This feeling at times breaks into verbal expression as a vague dissatis-
faction, and again as a more localized faultlinding with some particular
phase of education, such as spelling, arithmetic, or handwriting.  Sel-
dom does it go deep enough to touck the vital core of the malad v,

The Amerjean system of education vught to be the best in the world.
It is universal. Every child not only may attend school, but is r quired
to do so. The state does not discontinue free education at the end of
the elementary periond, but pepmits attendance in tax-supported schools,
colleges, and universities up to any age. In buildings and material

’ equipment our schools are hot oqualed by any ‘in the world.  We have

the most elaborate and epensive system of public training schools

for teachers. We pay: our teachers, not enough, but certainly more
than teachers are paid i other countries.

Y nlich Points, June, 1933, pp. 16 I -
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But, with physical ‘conditions as nearly ideal as we havq them, the
arcnts and the taxpaving public are not satisfied with the results we,
get. This dissatisfaction is not limited to critics who stand outside the

organization and look on. /1t is shaved by many of the mosk thoughtful' .

teachers working within the system, TheyYoften see the faults more
clearly,than the parents, the taxpayers, -and the newspaper critics can
see them. And thousands of teachers are willing' and anxious to do
something about these shortcomings. . . .

‘The products by which we must judge the schools are the children
who come out of them at the age of fourteen, or eighteen,, or twenty-
twd, labeled by the system as ‘educated young people. One of the
fundamental considerations offered to justifv universal free education
in a republic is that it creates thinking, law-abiding, and morally clear-
seeing citizens. A self-governing state cannot continue without such
a body of citizens. Do our schools succeed in turning out men and

women of this kind? By the thousands, ves. But by the millions,
m).“ - . . *

1

If these ovt&poken anhd honest appraisals be deemed incoriclusive,
attenti?l\ may be,called again to the most .colossal educational ex-
periment of all time. So ‘great has been the revolt!!® against plan-
less curricula and “progressive’ experimentation that there is to
be a return to extreme and deplorable regimentation. THus, here-
“after, all boys and girls are to wear uniforms identical throughout
the Soviet Union for each type of pupil. Examinations abolished in
1917 have been revived. The authority ‘of the teacher is to be re-
stored. Experimentation is to be strictly limited. Will this debacle
at last'cause our own visionary theorists to see the handwriting on
t!l(‘ wall ?

THE SUPREME NECEssITY ¢ AN INTEGRATED PROGRAM:O
"FouNDATIONAL INSTRUCTION ‘

Summary of the underlying problems. What, then, it is now neces-
sary to ask, can we do about our staggering préblem of mass edu-
cation? Before we proceed to outline plans that look more prom-
ising than those distussed above, let us state once more, in briefest

form, the facts which must be faced and the conflicting ways in
" which edycators have reacted to them. ' -

I. i'lu- evidence.is overwhelming that millions of children are
retarded in their school work. Every scholastic test reveals far-
reaching dizabilities in the fundamental studies.  Every public

Y Cross, EDOA “I";linlc»’ Fducation,” The Atlantic Monthly, December, 1935,

p. 740,

. . .
¥ See reference [49].
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school teacher, especially in the upper grades and in the secondary

“* schools of ‘large' cities, is aware of an alarming amount of malad- .

.o

4

justment. The educational edifice shows signs of such strain that
indifference to the situation seems perilous and out of the question.
2, The prevailing doctrine is that of meeting these undeniable

disabilities and maladjustments by the philosophy of pragmatic in? .

1
strumentalism, by a policy of complete “adaptation™ to the alleged

~“individual interests ahd needs of children,” by the abandonment
, of continuity and of standards, by planless and etfvtless curricula,
~and: by a general disregard of racial experience.

3.*The implications and- consequences of this policy have been
pointed out. At many points this philosophy has been shown to
be erroncous, It does not cure the disabilitics of children. It
merelv ignores them. The high school curriculum has become a
collection of odds and ends distributed over more than three hun-
dred subjects. Such a system is not only very expensive, but it is
essentially fut:‘ile. It is cruel to the child because it plunges him
defenseless int8 the merciless competition of modern life. It is
unjust to society because it leads eventually to incurable -problem
cases. Above all, it destrovs the common cducational background
which is indispensable for a democratic socicty, At the most critical
period in the world's history. when we need social solidarity more
than anything else, we have proceeded to establish an educational
atomism that is destructive of our finest ideals.

4. The theorists who advocate wunlimited “adaptation” to the

child, as well as a multiplicity of standards, have not shown how .

such @ plan can be made to operate in a system of mass education.
Logically, it would lead to a special curriculum and to a private
tutor for cvery child. A few private schools may be able to afford
such a luxury. Our tax-supported public schools are unable to carry
out such a scheme. T ’ntil the money is forthcoming for individual
instruction, until classes can be reduced to a maximum of fifteen
or twenty, we must continue to depend on the best available group

instruction plans. If that is admitted, children must br traineds

sequentiallv and must reack certain reasonable mastery standards
in the trunk line subjects, Otherwise the whole structure is bound
"to collapse in ruins and utter chaos is inevitablel And that is ex-
actly where we find ourselves at this time.

A planned type of mass education. Shall we <ay. then. that the
only alternative is a return to a rigid system of regimentation such
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as Russia has again fmut into operation? Not qunte. We shall

want to retain all the good features of the “new” education which
can consistently Le defended and which are not in conflict with

common seise and with a reasonable demand for efficiency. In

fact, egough experience is already- available to show that we may

have Both mastery of the fundamentals and spontaneous, creative

interest on the part of the child. The supremé demand of the

school, now and always, is good teaching and authoritative g,;uid-

ance.

It is more than a mere theory that ju practically every type of
school, and with unsclected children, it is possible to prevent the
shocking disabilities that arc causing so much trouble. Only, this
will never happen by chance. From the moment the child enters
the schéol, his progress must be under close scrutiny. His work
must be planned mgst carefully, from the beginning, with reference
to his maturity. At no time must he be allowed to get beyond his
depth. And at all times he must be expected to measure up fully
und inexorably to the legitimate tasks he is really rapublc of doiny.
There fhust be no arbitrary grade goals. A “continuous” progress
plan must be substituted. At every level the ideas of *‘time spent,”

" “units earned,” and “zround covered” must be replaced by the ideal

of real understanding and mastery, by excellence of performance.
Under such a plan, disabilities do not arise, or they can be cor-
rected, in the great majority of cases. Thegw are not allowed to
become the cumulative menace that is now in evidence everywhere.

Is such a plan utopian? Not at gll. It is already in operation,

as we shall now proceed to show.
* Conclusive experiments. In large city schools it is always po«nhle
to find cases of retardation dating back several years, A New York

City report refers to a certain pupil who remained in the same grade '

seven terms.  Is such a procedure justifiable? “The tuition cost
of the terms repeated by the pupils who were enrolled in [New York
Cijy| elementary schools in Septetber, 1932, had amounted during
tife time theseé pupils had been in school to $21,750,000.”%  For
many vears that city has been debating plans for eliminating this
terrific waste. Twenty-five vears ago Dr. Straubenmuller recom-
mended the idea of separating the pupils at the outset into two
“areams,”” an A\ streany composed of the brighter pupils who are
able to meet the usual specifications grade by grade, and a B stream

Vo liigh Points, June, 1935, p.o12.

~
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" consisting of those who must advance niore slowly and who should

not be allowed to develop “a sense of beifig failures.”s?!

The essential features of a “continuous progress| plan, adjusted
and perfected in accordance with tested pedagogical and ‘psycho-
logical principles, have been in successful operation for some time
in a number of educational centers. It has been the writer's good
fortune to observe the way this program works, at least in the
teaching of arithmetic, in several large public schools exper....enting

~ with it. One such-school is Publie School No. 17 in Rochester, New

York. where the plan was introduced and improved by Principal
Frank Jenner: Another school of this type is Public School No.
173 in Brooklyn, which until recently had the gdod fortune of being
directed by an -utstanding scholar, Dr. 8. Badanes. 'The results
were most gratifying in every case. The failure complex was elimi-

_nated entirely and the pupils evidently enjoyed their number work.

Written reports to that effect were furnished by the teachers con-
cerned. Some of thiese testimonials read almost like the “before

- and after taking” advertiséments of medicinal firms. It can no

longer be doubted that when the primary number work for young
childrgn is carried on Agith a scrupulous regard for their maturity,
and when the teaching process stresses understanding and genuine

application rather than mechanical drill, there is gratifying reten-

tion, and continuotls progress becomes a certainty instead of a du-
bious possibility. This conception of maturation has n‘mhing to do
with the mistaken notion that children cannot master the cumu-
lative processes of arithmetic, such as those involving long division,
fractions. decimals, and percentage, until they are three or four
years older than the customary ags,  The proposed postponement of
arithmetic because of the retardaNon of so many pupils is not
warranted. It would only make a ba situation worse, lI'lmfcnr-
rect methods of instruction are uscd frong the beginning. the mas-
terv of arithwictical processes is @ continuous owth phenomenon,
cach vear adding its necessary increment.

Even in retarded classes that have almost been

recked by drill
hserved when
the causes of the difticulty are attacked honestly.  Oftdg it is neces-

©sary to go back to the very beginning. As a rule, this is the only

kind of “remedial” work that really succeeds at any level of in-
struction.
¥ Ibid., p.o12.
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The following illustfative account is based on the written report -
of an expert remadial teacher whose function it has been for years
to adjust the problem cases of a large public school located in a

+  foreign-population district of a typical industrial city. .She had .
soon discovered that no progress whatever was possible without
« going 'back tn first principles and laying a firm foundation. After
" that, the work ceased to be hopeless. Such has been her experience

-from year to year. Tp.quote: .

The case of one class was particularly illuminating. We followed
and recorded the work of this group from the fourth grade through
‘the' ninth year of the high school. The original analysis showed tech-
. nical rote memory training. The number facts in addition, subtrac-
tion, and multiplication seemed to have been assimilated,. But the
processes of subtraction, multiplication, and -division -were not under-
stood. There was no_gvidence®f conceptual mastery, The children’
admitted that they were “very.poor in arithmetic” and had a great
dislike for it. Problem solving turned out toAe~an almost impgssible
hurdle. .
" It became necessary to rebuild thecentire shcucture of primary arith- .
metic for these pupils and to give them the thought training which
~ they lacked. For many months, progress was very slow, necessarily
. so. No child was any longer permitted to go beyond his depth or to
proceed without a conscious feeling of mastery. At last, the class
began to move forward at a more rapid raté. This was not a sponta-
_ : neous maturation effect, but was due primarily to painstaking daily J
- -instruction. In the sixth grade, these children forged ahead so rap-
idly that they went beyond the usual prescribed program of work.
Most of them-are now in ninth grades of the city high schools,- A
recent follow-up Study showed that out of more than thirty pupils
of the origiral group who entered high schoal, only two were given a
“failure” mark in mathematics by their high school teachers. These
two pupils had-a very peculiar educational history which fully ac-
. +«counted for their difficulties in high school.

In the light of such eareful gnd long-continued experiments we
may now assert with confidence (1) that elementary mathematics is
not “too hard” for the average pupil; (2) that mental maturity is

. not attained automatically with advancing vears, but is the result o /
‘carefully directed mental growth. ; :

DirvERENTIATED COURsES AND SPECIAL ADJUSTMENT PROGRAMS

The three-track system. When the disabilities of entering pupils
are not too marked, it has been found possible in farge high schools
to apply the principle of selectivity after the pupils have been ad-
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. mltted The well-known X-Y-Z fystem is one lllustratlon of this
idea.t 1t is not an ideal plan. Because of conflicting schedules, it

is rarely possible o organize classes on that basis without a consid-
erable overlap of the various ability levels. That s, a V' group
will often have mahy Z pupils. Again, Z pupils will -usually cover
far less ground, and even that in a less thorcugh manner. At the
end of a semester or a year, they are usually separated from the
achievement level of an X or a ¥ group by several months. Nat-
urally, Z groups should be given separate sets of achievement tests.

~ Obviously, this involves a special Kind of bookkeeping on the offi-

cial school records. Now, it often happens at the end of a year that
a Z group cannot be continued intact. In that case, the school

usually has no other solution than that of having the subject
dropped or putting the remaining Z pupils into a normal sectign.:

That is, edministratively, the X-Y-Z system usually breaks douwn,
in continuons subjects, after one vear, Pedagogically, however, it
las considerable merit. While it does not correct the disabilities of
retarded pupils, it is less likely to discourage them than is an un-
differentiated program. Finally, a three-track system expects nor-
mal and accelerated pupils-to rise to a higher level of performance
and thus prevents the cult of mediocrity.

 The problem of the superior pupil. In our large cities there is

a considerable number of brilliant adolescent pupils who are neg-
lected at present, It is from their ranks primarily that we must
obtain our future leaders. When their education is held at a level
of wediocrity they will either never arrive at the goal they might
have reached, or they must make up lost time by an almost crush-
ing burden of work in later \ear: Physical breaKdowns in college
may often be traced to an insufficient scholastic foundation. Realiz-
ing this situation, many parents have begun to send their children
to private schicols, often at a great sacrifice. Js it “democratic,”
then, to neglect thé most promising of our pupils in the Gecondar)
schools?

The idea of establishing specialized high schools_for ithese out-

standing pupils is by no means a new one. "In some cities it has

been in operation for many years, since certain schools, by common
agreement, have been permitted to maintain a very high standard
of admission. Such a school is the Brooklvn Technical High School.

 Another is the time-honored Boston Latin School. The plan has
recently been entorsed not only by administrators but also by lead-
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ing scientists. Assistant Supermtendent John L Tnldsley supports_

it in the following plausible way:

v

Of the pupils who took the Terman Test last June, some 8.6% -

registered 1.Q.'s of 120 or over. In our high schools we must have
between 20,000 and 25,000 pupils who belong to the class of bright

pupils and who are capable of truly intellectual, even creative work..
There are, therefore, enough such pupils for two specialized high .

schools in each of the larger boroughs and ohe even for Staten Island.
For these and for the 175,000 between go and 120 1.Q. we, should plan

an education desngned to cause them to realize the full measure of

their possibilities in their own interest and that of the State.!?2

Dr. Alexis Carrel recommends this type of selectivity and makes

it clear that the selection has nobhmg to do mth class distinctions

sand similar comlderatlons. He says:

We must smgle out the children who are endowed wifh high poten- .
tialities, and develop them as completely as possible. And in this

manner give to the nation a non-hereditary aristocracy. Such children
may be found in all classes of society, although distinguished men
appear more frequently in distingdished families than in others. . . .
It is chicfly through intellectual and moral discipline, and the rejec-
tion of the habits of the herd, that we can reconstruct ourselves. . . .
A choice must be made among the multitude of civilized human beings.

. The only way to obviate the disastrous predominance of THe
weak is te develop the strong. . . . By making the strong still stronger,
we could effectively help the weak.123 .

To prevent wrong impressions, these statements should be read
in their context, It will then be seen that-they were framed by one
of the most enlichtened and liberal of our modern thinkers, one
who has in mind only an emancipated and truly roble human life.

The problem of the retarded pupil. Until we decide to adopt an
integrated mode of foundational instruction such as the one de-
scribed previouszly, we may expect to have in our secondary schools,
under existing policies. many thousands of very poorly preparod
Lovs and girls. Realizing the seriousness of that situation, the ofti-
cers of the National Council of the Teachers of Mathematics or-
aanized two national committees which have heen making a special
study ol the administrative and pedacocical aspects ‘of the under-
Iving problems.  Professor Schorling, of the University of Michigan,
has acted as chairman of the committee interested in the techniques
uf instruction approprinte for retarded pupils. Dr. C. N. Stokes, of

=Ihid . p o1y
l'“"( arrel, Alesis, opo it [22], pp. 2035-297
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i Temple L'n'ivehit), has investigated the types of classroom organiza-

i tion found feasible by administrators. Both committees have repeat-

“edly submitted preliminary reports of their findings, which' were

published in various issues of The Mathematics Teacher. 124
Particular attention should be called to a supplementary mono-
graph ‘prepared by Professor Schorling, entitled The Technique of
Instruétion for Dull Normal Pupils; issued by, the Bureau of Edu-
cational Reférence and Research, Ann Arbor, Michigan. It contains
valuab]e suggestions and ﬁndmgs, important excerpts and summa-
ries ffom recent studies,’as well as an extensive bibliography. Of
144 pupils classified as dull and enrolled in the seventh grades of

.a Mighigan school system, only 3.5 per cent had a reading ability

corregponding to the seventh-grade level, and only 6.9 per cent had
reached the seventh-grade norm in- arithmetic. As many as 29.9
per fent were only at a fourth-year level.in reading, and 20.8 per
cent had not gone beyond the norm of that grade in arithmetic.
Oné¢ of the most significant contributions of this study is the state-
ment that “the curve of growth toward a specific maturation under
constant environmental influences appears to be the same for the

‘dull as for the bright.” /

The best available plan for rclardcd pupils entcring the seventh
grade is*that of giving these pupils a special two-vear training
course intended to remedy their weaknesses, thus building up the
necessary maturity for htsl school courses at the minimum level,
Such a course has been tried in a number of school systems.'?s Tt

"“should include work in English; basic mathematics, social studies,

and modern arts and crafts, much attention being given to health
factors and to adequate recreation. The best results are obtained
when the_teachers of these pupils have had grammar school expe-
rience, since high school teachers rarely know the prozram of the
elementary grades. At the end of such a two-year course the re-
tarded pupil is ready for a ‘reduced e;';,hth grade program, a[tcr
which he may continue in school \nth a more reasonable expecta-
tion of success,

Y The Muathematics Teacher, November, 1932, pp. 420-326; Octoher, 1013, pp.
350-163.

% Qee Feineold. (5. A. “Intellizence and Persistency in’ Hich Schoal Attendance.”
Sch~ol and Society, October 12, 1923. See also the <ame author's article on “The
RBasic Function of Secondary Fducation,” op. cit., [s1]: and Hich Points. Juné.
1077, [961, p. 14.
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PART SIX

THE TEACHING PROCESS AND THE TRAINING
OF TEACHLRS

Tue IMPENDING RrvisioN oF Enuculomn PsycHoLoGy

Conflicting theories of learning and teaching. We have seen how
profoundly our schoolroom procedures have been affected not only
by the dominant philosophic ideas of our period, but also by cur-
rent educational doctrines. It is now necessary to show how the
teaching process 1tself is being affected by changes in psychological
theory. Gradually, it is Leing realized that a whole generation of ™
teachers have been misled by mechanistic laws of learning.- When
this fact is finally understood, we may expect a great, transforma-

¥ tion in classroom methods, in the construcfien of textbddks, and

in our ordinary testing machinery. At prasent, three conflicting
theories of learning are competing with each other. They have
been described with scholarly clearness by Dr. William H. Brownell
of Duke University in the Tenth Yearbook of the Natiopal Council |
of Teackers of Mathematics*?®’ We submit a brief exp051hon of
these instructional theories.

“Bond” theory of learning. Undet the stimulus- response hypothe-
sis of learning, it is claimed that “learning is connectmg When- -

. ever there is a response of the learner to a stimulus, a “bond” is

formed. This “bond"”, ic conceived as involving changes in -the
nervous tissue. It {s believed by advocates of the “bond theory”
that the strength and the permanence of a “bond"” are largely a
matter of repetition, of “exercise.” That is, the “trace” left in the
nervous organism by each response is strengthened by repetition,
by drill. Moreover, it is claimed that the learner is more likely
to make progress if the <“bonds” are established in a pleasant way,
if the “effect” on the learner is agreeable rathet than painful. The;
more attractive or pleasurable the learning process is made, the
more lasting its results are going to be. The “Law of Exercise”
and the "Law of Effect” may be regarded as the backbone of the
“bond theory” of learning.

W arownell, W. H, “"P-vchological Considerations in the Learning and the
Teaching of Arithmetic,” in The Tenth Yearbook of the National Counci of
Teachers of Mathematics, pp. 1-31, Bureau of Publications, Teachers College,
Columbia University, New York, 193s.
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If this theoty is held to be correct, it becomes necessary to ascer-
tain by a careful analysis of each subject-matter field precisely
what are the “bonds” to be established, and how much repetition
or drill is necessary to make them permanent. '

Drill theory in arithmetic. The appalling consequences of such .

a mechanistic conception of the learning process have been dem:
onstrated with dramatic force in the field of arithmetic. The drill
conception of arithmetic has been outh’r’d as fullows by Dr.

’

Arithmetic consists of a vast host of unrelated facts and relatively
independent skills. The pupil acquires the facts. by repeating them
over and over again until he is able to recall them immediately and
cojrectly. He develops the skills by going through the .processes in
question until he can perform the required operations automatically
and accuratelv. The teacher need give little time to instructing the
pupil in the meaning of what he is learning: the ideas and skills in-
volved are either’ o simple as to be obvious even to the -beginner, or
else they are so abstruse as to suggest the postponement of explana-

tions until the child is older and is better able to grasp their meaning.:

The main points in tae theory.are: (1) arithmetic, for the purposes
of learning and teachjng, may be‘analyzed into a great many units
or elements of knowledge and skill which are’ comparatively separate
and unconnected; (2) the pupil is to master these almost innumerable
elements whether he ‘understands them or not; (3) the pupil is to
learn these clements in the form in which he will subsequently use
them; and (4) the pupil will attain these ends most economically and
most completely through formal repetition.!2?

Under the impact of the drill theory, courses of study and text-
books have been forced to allot an ever-increasing amount of time
and space to mechanical repetition. And it can hardly be denied
that the drill theory at present is hy far the most popular method
of intruction,

In the classroom its popularity is manifest in the common extreme
reliance upon tlash cards and other types of rapid drill exercises, in
the widespread use of workbooks and other forms of unsupervised
practice, and in the greater concern of the teacher with the pupil's
speedy computation and correct answer than with the processes which
lead to that computation and that answer,

But the popularity of the drill theory is by no means revealed only
by the prevalence of certain practices in classroom instruction. On
the contrary. its popularity is evident, as well, in the organization of
arithmetic textbooks, in much of the research in arithmetic, in current

¥ Ibid, p.o2.

/
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practfces in measuring hiivement in arithmetic, and in treatises on
the teaching of arithmetic." :

<

Perhaps this overwhelming prevalence of mech@inical drill is due
not merely to its supposed scientific soundness. ‘In even larger -
measure it may be caused by our preference for mechanical ways
of solving all the major problems of our day. That is, the machine
age views the mind as a mental machine capable only of mechanical
reactions. -

Absurdities of the drill theoty. 1t is not possible, because of a
limitation of space, to discuss in detail the flaws of the “hond” theory. .

“There is increasing agreement, however, that«s is essentially false.
In particular, the Law of .Exercise has been réstated by Thorndike
himsglf and has been entirely discarded by other psychologists. A
similar statement holds with reference to the Law of Effect.!®

There is little doubt that the drill theory has almost ruined the

* teaching of arithmetic. When a teacher is a mere drill setgeant
who pays no attention to number concepts, to underlying meanings
and principles, we may expect exactly what we find today—whole-
sale‘failure in arithmetic. Here is the deepest cause of the present
breakdown jof mathemativs in the elementary and the secondary

“gghool. B

“The fatul weakness of the drill theory is that it ignores the all-
imPortant factor of mcaning'and that it confuses mechanical reac-
tion with thinking. Above all, “the drill theory sets for the child

> Ihid., p. 3. . .

= Foi more detailed accounts of present trends in“educational psychology, in-
cluding the problem of drill and repetition, see, for example, Bode, Bovd, Conflict~
ine Psychologies of Learning, D. C. Heath andiCo., Boston, 1929; Brown and
Feder, “Thorndike's Theory of Learning as Geskalt Psvchology,” Psychological
Bulletin, 1934, 31, pp. $26-437; Cason, H,, “Criticism of the Laws of Exercise and
Fifect,” Psvchological Review, 1924, 31, pp. 397-417) Dunlap, Knight, Habits,
Liveright, Inc., New York, 1932; Hartiman, George W, Gestalt Psychology, The
Ronald Press Co, New _\'nrk, 1935; Heidbreder, Edna, Seven Psychologies, The
Century Co., New York, 1933: Jastrow, J, “The Current Chaos in Psychology,”
Scientific Monthly, Aupust, 1933, pp. 97-110; Jastrow, J., “Has Psychology
Failed ?, The American Scholur, Vol. g, No. 3, 1935, ph. 261-269: Murchison, C.
(Editor), Psychologies of 1930, Clark University Press, Worcester, 1930; Murphy,
Gardner, General Pavcholoey, Harper & Brothers, New York. 1913; Pintner et al,,
da Owtline of Educational Psychology, Barnes and Nuoble, Inc.. New York, 1934,
Thorndike, F. L., Human Lewrning, The Century Co, New Y.£k, 19315 Wheeler,
R. H. The Lazos of Human Nature, 1. Appleton Co. New York, 1932; Wheeler,
R H. The Scienee of Paeholegy, Thomas Y Crowe'l Co., New York, 1929; and
Wheeler. R, H and Perkine, ¥, 1., Principles of Mental Development, Thomas Y.
Crowell Co, New York, 1932
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a learying task the magnitude of which predetermines him to fajl-

upe.” ¥ Thas, in the field of combinations invplving Elerely whéle,

numl)_&s, more than 1,600 number facts are to be learned, which
the child should know at the end of his fourth year in school. -

Similar analyses of other phases of arithmetic have resulted in item- "

totals equally staggering.. Thus, Knight demonstrates the presence
of 55 “unit skills” in the one process of division of common fractions,
and Brueckner finds 53 “types” of examples (exclusive of “freak
types”).in the subtraction of common fractions alone. In problem-
solving Judd:reports, on the basis of an examination of only three sets
of textbooks, approximately 1900 different ways of expressing the
fundamental operations in ope-step verbal problems, ana Monroe and
Clark are able to differentiate 333 kinds of verbal problems (52 kinds
of “operative problems” and 281t kinds of “activity problems”) with
which children must eventually be able to deal. These figures, large
as they are, can be regarded only as typical of what would be found
if the many other aspects of arithmetic were dissected as have been
the relatively few reviewed above. :

The statement that the drill theory in its extreme form sets an
impossible learning task for the child would seem to be justified by
the results of the analyses mentioned above™

- The story becomes_even more complicated when we add the doc-

trine that the various number “facts” must be artanged and learned

in the order of their relative difficulty. Thus, it is claimed that
certain combinations have been shown statistically to be many
times as hard as others. Hence we have “casy”™ and “hard™ number

7 .
Just what value these figures |of statistical degrees of difficalty ]
have is problematical.  Have they, for example, been collected from
a fair sample?  Why should the order of frequency of error be a sign
of the degree of difficulty?  And what. exactly, does “difficult™ mean
in relation to a mass of unrelated facts?  1s difficulty of understanding
ot difficulty of remembering the source of error>  And, to uo at once
to the root of the matter, is the occurrence of error and in particular
of such bizarre combinations of ertors a sign of the incapacity of the
child or of the inadequacy off the teaching? ,
That a statisticiaa trained in the interpretation of his results and
canscious of the limitations of his method woukld reach the second of
these conclusions, T am personally convineed,  And my conviction is
all the more strengthened by a study of the volumes un the teaching
of early number, of which the hooks already cited are hut the better

" Tenth Yearbook af the National Cowncil of Teachers of Mathematics, [1:0],
p b d
YIbid, pog.

.
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examples. In all thecr pages, there is no word, not onc, in regard tor

the meaning fof mathematical processes. Consequently there is no
way whatever within an intelligent child’s rcach for correcting his own
errors in the light of a well understood process. - In these books, 'there
‘are no, processes, there are only statistical facts. . . .

In short, the statistical method as applied to elementary mat he-

‘matics ‘has Izad the sublime result of elcmmanng mathematics from the
curriculum. As matters now stand, arithmetic is mercly a ice for
‘training errand boys to come back from the grocer’s wzm thé\nght
change'3*

It is now known that the hierarchy of difficulty imposed upon
the elementary number facts is likewise in need of reconsideration.
Mr. L. C. Thiele carried experiments in the Detroit Public
Schools in order to find -gft the relative merits of- the drill theory

and of generalized meth6ds based on concepts ard on insight. Mr.
Thiele writes: '

)

The pupils who employed the generalwed method learned the com-
binations of ‘larger numbers almost as well as those of the smaller
numbers, For example, 7 -+ 9 and ¢ -}- 7, which are listed as the most
difficult.of all the addition combinations on Clapp’s list, were not any
mote difficult than 542, 4-}2, and 9 --3 for the puplls who were
studying according to the generalized mcthod 143

Incidental learning theory. In their justified abhorrence of. purely
mechanical drill methods, “progressive’ teachers looked for a sub-

.stitute. They began to feel that children will perhaps ‘“learn as

much arithmetic as they need, and will learn it better, if they are
not systematically taught arithmetic,” but ,establish th(‘ll‘ contact
with that subject through such.patural quantitative situations as
arise in the various activities of the classroom. That is, the num-
ber facts were to-be acquired through incidental experience.

This “incidental learning theory” has now been testeq thoroughly
by groups of teachers who believe in the activity idea. J’erhaps the
most authoritative study of this sort ever undertak o in the field
of arithmetic was that sponsored by Dr. Paul R. Ha(?m. formerly of
Lincoln School of Teachers College, Columbia University, Four-
teen experienced teachers from private and public schools partici-
pated in the study. Its purpose was that of investigating “oppor-

12 DeGrance, M. *Statisticians. Dull Children. and Psychologists,™ FEducational

Administration and Supervision, November, 1931, p. 563.

**Thiele, C, T, “The Mathematigad Viewpoint Applied to the Teaching of. E'e-
mentary School Arithmetic,” The Tenth Yearbook of the National Council of
Teachers Mathematics, [1:6], p. 221,
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tunities for the use of arithmetic inf an activity brograt_‘n.”l“ The
summary of findings*given at the end of the published ‘report de-

scribing this'investigation leaves no room for doubt that “incidental

learning” will not produce results in arithMstic. W, may regard
it as an established fact that while activitics and p;;'c/cts may prove
extremely valuable and indispensable as a means of motivating
arithmetic, they will not automatically lead to an understanding
of its concepts, principles, and processes. ' '
Theory of conceptual and meaningful teaching. According to this
~ theory it is of decisive importance whether or not children wnder-
stand what they learn. If they see no sense%h what they are ex-
pected to do, no amount of repetition or.mechanical drill is likely
o secure retention or correct application. A parrot may repeat a
phrase countfess times without arriving at a rational comprehen-
sion of it. cxtie -y .

Recent psychological theught is virtually committed to the idea
that ‘mere repetition does not guarantee learning, and that tke learn-
ing response rathers than the learned response is of primary im-
portance.’  Professor Wheeler has stated the futility of mere repe-
tition very strikingly in this manner:

Drop a ball a million times and it will not fall more easily the last
time than the first. . . . An electric current will travel just as well
through a switch the first time as it will travel the thousandth. Repe-
tition makes no difference to the switch, nor to the current. . . . To
assert that we learn by doing, or learn through exercise, is as meaning-
less as to claim that we grow by living in time.!38

According to Professor Herrick, “some stupendous feats of learn-
ing can apparently be done in the twinkling of an eve, as when

.one ‘sees through’ a difficult situation in a flash of understandjng’'137

This is by no means a new idea. The central thought was stressed
as early as 1910 by Professor Dewey, when he said, “Practical skill,
modes of effective technique, can be intelligently, non-mechanically
used, only when intelligence has played a part in their acquisi-
tion. 138

* Hanna, P. R, “Opportunities for the Use of Arithmetic in an Activity Pro-
gram.” The Tenlh Yearbook of the Nalional Council of Teachers of Mathematics,
[126]. pp. 85120, . '

“ Dunlap, Knight, op. cit., [129], pp. 33 ff.

™ Wheelcr, R, H., The Science of Psychology, [1:29]. p. 323,

¥ Herrick, C. J., The Thinking Muchine, p. 241, The University of Chicago
Press, Chicago, 1929.

™ ewey, John, How We Think, p. 52, D. C. Heath and Co., New York, 1g910.
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As to mathematics, we arc realizing at last that it is “a closely
knit svstem of understandable ideas,- principles, and ‘processes.”
Mathematics is based on concepts. The mastery of these basic con-
cepts on the part of the learner is the most essential problem  of
the teacher. \When we take this view of the teaching of mathemat-
ics, we cease to have any use for the idea of confronting the pupil
with a “heterogeneous mass of unrelated elements” to be mastered
by repetition. Instead, the emphasis must be on real comprehen-
sion of mathematical principles entl relationships. '

Now, the development and mastery of clear concepts takes time.
It should never be hurried. 7‘he gencralizations of any subject can-
not be acquired in a few lessons. The fundamental discoveries in
any field cannot be made at dne stroke: the learner must be con-
fronted with ever new situations demanding a repetition of these
successive discoveries, and not a premature memorization of facts.

=1t follows that the in‘tial stages of each learning process must be
gauged carefully with reference to the maturity of the lefwner. Im-
portant ideas and processes must be “spread” over a rider space
of time than is usually the case. “Spaced” learning is more. effec-
tive than bunched” learning ' |

® This fact alone should raise grave doubts as to the soundness of the-Man-
chester, New Hamgsshire, experiment, recently reported so confidently in three
cUctessive dssties of the Journal of the National Fducation Association (November,
1933 to January, 1936). Under thi< plan, formal work in arithmetic is virtually

“abandoned in the first five grades, and intensive work is then begun in the sixth
curade. The new program, as apnounced by Superintendent L. P. Benezet, lays

commendable stress an reasoning and on the avoidance of purely nlechanical drill.
It is urged that chilkdren be “made to understand the reason for the processes which
they use.™ That iz as it should be. Nevertheless, such are the grave defects of the
new curriculum as a whole that the ultimate consequences age boundto be dis-
appointing, it not disastrous. Onlv 2 few ot these can be mentioned at this point.
(1) Mr. Benezet reports that splendid resiilts accompanied even this moderate
exposure to arithmetic, as soon as it was tauzht on a rational basis, How can any
one doubt, therefore, that even better results wouldshe obtained if real thinking and
genuine motivation characterized the study of arithmetic from Lhe beginning, and
in a curriculum of normal length? €23 A period of only 20 or 25 minutes a day
is st ueitle for arithmetic in grade VI, of :5 minutes in grade VIE-B, and of 30

Cminutes in grade VIE-A agl inoerade VIIE. The attempt to cover such a large

number of concepts, prindiples, and provesses within such a totally inadequate time
hedule must inevitably Tead to imitative repetition, or to the abandonment of real
mastery, thus vitiating the whole plan. Mr Benezet states that abundant work in
mental arithmetic, involving the ~solution of problems, “is far more important than
aceuracy in the four tundamental processes™  One wonders whether such solutions,
oral or written, are of any value if the answers are not accurate.  (3) The Man-
chester plan would certainly make impossible the enlarged mathematical program
whith schouls ot the junor high school type have adopted so largely in recent

o
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Some of the main prmcaples of the new psychology of learning
have been outlined. by Professor W heeler one of.jts leafing ex-
ponents, as-follows'":

1. Learnjng is a jumnon of maturation and insight. Tt is a growth;
process that follows laws of dynamics, that is, laws of structured uni-
ary, energy systems or fields, . : (’/ ™
First 1mpressmns are of total qltuat ionsy but are 1\1dlffe entiated.
Ilrst movements are mass actions, likewtsé undlfferentmted [ In spite
of appearances to the contrary, these impressions and move 1ents are
completely mtegrétedf
3. Leariing is not. cx(lus: vely qn inductive process. Fifst lmprqs-
sions are not chaotic: and, uno;gal?ized. They nrg_ merely unstable in

the sense of not being under environmental control.

Learning, then, is not a matter of forming bonds, a process of putting
pieces of experience together. [t is nq& based on d¥ill and on repetition
of response. Bondj psxchology is igrational and has never been re-
quired by the facts bf observation. At is a mechanistic philosophy im-
posed upon the facts. On the contrary, learning is a logical process
and from the bcgmmng Characterized by a grasp of relations, no matter
how vague. Progress is svstematic; it is a logical expansion and dif<
ferentiation of unitary grasps of total ‘s:l\yalmns -of wholes. It is or-
ganized and insightful, creative response to stimulus-patterns.

4. Learning does not proceed by trial and error.  This concept is
based upon an illusion, the fallacy of the double standard, arising out
of the difference between the adult and the animal or child.  There
is no such thing as a trial-and-error process anvichere in nature. . . .

5. More important, by far, than formal, prescribed methods of in-
struction are the personality of the learner and of the teacher, and the
nlatwmh:p between these personalities.  Learning is subordinate to
the growth and the demands of the personality-as-a-whole.  The at-
mosphere of the classroom is more important than textbooks. The
latter are necessary, but are secondary.

6. Learning depends upon the will to ledrn, which cannot be forced
vears, after <such strenuous and long-continued efforts on behalf of mathematical
n'l'nrm'in this country. ~In other words, the plendid prozress achieved at last,
during the past generation is to he swept away by thes fatest panacca. It possible
ta question the onunous effects of AMr. Beneset's curtailed curriculum on the mathe-
matical preparation of at feast three million pupils?  Why <hould Amerivan chils
dren again be placed at such a disadvantaee, as compared with the adolescent pupnls
of all'other leadine nation<?

By wayv af a further reiutation of lhv ‘\Im(hnh-r plan, see Buchimcham, B R,
“When to Beein the Teachine of AMsthmetwe,™ Chddhood Fdweatnen, Mav, 10ig
MacLatchey, Josephine, “Number Abilities of First Grade Children™ Cluddiie od
Fducation, Mav, 1g:3; also Buchineham, B R and M latchev, J 0 The Number
Abilities of Children When They Enter Grade One” Fhe Tiornev.eonth Vearbook of
the National Society for the Studv of Education, pp. 373 304, Pablic Schagl Pub-
lishing Co, Bloommetan, I, 1950
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by requircments or authority, but must be challénged by dynamic
trachers and dynamic teachinfll -

7. Learning depends on clearness of goals, and the fitness with which
tasks are adjusted to the pupil’s level of maturation and.insight. Prog-
ress is made by pacing.

8. Goals are their own rewards, under natural law. Grades, grade
points, many forms of motivation by ‘social competition, and other
hypocrisies are detrimental to learning. The subject must be worth
learning in its own right. It can.be made so, easily

Transfer of training. We have repeatedly referred to the current
misunderstanding of the problem of generalized training, incorrectly
identified with “mental discipline.” The history of the controversy

reliiting to formal discipline has been made avqilab!e in a number
of sources.’*t In its modern setting, under the name of the “trans-
fer of training,” the doctrine is anything but “obsolete.” Particular
attention is again directed to the recent foundational work of Pro-
fessor Lashley and of Dr. Orata. Their studies should be made
available to every teacher. r '

The key. sentence of the modern doctrine may be stated as fol-
lows: “From the standpoint of the tcacher and the school, the solu-.
tion of thé problem of transfer of training is to train for transfer’’***.
In other words, transfer is not an automatic phenomenon, * It is, as
Orata happily phrases i, “a technological problem.” :

The new theory of transfer and of conceptual learning throws a
clear light on the all-too-prevalent disabilities of school children
and high school pupils. Not having been taught foundationally,
being without a real understanding of concepts and principles, they
are 'unable either to remember or to apply the skills they seented
to know so well. We have thus made it virtually impossible for
the pupil to succeed. . .

Necessary changes in teaching procedures. Enough has been said
about the new psychology of learning to make it obvious that we
must turn awav from mechanical teaching and must emphasize
meaning, insight, intelligence.  1n no other field is this change so

w \Vheeler, R, H, “The New Paycho'ozy of Learning.” The Tenth Yearbook of
the National Council of Teachers of Mathematics, 11261, .pp. 237-239. See also
pp 1a-31 of article by W, AL Brownell in the same volume, {1261,

WSee, for example. Betzo W, “The Transier of Tramne.” The Fifth Yearbook
of the National Cowncit of Teachers of Mathematice~pp 139108, Burcau of Pub-
heations, Teachers College, Cotimbia University. New York, 1930,

W Orata, P, T, ap. eit, [92], p. 269; Lashley, K, ep. cit, lyz2l, especially pp.
172-173.
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imperative, and yet so easily made, as in mathematics. -From the
first Jesson in arithmetic to the last lessons in higher mathematics
the fundamental issue is the same. Hence we shall close these

remarks on the new psychology with the following illuminating pas-

sages which, while relating to arithmetic, stress the continuous im-
portance of meaningful instruction and mdy ‘be applied generally.

“Thus Dr. Brownell summarizes the importance of the “‘meaning”

theory in this manner: .

Most of the illustrations of, and arguments for, the “meaning” theory
have been drawn from the field of primary number, This fact should
not, however, be interpreted to mean that the theory holds only for
‘the first three grades. On the contrary, meaning affords the soundest
foundation for avithmetical learning throughout the elementary school.
_Prifnary number has been most often cited for another reason. Almost
everyone agrees that children in Grades g, 6, 7, andag have to be able
to “think” in arithmetic. That ability to “think” in these grades is
conditioned by “thinking” -in the primaty g{adcs,is a fact which is
much less commonly recognized. No one has shown how it is possible
for children suddenly to become intelligent in upper-grade aritkmetic
when they have'been allowed no excercise of intellignee in lower-grade
arithmetic:  In spite of the unreasonableness of such an expectation,
primary number is taught as if skills acquired mechanically would
later surely take on meaning, and verbalizations memorized unintelli-
gently would later inevitably become well-rounded concepts. It is the
thesis of the “meaning” theory that children must from the start sce
arithmetic as an intc'ligible system if they are ever to be intelligent
in arithmetic 13 : .

In iz Psychological Anal ysis of the Fundamentals of Arithmetic,
Professor Judd wrote: '

The issue between two fundamentally different views with regard to
the curriculum which are now before the school penple of this country
is nowhere clearer than in the sphere of number training. [t is the
issue between the view that the duty of the school is the cultivation
of comprehensive general ideas and the wview that the sole duty of the

school is to train pupils in relatively trivial particular skills.  There-

“can be no doubt that poweerful influcnces are at work in the pedagogical
world to reduce all training to the cultivation of practical and partic-
ular skills. Fortunately, the mind of man is so organized that it gen-
eralizes.  Fven if all the curriculum-makers resolve to train nothing
but particrlar abilitics, pupils will generalize and will continge to do
‘what the race has done throughout its history, that is, abstract from
particular - situations those aspects <which are most universal. Some

W The Tenth YVearbook of the National Cowncil of Tvachers of Mathemalics,
[126], p. 31.
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children will acqunre the general idea of mathematical exactness no
matter how far currnculum-makers go in running counter to human
history. * .

All the experiments and analyses reported in this monngraph lead
to the conclusion that gencral ideas are the most” important. products
of instruction in arithmetic. The fundamentals of arithmetic are
general ideas and general formulas, not a multitude of special skills.!**

Let us look forward to the day when the convincing and tested
principles outlined above will bekf_‘ullowed genérally in every class-
raom and at each level of instructign. Toward the-arrival of that
day we must bend all our enérgies, \ L

Tue TeEACHER IN THE SCHOOL oF ToMORROW

Present status of the teacher.~ The majority of teachers have al-
ways been anxious, as have been the members of otBer leading pro-
fessions, to render the best service of which they y ae capable. That
they often fall short of the ideal qualifications which modern edu-
cation has suggested for those to be entrusted with the great re-
sponsibility of preparing the youth of the land for effective citizen-
ship and for a worthwhile life. is only too :nparent. It is hardly

necessary to elaborate this point'in detail. Few secondary teachers®

at present bring to their teaching career either a comprehensive
scholarship or an adequate pedagogic equipment. A very large
number have “taken™ the prescribed college course, and have been
duly credited with the requisite number of “points” and “hours.”
Their cultural background, however, is either too narrowly special-
ized or too superficial to command general respect. Whose fault is
it that we are struggling with such serious professional handicaps?

Proifessor David Eugene Smith, writing on these problems from
the screne pinnacle of a lifetime rich in service and in scholarly
pursuits, ponders some of the reforms that seem to be imperative.

If culture courses for all teachers were establisked, who would ad-
minister them?  There is the difficult: and it is a very great one. The
man must be an inspiring teacher, filled with the enthusiasm which
the subject engenders, and one of broad knowledge of those things
which concern the finer instincts of mankind, He must be able to

appeal to all whose tastes are not hopelessly distorted by the radio

programs. the motion pictures, the cocktail party, or the bridge table.
He should be the best teacher in the school of education-—best in his

L}

W gudd, C. H. The Paychologival Anafyis oW the "Fundamentals of Arithmetic,
pp. 116-117, The University of Chicugo Press, Chicagg, 1927,
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;cmg(’“ of knowledge, best in his balanccd mind, best in his s,\'mbathy
wifh those things of life which weigh heavier than wealth, and with
which one mav spend his time happily in the home as well as in the
palaces of art or in the great libraries of the wortd! "

That there has been a decline from the high regard which teach-
ers enjoyed not so many yedrs ago is brought out” by the same
Writer_.in the foll(zwing passage

In approaching this phase of the matter T confess to a feeling of

_helplessness when 1 compare the position in society held by the old-

time schooimaster \ith that of teachers in high schools and colleges
of today. In my youth the teacher in the “academy” was looked up
to with respect as a learned man. .He dressed the part, acted the
part, and in ggneral honored ‘it. Today a teacher in an equivalent

“position irt a hifth school holds, in“the opinion of his fellow citizens, a

much lower rank. He plays bridge better, but he is rarely appealed

“to in a.matter of public importance: and any topic relating to litera-

ture, art, or religion seems much more foreign to his interests than it
wis to his professional ancestors. In short, the schoolma<ter of a half-
century-ago was looked upon as a man of superior intelli -.nce, whereas
taday the average school-teacher has lost that rank. One of two causes

Jmay explain this situation, ei?ﬂ‘ the teacher knows relatively less or
ly

the community knows relativkly more. We are led therefore to ask
if the mass of citizens know relatively more than they did fifty years
ago, and whether their tastes are better than was formerly the case.

‘ N oo
. For the same reason we ure led to ask if the teachers are really as well
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qualified, not in the science of education but in their general culture,
Are parents more often sending their children to private schools because
of the poorer teaching in the public ones®!it ’

And why do teachers not succeed more frequently in overcoming
the defects of their original preparation?  Or why do they not
strive to raise to a much higher level the excellence of their profes-
sional work ? * Professor Smith prefers not to answer these -ques-
tions with finality, but submits searching queries that sugeest his
own pesition,  He says: '

All this leads us to a very serious question  is the instruction less
efficient beciause the teachers in our city svstems have no longer the
time for a normal and cultural way of living?  Burdened as they are
at present by seemingly endless peports. by useless and "wearisome
committee meetings, and by other activities which <ap their energies,
how can they do their best work in making the haure passed in school

wogmith, . EL cCertan hmmediate Probloms Contronting Anwerican Schoe's
of Fauction.” Trachers Collecr Record Mach, paizo pogre. See al B8 Tolmes,
Henevy W, “Pedisogial Racketvering,” Seribeners Macazme, Mardh, 1035,
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a period of pleasure as well as profit -for the pupils? Is not the
drudgery of reading masses of papers outside the schoolroom one of
the reasons why young people of promise are coming to look upon

‘teaching as too_much like the task of a da_ laborer? Is not this the

reason why they are sec¢king other means of living than what should
be one of the noblest and niost interesting professions they could
chovse? ’

The bearirig of this phase of our discussion lies right here: Where,

~ after all, lies the blame for this overburdening of teachers with nerve-

-

racking work outside of school hours? Is there no. way of closing
these educational sweatshops? Where, 1 repeat, lie the blame and
the remedy? Where were these teachers taught to examine with wearied
eyes the results of endless ‘‘tests™ or to compt te correlatic. coefficients?
If these activities are necessary for the school, why are they not
performed by paid assistants with calculating machines to help when
needed? Where lies the blame i} not in schools of education in which
all this work is recommended to principals and supcrintendents?  And,
furthermore, is it recommended by~ professors who themselves spend
their extramural hours in doing this kind of work in connection with
their own classes? And; still further, do the principals and superin-
tendents likewise spend their evenings in the same way? )

I do not know the answers to those questions, but I feel that we
are all interested in helping to solve such problems. ! v

A challenge to teachers. Two further demands, in addition to -
those of general culture and of adequate professional training, are
now admitted to take precedence over all others. The s is to the
effect that all teachers must have absolute mastery of the subject-
matter which they desire to teach. The second has to do with the
subtle but vastly important factor of the personality of the teacher.

It is doubtful whether any one has stated the issue of the master
teacher with areater force than have the noted authors of the
psychological treatise entitlgl Principles of Mental Development :

It is the personality of the teacher by means of which the evil
cffects of mass education must be reduced.  We have seen that learning
is directed growsh, the expdnsion of a per<onality «that controls the
process of learning from within,  But it is growth of a human being
dependent upon motivation through persohality contact and the culture
which the personality in the teacher derives from the culture of the
race.  Ther. are teachers who brighten the schoolroom with their per-
sdnality and enthusiasm, and who inspire the pupil with the romantic
and excitingscolor of the information which they divuleze. They kaow
life, and live it. They see and understand discovery and creation.
They are the dooreaxs into a wondrous world, It is from these that
the pupil learns.  There are teachers whose rooms are as gloomy as a

WIhid., pp. 436-477.
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tomb; .eachers who rock the atmoqphere with the cyclones of an
erratic temperament. There are others whose indifference chills and

stibdues spontaneity; those whose superciliousness makes the pupils |

stiffen with bridled protest and contempt; those against whose fawning
mammer even a child revolts; and those whose sheer emptiness casts
a pall upon the schoolroom. . . . No student passes through the edu-

"cational system without the stamp-of some teacher upon him. Thou-
" sands are inspired to careers of piarticular achievement by their teach-

ers, alone; thousands lose the benéfits of school because of treatment
from their teachers. Unhumbered ment.! lives suffer septic operations
and endure the ravages of .permanent infection, through sheer ineffi-
ciency and stupidity of teaching. The teacher is the physician of
maturative processes, and there is no rcdrrss from wounds that are
sewed up wrong.

Grades, hours of credit, these are most meticulously inspected, but

-the &terilized insight, the unfu]ﬁlled demands and the disillusionment,

who knows about them? Not the system. It is not organized to care.
Personalities retard mental growth; they raise intelligence as measured
by test scores from the lower portions of a‘given range to the hithest.
It is being done every day. ‘It is the most pressing need of present
Education, a more adequate training and selection of teachers. ‘And
why are not more of the cream of college youth, with the personalities
to undertake this vital work, taught of its importance, and shown the
opportunity? Ask almost any better student of today if he is planning
to enter Education and his reply is; I should say not!” The educa-
tional dryness, dullness, mechanical deidness of the mill, so fresh in
his mind from just having passed through it, is too much. The intel-
ligence ratings of a Teachers College population are not encouraging!
The financial outlook for the teacher is anything but tempting to the
individual with ambition and personality. . . . When a syvstem puts
through hundreds of thousands of individuals, most.of them shouting
with gladness to have left it, something is wrong. It is not living,
Achievement leaves: a memory mixed with pride w1 joy; the fecling
of something unfinished that demunds a further completion. Learning

is, by nature, achievement; but where is the feeling of something un--

finished? . . . Why the many thousands who go on ftom high school
with no demand to reach a real intellec*ual goal or to prepare them-
selves, seriously, for the task of solving the major problems of the
race?'* !

The teacher|as the engineer of human nature. Intellizent critics
of our age have told us that thus far our civilization has rested too
exclusively onjthe study and the conquest of external nature. We
have codilied and 'gloriﬂvd the laws of matter and have assigned a
place of supreme importance to the mechenical engineer. We are
ready for a change. “The day has come to hegin the work of our

¥ Wheeler, R, H. and Perkin-, F. T, op. cit,, [129], pp. 509-511.
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renovation. . . . We must liberate ourselves from blind tethnolo;.,y

and must grasp the complexity and the wealth of our own nature.”
We are beginning to understand “that man is not a machine, that
the laws of his behavior are laws of intelligence, will and person-
ality, not the faws of association,’”4?

The teacher of tomorrow will be a human. engmeer He will real-
ize that “teaching is not a mechanical process of telling facts. Tt is
a contact made between a personality and a group of personalities,
in which the imparting of knowledge is sullordinate to the vitality
of meaning which the teacher gives the facts by his attitudes, in-
terest in the subject, breadth of grasp of the subject, and/by the
atmosphere of the classroom which he engenders."!™" A

In the school of tomorrow the teacher will regain the - esteem he
once enjoyed, because he will be an artist, a scholar, and a friend:
He will direct the activities of the classroom with cnnsummate

“oskill, qtlmulatmu and effecting desirabk mental, moml “and spir-

itual growth, And the community of tomerrow “}{l reward him by
granting him the freedom of his great profession, economic security,
and a position of confidence and trusted leadership.

CONCLUSIONS

General summary. The salient characteristics of educational
theories and practices, which have been reviewed in this discussion,
may be briefly generalized as indicated in the following statements,

1. We have seen that education is facing a world in turmoil,
that the machine age and technology have led to a profound trans-
formation of society and its institutions, and that mechanistic sci-
ence has made us uncertain of values and goals. We have lost our
perspective and the unity of our souls.

The present crisis in education was shown to be essentially an
outgrowth of this crixis in human affairs,  Above all, we must re-
capture @ sense of the whaleness of culture, and a regard for the
unity of knowledge and the inteurity of the social order. To the
mechanization of modern life must be opposed the unique contri-
butions of the individual,  We must strive for a unified grasp of
total situations and abandon our atomistic orientation.

2. Bis characteristic of this period that our hast educational

LA R 1T77 S (O AW
Lefhed . . X,



’ .

MATHEMATICS IN MODERN EDUCATION 133

L .
éfforts are being neutralized by a lack of vision that is symptomatic
of our chﬂicting educational philosophies. The dominant philos-
ophy of this generation is that of pragmatic instrumentalism. Its
grave flaws were pointed out. Educational sanity demands a re-
jection of these erroneous positions. The philosophy of change and
of social reconstruction was ‘contrasted with the concept of invari-
ance and the doctrine of permanent values. There can be no edu-
cational recovery until the idea of “change at any cost” is replaced
by a comprehensive and consistent philosophy resting -on a solid
foundation of ultimate objectives.

3. The present status of “progressive” education was,examined
in detail. The characteristics of the activity program were out-
lined and the serioys weaknesses of activism were pointed out. Our .
analysis, of “progressive” education revealed some fatal “danger
zones™ that must be eliminated if the influence of this movement
is to be considered either beneficial or lasting. »

4. Tt was shown that for many years tl.. curriculum has been a
source of confusion, The various stages of curriculum revision dur-
ing the past four decades were reviewed. Four new ways of dealing
with the curriculum were summarized and criticized. The contin-
ual “adjustment” of the curriculum has made it a collection of
odds and ends, for which no one can have respect. It was urged
that, instead, the curriculum be built on enduring backgrounds and
on basic. frames of reference. Six trunk-line domains were sug-
gested as its permunent categories. The importance of continuity
and of an adequate time allowance was stressed. The current “unit”
system stands in the way of a desirable integration and must be
given up. Finally, the unique imnortance of mathematics’\was
discussed, over acainst the constant attacks thac are being maue
on mathematical teaching. '

5. Consideration was given to the crucial problem of mass edu~
cation. The measurement movement revealed a disturbing .m\ounf
of retardation and mal: wljustment at all stages of the education: il
process.  Erroneous assumptions and inferences have led to a wide-
spread indorsement of the policy of unlimited “adaptation™ to chil-
dren’s individual “needs and aptitudes™  The various attempts at
adaptation were described,  They have failed to produce satisfac-
tory results, thus proving that the fundamental causes of the diffi-
culties to be corrected have not been met.  In particular, the notion
’ that vocationalism is a cure-all for educational retirdation was
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attacked as utterly fallacious, and due attention was given to au-
thoritative recenf views as tg the future of vocational training.

. The ominous felfect of “adaptation” on standards was considered
at length, Evidence was submitted that we must return to a defense

" of legitimate and binding educational norms. It was rhaintained

that the vexing problems of mass education will not be solved by
ignoring them. Only a planned type of mass education will be of
avail. This involves an integrated program of foundational in-
struction basedt on the idea of continuous progress made possible
by genuine undetstanding and real mastery. * Within this general
setting, attention was also given to the feasibility of specialized
high schools for superior pupils and of adjustment courses for re-
tarded pupils. - . )

6. In the light of the new psychology of learning the teaching
process was shown to be in need of revision. The drill theory of
teaching was held to be one of the most obvious causes of wholesale
educational failure. It must be replaced by a type of instruction

-that is based on conceptual and meaningful learning, real motiva-

tion and the genuine co-operation of the learner. The idea of “train-
ing for transfer” was seen to be the modern and truly scientific
successor to the doctrine of formal discipline. '

The present status of the teacher was described as unsatisfactory.
The teacher of tymorrow w#l not be a mere technician, but will
be trained more effectivel: along broadly cultural lines. In the
community of .tomorrow this master teacher will regain a com-
manding position, commensurate with his potential qualities of real
leadership. :

The outlook. During the decades that lie ahead, secondary edu-
cation will assume an even greater importance than in ‘the past.
The secondary school will become the people’s university, But it
can discharge that lofty mission only if its basic philosophy is
sound. It must avoid fantastic educational theories and must be
built on the hed-rock of permanent values, and on the ideal of social
solidarity. The curricula of the emerging high school must be inte-
erated around the enduring trunk-line categories that date back
to the dawn of history. There must be no opportunist tinkering
with walues and standards.  Good teaching and efticient guidance
nitst be in evidence in every classroom.

America’s cultural misgion will depend in larget measure on what
happens in the American high school. If we are satisfied with me-
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diocre attainments, our natmnal life will be characterizéd by medi-
' OCl‘lt) If..on the other hand, our young pcople are at all times
imbued with ideals of excellence, the lofty visions of the founding
fathers will be increasingly realized.!® Conceived in this way, the
secondary school will becomg, as Dr. Abraham Flexner suggested
in a recent address, the keystine of the educatiqnal arch, We agree
with him in regarding the improvement of our secondary schools
as “the most important work for American education from top to
bottom, %2

1 Meiklejohn, Alexander. What Does America Mean? W. W. Norton and Co,,

New York, 19357 :
182 §ee Teachers College Record, April, 1935, p. 568

[T SR A




+  THE MEANING OF MATHEMATICS )

“I COME TC BURY CAESAR, NOT TO PRAISE HIM.”
By E. T. BELL *

Pasac{ena, California

" A master learns. There is a true story of one of the foremost liv-
ing mathematicians-~call him Y--which illustrates the point of
much that is to follow. Professor Y is not only a great research

‘mathematician but also a superb teacher, as shown by the number

of first-rate mathematicians he has trained.

Some years ago two yoitng wemen.were working for their doc-
torates with Professor Y. Their long struggle had reached the last
stage: they were to present their joint dissertation before the
mathematical seminar. The presentation had been rehearsed fully
forty times, and it was agreed that the more confident of the two
candidates should present the argument. During the presentation
Professor Y sat motionless in the back of the crowded, stuffy room.
One theory holds that he slept through the ordeal as the perspiring
aspirant covered eight blackboards with masses of horrific equa-
tions. Finally the candidate ran out of chalk and sat down. Pro-
fessor Y sat up with a jerk. '

“Flave you an eraser?” he asked.

“Oh, yes,” the eager candidate admitted. “Is there a mistake
somewhere ?”’ ’ o

“I don’t know, Rub all that stuff out.’

Almost in tears both candidates cleaned all eight boards.

“Now, young ladies,” Professor Y resumed, “tell us what you
think you have done. What does it signify? Are your very beauti-
ful equations only equations, or do they perhaps mean something?”

They did their best, but it was a sorry mess. Ruefully they had
to azree with Professor Y that they had wasted two priceless years
of their lives in entangling a triviality in a profoundly learned-look-
ing mesh of unnecessary mathematical symbols. They crawled
home to a cheerless supper. After the meal they brightened up.

136
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“After all,” said one, “he has be>: most decent to us all the:e two
ghastly years, and he has given u's:\ﬁ\ore of his time than we de-

served. 7an’t we do something to s .Qw that we are at least not

"ungrateful, even if we will never be mathematicians?”

“\Ve should,” the other agreed.” “But what? A gift would look
too much like insincerity. I've got itl You know how fond he
is of that fat mutt of a dog of his? Let’s buy the biggest bologna
sausage in town and take it round as a present for the dog. Our
dissertation was just about good enough for Y's mut¢ anyway.”

The offering worked wonders. “Ah,” the professor exclaimed, “I
see there are possibilities. I never dreamed of in those young women.
I must look into this.” He did, and under his expert guidance they
finally produced a very creditable dissertation which was nine-
tenths his. . ’

Professor Y in his early days had fallen foul of the trap which
symbols lay for all mathematicians. Lecturing on a subject which
he had not fully mastered, he covered. blackboards with equations

for twelve weeks, having lost his class hopelessly in the second week.

One morning he 'suddenly stepped back from the blackboard and
staring at the cabalistic mysteries in astonishment, he shouted,
“Mein Gott! There it is!” The simple demonstration which had
eluded him for months had fallen out of itself. That cured Y of
relying on symbols. Thereafte. wc used “is head more and his
hands less. Let us try to do the same.

What is in it? A fair competence in manipulations is admitted
by all to be a necessary prerequisite to understanding a mathe-
matical argument. But no amount of technical facility will of it-
self teach anyone what mathematics is or what proof means; nor
will it sugeest what is probably the most important reason why
mathematics is today an even more vital human and social necessity
than it was in the past. Teo much emphasis has been forcest upon
the practical utility of mathematics “as a tool,” to the neglect of
the characteristic benefit which an elementary mathematical educa-
tion can confer on im nature minds of normal intellizence. Manipu-
lative skill may suffice for the averagze technician in the trades or
the hack in the .owest ranks of the engineering profession.  But
it is woefully "inadequate as an aid to self-respecting citizenship in
even a moderately intelligent socicty.  What shail it profit a me-
chanic or a survevor if he can apply the rule of thumb formulas in
hiz handbook as automatically as he breathes if he votes some plausi-
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‘ble quack into office merely because he himself, in his practical,
efficient blindness, is unable to distinguish between a sound argu-
ment and a tissue of rubbish? And what is the social value of a

gullible hoohy who believes every transient fashionable theory in

science or economics as if it were the revealed word of God ?
These (uestions are not rhetoricalk  Unless the student who gets
no farther than a first course in algebra or geometry aﬁqunres as
part of his mentality for life a clear, cold perception of what “proof”
means in any deductive argument or system of deductive redson-
ing. his time and eifort will have been wasted. Deductive “rea-
soning™ is the subtle device by which the spellbinders dupe their
millions. To how many of those who are convinced or converted
by some brilliant argument does it occur that the argument, if for-

mally correct, “proves” nothing more than what is implied by the

assumptions on which it is basec?

I‘he teaching of elementary mathematics, particularly of geome-
try, can be either a vicious fraud or an unsurpassable object lesson
in intellectual honesty. The snmple, intuitive ideas of “number”
and *'space” which most of us have are o “natural,” so “necessary,”
that unless we have once clearly realized that some,of them are not
natural and possibly none are necessary. we are llkely to be easy
converts to any quackery based on other “natural” or “necessary”
assumptions that may be neither convenient nor sensible. Many of
the so-called natur.:] and necessary ‘“concepts’’ are probably mere
conventions which human beings have adopted for their own con-
venience in understanding the world in which they live. )

Fven the most elementary mathematics can be so presented that
two cardinal facts shall become lifelong acquisitions: (1) without
assumptions there is no proof; (2) no demonstration proves more
than is contained in the assumptions. Elementary mathematics,
unencumbered as it is by extraneous scientific or soucial theories or
. hypotheses, is the one place in secondary education where these
cardinal facts can be acquired. The material te be presented is
simple and wholly unobscured by emotions; its lifelong lesson is
within the capacity of normal intelligence.

Tradition, or a shovel? It is related of Einstein that he said he
wis led to the invention of the (special) theory of relativity by
“challenging an axiom.”  The axiom which he challenged was the
“self-evident truth™ that two events can happen at different places
at the same time. Until Einstein upsec the axiom by showing that

\
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it is neither self-evident nor necessarily true- indeed it is nonsensi-
cal-*-the human race had believed it to be both,

Let us see what the dictionary has to say about axioms. In the
unabridged Webster's New International “axfom” is defined in
“Logic & Math.” as follows: - ‘

A self-evident truth, or a proposition whose truth is so evident that
no reasoning or demonstration can make it plainer; a proposition which
it is necessary to take for granted; as, “The whole is greater than a
part”; “A thing cannot, at the same time, be and not be.”?

This gives a fairly camprehensive, summary of the major miscon-
ceptions which have been held in the past regarding the mathe-
matical status of axioms. Detailed comment seems unnecessary.
The first example, about the whéle and part, is particularly un-
fortunate; for it is neither necessary nor true in a vast region of
mathematics. '

The definition contradicts the whole history of modern mathe-
matics. It might have satisfied Plato or Euclid, but it should sat-
isfy no one who was born later than 1826, The phrase “which it
is necessary to take for granted” is inexcusably misleading. It has
not been proved that it is necessary to take for granted any partic-
#lar assumption in mathematics. Any assumption that /s made can
be challenged. The whole spirit of the definition is out of date
by at least a century, and it is long past time that the word
“axiom,” with all of its disreputable historical associations, be
thrown out of elementary textbooks and replaced by “postulate” —
as in modern mathematics. ’

Before proceeding to a clo-e. consideration of postulates, let us
pause here and ask ourselves why mathematics, of all sciences the
most. progressive and the most prolific in its research activities, is

"the most backward pedagogically. Who but a demented reactionary

would teach physics to boys of fifteen out of Aristotle's “Physics’?
Yet the equivalent of that unthinkable stupidity is precisely what
we do in geometry. Is it ne-essary always to plod after noor old
dead and gone Euclid, slavishly imitating his primitive attempts to
think straight, as if the golden age of the nineteenth century had
never been? Shall we never shake off Greek tradition in elementary

' The Second Edition of Webster's New International Dictionary, Unabridsed,
1934, almost sets the matter right, as follows: A <elt-consistent <tatement about
undefinable objects which form the basic for discourwe. Thus the statement that
there is one and only one ~traight line passing throusgh two given points is an aaiom.”
[For undefinable’ read ‘undefined.’]
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teaching and realize that geometry, wherever it ié used outside of
trivial “applications” for which no formal schoo]l‘ng is necessary,
has known the supple freedom of algebra since Descartes, in the
seventeenth century, rxpped off the strait jackey of Euclidean

- “demonstration” P

Whoever maxrlgms that we do not continue ploddihg after Euclid
may be asked produce any textbook on elementary geometry
which is fairly widely used in the schools of America and which is
less objectionable from a modern standpoint as “a training in rea-
soning” than Euclid’s Elements.

This brings us again to the question of what elementary mathe- -
matics is all ‘about and what any normal boy or girl can hope to
get out of it. Beyond the few trivial applications, what is there
in elementary geometry but a training in deductive reasoning?
Nothing. And unless the training is modernized, the habits of
“reasoning” which are drilled into the pupils are about as bad as
they could be. The pity of it is that a decent job would be no
harder to do than the awkwird muddle consecrated by tradition
and sanctioned by mental inortia. Endless generations of com-

_mittees on the teaching of geometry have proposed timid patches
-here and there on a corpse that has lain in state for generations.

What they need is a shovel and the courage to use it. We can at
least bury that rotten word “axiom.” -

The nature of a mathematical system. Having buried axioms, let
us do likewise with another old stand-by which we have inherited
from an outmoded ay of thinking. There are no “Yaws” in mathe-
matics. Laws are for lawyers, and popularizers of science who
cannot think straight. In mathematics there are undefined ele-
ments, postulates, propositions, and theorems. ’

We start with certain undefined elements. In geometry, for ex-
ample, two such are “point”™ and “line.” These are probably the
simplest two which it is expedient to take in elementary geometry.
If we define a “straight line” as “the shortest distance between two
points” we are sinning against clarity.  What is “distance”? And
how are we to know whether one “distance” is “shorter” thun an-
other? Or that there is a “shortest™? The “shortest distance” defi-
nition is at the root of the inability of some of the older physicists
to understand the theory of relativity. In their youth they were so
thoroughly mizeducated in definitions that do not define that they
are incapable for life of undcrstanding\anything new and sensible.
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It is not necessary yet to ask where the undelined clcments come
from, or why we are moved to select a particular set..' Similarly for
.the rosttlates. Let us concentrate for the present on the mathe-
matical game itself; after we have seen how it'is played there will
be time enough to inqujre into 1ts origins and our motives in playing
it at all.

The undefined elemen's havmg been agreed upon the next step
in constructing a mathematical system is the laying down of postu-
lates concerning the undefined elements. Once and for all it ‘should
be realized that a postulate is a pure out-and-out assumption:. It
may have been suggested by “experience” —a more or less philo-
,ophxcal term about which it is difficult to be precise—or it may
have been chosen on the mere whim of some mathematician inter-
ested in seeing-what he could make. In no sense are the postulates

“eternal truths” or “necessary”; nor are they guarantced by any .

extrahuman necessity or supernatural “existence.” The layirg
down of postulates is a free act of human beings and is not neces-
sitated by any mystical harmd¢hy supposed to reside in the eterna!
essences or superhuman truths of the metaphysicians.

Let us suppose that we have agreed upon some set of postulates

for the undefined elements. One postulate for our “points” and
“lines” might be “two points determine a line”; another, “two
. lines determine a point.” The latter, by the way, would not usually
be admitted in scliool geometry, for in that subject there are the
'exceptions introduced by parallels which, by definition, are lines
having “no point” in common. But if we jntroduce an “ideal”
point at “infinity”—-all a matter of words without any clutter of
‘mysticism—the postulate becomes. “intelligible” without any ex-
ceptions. '

Thus far we have the undefined. elements and postulates about

them. To the postulates we now apply common logit, or *the laws
of thought,” and see what the postulates imply. Ior this we may
assume that the postulates are “true’’—they are true anly for the
purposes of the deductions we hope-to make, and not in any super-
natural or mystical sense of eternal verity. The three so-called
“laws of thought” of Aristotle are: “4 is 4" (the “law of iden-
. tity); “nothing is both A and not-A" (the “law” of cxcluded wmid-
~dle) ; “everything is either A or not-A" (the “law™ of contradiction).
Notice the quotation marks on “law” in cach instance. This is to
emphasize the fact, which will be mentioned later, that these classi-

. N
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C‘il«joslulate*s of reasoning were once thought to be superhuman
neetssities and not, as they are regarded today, mere assumptions
which human beings have made-and agreed to accept. So let us
refer to Aristotle’s classical “laws” as the postulates of deductive
reasoning. Deduction proceeds by an application of these® postu-
lates to those of the system —geometry or algebm, say —under in;
vestigation.

" . Tt is possible to make different kinds of assertions about the ‘un-
defined elements. The most important of these are the “proposi-
tions.” A proposition is a statement which is either true or ‘false.
A little consideration will show that it is not always easy to recog-
.nize whether a particular statement is or is not a proposition. For
-example, we have an intuitive feelmg that “three. lines do not
always determine precisely one point” is a proposltlon. it is defi-
nitely either true or false, and which it may be is determinable by

an application of the posiulates of deductive reasoning to the postu- -

lates of geometry. But suppose someone were tc assert that “truth
is more identical than beauty.” Is this a proposition? As a matter
of fact it.is not: it is nonsense. How are we to decide when con-
fronted with a statement in the language of mathematics whether*
it is or is not a proposition’ -ince there is no ascertained way of

\lec’x’ding which applies to ali such statements, we.shall pass on to
sa'mething easier. But it is worth noticing that even «i the begin-
ning, serious difficulties arise when we stop to question what it
may be that we think we are doing.

I’I‘Op?}Qltl()nS are either true or false. * A true propo.siticn is some-
times cafted a “theorem.” If true, we try to “prove’ propositions
by deduc:k\reasoning.. If false. an attempted deductivg proof will
sometimes reveal the falsity by the “indirect method,” which will
be noticed in a moment. Proof consists in seeing what, the postu-
lates of the system imply. Thus if P, () are propositions; and if Q
follows from 2 by the postulates of deductive reasoning, and if fur-
ther it is known (or temporarily assumed) that £ is true, then Q is
true. In particular, if P is one of our postulates which we have
assumed at the beginning to be a true proposition, () is true. . But
if it is not known whether @ is true, we may tentatively assume
that it is false. If from this assumption we can deduce that () 1s
also true, we have a conflict with the postulaté of excluded middle
(in ‘which ¢ is now “trus”). " But we aureed to abide hy thé
postulates of deductive reasoning.  To avoid the conflict we say '
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’ - .
that (®is not false wifich we tentatively assumed; namely, ) is
true, which we wished to-prove or to discover.”

The whole game iy exceedingly simple. There are but two rules:
state all the pustula/ir_s ; sce that no other postulate (assumption)
slips into a chain of-deductive reasoning.  In geometry, for example,
it “looks as if" a straight line. which cuts one side of a triangle at
a point other than a vertex “must” also cut another side. This is
the sort of tacit assumption which Euclid or some of his modern
imitators might easily make. Tf it cannot be deduced from the
remaining postulates it should be put in plain view with them as
another postu ate. "

Let us dispose here of the tacitly assumed-sanctity and “neces-
sity” of Aristotle’s “laws of thought”--the three postulates of de-
ductive reasoning.  Since 1912 it has been suspected, ynd since xg_;@
it has been known, that the econd law' (excluded middle) is, not—-
necessary for consistent reasoning. _

Now, it may be objected that this pitch of precision is beyond
the capacity of adolescents. If that is indeed so, is the a.ternative
to drill them in “reasoning” whichhis loose, if not entirely nonsensi-
cal, from start to finish? As a matter of fact, young people can
‘easily be encouraged to turn their natural tendency to criticize
evervthing and everybody into a most invigorating destkuctive-
+ camstructive criticism of alleged demonstrations in  elementary
> geometry. Encourage them to do everything in their power to

catch the author or the teacher slipping into an assumption which

. “has not been stated .explicitly as a postulate, and they will soon

eniter into the fascinating game of close deductive reasoning.  Many
of the tacit assumptions detected by beginners will be legitimate
‘. ones. but they must be disposed of by direct deduction from the
v postulates or by reference to a previously proved theorem, and not
by dogmatic appeal to any book.  On the other hand, some of the
most vicious assumptions may escape the notice of all except the

rarely gifted reasoners. '

The game need not begin in all its severity at once -that is a
matter for the practical teacher to decide. But unless a student
catches a glimpse of the real.game he ix perhaps blindly attempting

' to play. before the end of hix first year in geometry, it were better
for him that he had never begun, and better for his teacher that
4 milistone had been hune about his neck ared he had heen cast
into the middle of the sea. For what mizht have been developed
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into a clear thinker in all probability will have beén debased for
life into a tipplet of patent medicines and a believer in all the
quack creeds and popular sciences that keep fakirs fat and pros- .

perous.
From the forégoing sketch of the nature of a mathematical sys-
¢ ' tem emerges the distinguishing feature of any such system, which

is paradoxically stated in Bertrand Russell’s epigram, “Mathemat-
ics is the science in .which we never know'what we are talking
about nor whether what we say is true.” The pestulates from which
evérything starts are assuined to be true; to ask whether they are
SMreally” true is to ask a question which is wholly irrelevant to the
mathematics of the situation. The deductions from the postulates
have the same “truth value” as the postulates themselves.
Although Russell's remark may tend to overemphasize the view
of the older British school that mathematics is identical with logic
.~ a view which, outside of Great Britain, is now generally regarded
. as untenable—it does call attention to a distinction between mathe-
niatics and what is sometimes called “applied mathematics.” To
see this, consider the statement often seen in elementary texts that
the @, b, ¢, . .., x, % z, of algebra represent “numbers.” This
statement is sheer nonsense. The letters are mere undefined marks
or “elements’ about whith certain postulates are made. - The non-
sensical statement may, equally nonsensically, be taken as a defini-
tion of “numbers,” To do so is to take unwarranted liberties witk
language. The very point of elementary algebra is simply that it is
abstract, that is, devoid of any meaning beyond the formal conse-
quences of the postulates laid down for the marks.  Some of ele-
mentary algebra is true when interpreted in terms of rational num-
bers: some of it is false for these same numbers; for example, the
statement (which might be taken as a postulate in a first. course)
that every equation has a root. J'ut we miss the whole point of
_aluebra if we insist on any particular interpretation. Algebra stands
upon its own feet as a “hypothetico-deductive system.” An inter-
pretation of the abstract system is an application.
Objection may be raised, of course. to any such clear conception
of algebra for beginners. But until the student of algebra realizes .
this conception or its equivalent- as he may easily do after eight
months of a first course - he has learned no alzebra at all, and to
say that he has is simply a gross misstatement of fact. Either we
should admit frankly that we are presenting nothing but the mathe-

~
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matxcalb prehistoric and erroneos ideas of the eighteenth century
on what algebra is, or we should stop - pretenqu to give the stu-
dents anything. approaching a modern point of view when we are
doing nothing of the kind. Would. the electricity and magnetism
of 1776, for example, be considered as sufficient as the patriotism
of that date for boys and girls about to face the world of the twen-

tieth century? If not, why should the mathematics? ATmirm ideas

are no harder to grasp or to present than are the discarded notions
of a century ar more ago. '

An example. Geometry is considerably more complicated struc-
turally than algebra. Hilbert’s pdstulates for geometry, one of the
best sets extant, number twenty, while some sets of postulates for
algebra contain as few as five; one useful set contains twelve. .To
illustrate what has been said about mathematical systems we shall
glance at an elegunt set of seven postulates for common algebra,

from E. V. Huntington (Transactions of the American Mathemot-

ical ‘Society, vol. 4, 1903, pp. 31-37). - The system defined by these
postulates is usually called a field,.and is identical, abstractly, with
common, rational algebra, What follows is a paraphrase of parts
of Huntington's paper.
> The fundamental concept involved is that of a class in which two
rules of combination (or operations), denoted by ®, © are defined.
Elements (members, not further defined) of-the class wiil be de-
noted by small italic letters a, ', ¢, . ... The sense in which
®, O are “defined” is as follows: if a. b are elements of the class,
not necessarily distinct, then ¢ © b and ¢ © b are uniquely known
elements of the class. This is sometimes expressed as “the class ix
closed under the operation @, ©." Neither ¢ © b nor a © b be-
longs to the class unless so stated o.\'plicit]y. These remarks are
merely by way of preliminary exphlination: the postulutes follow,

Postulate A1, 1 a, b and b © a’belong to the class, thena © &
=b < a, ) -

Postulate A2, M a,b,c,a ® b, 60O canda © (b 2 ¢) belong to
the class, then (¢ OB O c=a @ (b O ). i

Postulate 43, For every two elementse and b (¢ -- bora @ ),

there is an element x such that ¢ © v== b, .
Postulate M1, ‘1f a, b and b © a belong to the class, then ¢ O &
=bh 0O a.

Postulate M2, Mfa, b.c,a® b, b O canda & (b f_-_\ ) belong
to the class, then (¢ © 0) O ¢c==ad O (b O ).
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Postulate M3. For every two elements a, b (¢« = bora * b),
providleda ® a + aand b ® b + b, there is an element y such that
a® y==b.

Postulate D, lf a,b,¢,6 ®c,a ® b,a © ¢ and (¢ O b) &

(@ O ¢) belong to the class, then ¢ © (b EB )= (a © b) @

(¢ © c).

The unusual @, © instead of the famthar +, X are used to
prevent any possible misconception that we are talking about num-
bers as in arithmetic. We are not; the “marks” or undefined ele-
mentsa, b, ¢, .. ., are marks and nothing more, and the seven postu-
lates state evervthing that we are assuming about these marks and
@, ©. May it be emphasized once more, even at the risk of being
tedious, that the word “law” occurs nowhere in the precedmg set?
There are no laws in algebra; there are postulates which we lay
down. Thus, if anyone wishes to name A 7, he may call it the “com-
mutative postulate” for @ ; he should not call it the “commutative
law"” unless he wishes to date himself in the hoop skirt and beaver
hat era.

Where did these mysterious postulates come from?’ _Heaven,
some will say, and more will think. Deferring any attempt at a
more sensible answer, let us stick to the facts and tell the truth:
they came out of Professor Huntington's paper. “Yes,” some in-
corrigible mystic may agree, “but where did he get them?" As he
does not say, and as it is not ethical in mathematical research to
take other men’s ideas without acknowledgment, we are driven to
the conclusion that he made them up. And that is precisely wiat
he did. There are at least a dozcir other sets of postulates, qui‘e
different looking from this set of seven, which define exactly the
same mathematical system. namely a field. If the reader cares to
inspect another set, he will find one by L. E. Dickson containing
nine postulates in the same volume as Huntington's set of seven
(pp. 13-20).

It is easy to see, as already suggested, that these postulates define
common school algebra (including the ban against attempting to
divide by zero) up to the point where radicals are introduced: Sets
of postulates for radicals (or irrational operations) are also easily
manufactured, but there is no need to go into that here.  Perhaps
the complete freedom, the arbitrariness of what we are doing will
be more obvious when we realize that the zeven postulates are inde-
prndent of one anothey. That is, it is possible to exhibit a system

s
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which does not satisfy any- particular one of the seven postulates,
but which’does satisfy the remaining six. The reader may easily
verify that the set of all positive rational numbers with ¢ @ &,
a ©'b now defined to mean (or to be) b and ab tespectively, that is,
a ® b=2>5 and a © b= ab, satisfies all the postulates except
Ar. In the same way, a system satisfying all except Af: is the
system of all integral numbers with ¢ ® b=¢a + b and ¢ © b
= b, A system which satisfies all except D is the system of all in-
tegral numbers witha ® b =a 4+ bandu © b = a +b. Instances
of the remaining systems required to prove the independence are
left to the ingenuity of the reader.

There is sometimes a tendency to think of algebra as “infinite”;
we can always go on _writing down letters or marks and combining.

them with what we already have. Indeed if we start with arbitrary
(undefined) @, b, ¢, . . . , we get a D a, a® a D a, and so on, no
one of which is identical with any other mark. But a particular
field, that is, a particular instance of a system satisfying the postu-
lates of common algebra, does not have to be infinite. .Any set of
» objects can be made a field by proper choice of particular defini-
tions for the general or abstract ®, © occurring in the postulate
system. For example, taking » = 4, we adapt the following from
Huntington’s paper:

o | ! z o b ¢ o | z a b ¢
: ’ s d b c Tz ! c z s &
| !
a ! d : ¢ b ] | : d b <
I |
1
b b < : ] b ! : b ¢ a
¢ ¢ b d : c i s ¢ a b

Here the first table statesthat e @ b=c¢. 6 © c=0a. ¢ © ¢ =2;
the second that 6 © b =c¢. ¢ ® b =g, etc. It is an interesting ex-
ercise to verify the seven postulates for this jinite field of four
elements,

Attentive study of the set of seven postulates and experiment,

with them will be incomparably more illuminating than pages of
explanation of the meaning of algebra, so we shall pass on to some-
thing else. A geometrical masterpiece of the postulational method
will be found in Hilbert's Foundations of Grometry (1899, seventh
edition, considerably augmented, 1930).

AN
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The Greek tradition. The search for ultimate truths in mathe-
matics is as futile as it is in science. Although mathematical
theories or systems do not experience fundamental revolutions with
anything approaching the frequency of the like in the physical sci- -
ences, nevertheless they do experience such revolutions. Perhaps
“revolution” is not the right word in either case. In mathematics
broader points of wview are constantly being acquired, and what
once seemed to be an isolated set of theorems is included as a mere
detail in the more inclusive outlook. In physics a hypothesis is
*patched till there is more patch than hypothesis, ‘when the whole
is thrown away, except possibly the dead language in which the
outworn hypothesis was described. Even today some physicis's

—  find it conv enient to speak of strains and stresses in the nonexistunt
ether which many of them once. believed in as anything from an,
elastic wax to a subtile gas. Mistakes in mathematics have been

made and believed in for generations: so gibes at scientists by
self-righteous mathematicians come with an ill grace. The fact
that' mathematics does at least grow conunuously and at a terrific
rate is sufficient evidence that it evolves and is not the static, life-
less idol of uninteresting perfection that many believe it to be.

Anyone who teaches mathematics, who uses it, or who attempts
to advance it either pedagogically or scientifically, will do well to
keep in mind that the golden age of mathematics begzan in the nine-
teenth century, and not in Greece or in the Europe of the post-
Renaizsance period. Vastly more was accomplished in that one
century than in the whole of preceding history. The first steps were
of course slow and powb]y more difficult tLan the achievement of
the great century, but it is a mistake to suppose that no pioneering
as bold as any of thut of the old niasters was done from 1800 to
1030. Does it not seem rather a pity and rather inexcusable stu-
pidity that this golden age of the moderh maturity of mathematics
as a science has left only inappreciable traces on the teaching of
elementary mathematics ?

The sciences holdly present to boumnon in the subject some of
what they have discovered that is new, interesting, and useful.
Mathematics might easily lead them all. Why, then, does mathe-
matics stumble along in the rear, falline over its ridiculons tog or
whatever the absurd garment was that the Greeks favored to
prevent them using their legs?  Are we everlastinzly to have “our
debt to Greeee™ dinned into our cars and do nothing to discharge it
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“\once for all and forget it? +s long gs we continue to believe that
the only way of mastering elementary mathematics is to follow
the historical tradition we shall exhibit in our teaching and in our
thinking the recapitulation theory and fail to get beyond the hairy
ape stage of rational evolution.

If these remarks seem too strong, we need but reflect on the
months of wasted effort that go into the mastering of numerous
trivial and utterly’ useless theorems in elementary geometry, in
the alleged cause of training in deductive reasoning. By the age
of sixteen any intelligent boy should be well started toward a
working knowledge of the calculus. T hat may be of some use
to him: fallacious “proofs” that twe planes determine a straight
line will be of no use whatever to him or to anyone else. And what
could be a sillier waste of time than mastering a Greek proof that
the circumference of a circle is a constant times the diaméter?
Why not begin’to learn directly how mudern human beings do these
things? As the author of Calculus Made Easy put it in his slogan,
“\What one fool can do another can.” And we might remember that
few young people of sixteen are the fools some older people of
thirty to sixty imagine them to be. They are young, their minds
are fresh, their taste is too keen for stale tradition. They have
the capacity to learn provided we have the knowledge and the
capacity to teach. The new, the living thing is no more difficult
than is the old and dead. It is certiinly less repugnant to young
minds.

Mathematical iavention. Picking up a remark dropped in the
last section before our dislike of dead traditions ran away with
our discretion, let us try to see how mathematics continually sur-
passes itself. Incidentally we shall see at least one origin of mathe-
matical systems. This in turn may suggest why mathematics is
useful in some of the sciences.

The evolution of the theoretical part of a physical science closely
_parallels that of a mathematicai system. A very brief summary of
certain features in the development of theoretical mechanics, elec-
trodynamics, and the quantu:a tneory will cuffice to bring out the
relevant details.

From the first crude attempts of the piorcers to analyze the
motions of material bodies evolved the mystically anthrepomorphic
notion of “force.” Galileo and Newton brought this phase to fair
perfection in the statement of the, three “laws” of motion. As
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these laws provide an excellent example of loose definition, let us
recall them. First it is necessary to “define” time and matter.
Time, according to Newton, is “that which flows evenly”—a :trlctly
meaningless phrase, hecauee it involves ap infinite regress in the
notion of “tlow™ which is itself much later defined in terms of time.

_Matter is that which “occupies space.” Thus space for Newton had

N

an.existence independent of any matter which might or might not

“occupy” it. Both definitions are “intuitively correct” abstractions
of human experience which we feel to be sensible and correct ideal-
izatio:» of what we observe. But neither definition defines any-
thing: nor will eithet bear even a superficial analysis. Both belong
to an outmoded way of thinking, .

The three “laws” of motion presuppose a clear perception of the
space, time, and matter involved in these definitions which do not
define. They also -presuppose a knowledge of what motion is.
Motion, in Newtonian mechanics, is “rate of change of pmition ”
and h measured, if uniform, by the .number of units of “space”
passedl over in a unit of “time.” Is it any wonder that some physi-
cists have an ineradicable dislike for “definitions™?

The three “laws™ can now be stated. (1) Every body will con-
tinue in its state of rest or of uniform motion in a straight line ex-
cept in so far as it is compellet! to change that state by impressed
force. (2) Rate of change of momentum is proportional to the im-
pressed force and takes place in the direction in which the force
acts.  (3) Action and reaction are equal and opposite.

In (2), momentum is defined as the number of units of “mass”
in a body multiplied by the number of units of velocity in its veloc-
ity. “Mass™ is the “amount of matter” in a body.  Although it
may seem incredible to some that human beings could ever have
imagined that the above statements of these laws mean anything,
everyone wil! recognize that they do give an intelligible picture of
human expe..ences,  The enormous amount of dead literature on
the interpretiation of these laws is one los controversy over the
nonexistent “meaning” of the “laws.”

In & modern treatment the valuable part of this anthropomorphic
levislation of natural phenomena is retained : the laws are accepted
as ahighly idealized summiary of certain simple facts of observation.
This establishes the contact betwren the deductions from che Laws
and experience.  But the statements of the “laws™ themselves are
shorn of their meaningless mysticism and are put in the form of
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definite, procise postulates to which deductive reasoning can he
applied. *“Masses™ are replaced by numerical constants which are
connected by clear-eut postulates with the undefined elemnents of
the system, namely “particles.” A particle has both mass and
“space-time position.” The latter is no mystical concept but is
merely a set of four numbers, x, v, z, ¢ arranged in a definite order,
say (x, v, z, t), which give the co-ordinates x, ¥, = of the pg’rticle,
with reference to some fixed set of axes, at the time / measured on
some standard clock. Instead of a circular or meaningless definition
of velocity, we now define velocity in a given direction, say that of
the v-axis, at a given instant ¢, as the derivative of x with respect
o ¢ evaluated for the value t, of t. This is a perfectly definite
mathematical idea. Similarly for all the other mystical notions
occurring in the expression of the ~laws.” Finally, these “laws”
are restated in precise mathematical form as postulates. The last
trace of anthropomorphism and supernaturalism has been sponged
from the slate, and we can proceed to apply strict deductive rea-
soning to this set of three nonmystical postulates of clementary
mechunics.  We have passed from the idealization of experience
to a mathematical system.  Should we continue, we should pres-
ently find it convenient to introduce further postulates (not “laws,”
for the hundredth time) ; for example, the conservation of energy,
as an extremely idealized abstraction and extrapolation of observa-
tion and laboratory experience. © -

The history of the classical electromagnctic theory has heen
similar but more condensed.  ‘The theory of the electromagnetic field
is summarized in Maxwell’s equations.  In texthooks which are
still widely used, elaborate alleged deductions of these equations
from hypatheses which are assumed to be closer to experience than
the simple equations themselves are given. with the avowed inten-
tion of clarifying their physical meaning.  These deductions are
cluttered with historical material that iz no longer useful or even
meaningful, precisely as parts of elementary geometry are clogged
and stitled by useless traditions, A modern presentation of the
electromagnetic theory acknowledges from the heginning that sup-
posed “deductions™ of Naxwell's equations are either circular or
fallacious, and holdlv states the cquation: as postudetes Grin!)
from which the mathematical theory of the field is to he deduced.

In the modern quantum theory the transition from mystical and
unnecessiary hypotheses to the mathematical system was even more
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rapid-and direct. The equations of Dirac, say, instead of being
“justified” by a nonsensical argument which could juetlfy nothing,
are laid down as postulates of the theory at once.

These three examples illustrate the accelerated speed with v»hlch
the modern point of view has penetrated scientific thought, To
modernize our attitude toward mechanics took all of two centuries;
electromagnetism about seventy years; the quantum theory about
six years. If the penetration of the modern attack has done noth-
ing else, it has at least rid science of the pernicious supernatu-
ralism inherent in the word “law"” as applied to science. Reputable
science no longer has “laws”; it has instead postulates and hypothe-
ses, The postulates are qelected to suit the convenience of the
moment, and any or all may be modified or rejected ¢t a moment’s
notice to accord with growing knowledge of physical facts. Simi--
larly for hypotheses and the mathematical systems--“theories” —
constructed upon them. All this emphasizes again the purely hu-
rnan grigin of postulates, hypotheses, and mathematical systems.
The laying down of postulatgs in science is a purely human activity,
and-likewise for the rest.

In one respect a scientific theory differs markedly from a mathe-
matical system. From what preced: it is seen that the framework
at least of a physical theory of the kind discussed is a mathemat-
ical system. The abstract mathematics when developed frequently
leads to predictions of ﬁnexpected physical phenomena. When
these are sousht and found experimentally, the theory is said to
have checked with observation. But if the theory predicts phe:
nomena which conflict with experiment, it must be eitheg modi-
fied (in its initial postulates, as a yule), or discarded. Now, al-
though the, physical theory has failed, the mathematical system
embodying the theory has not;.it is in fact precisely what it was
before, a set of deductions from postulates expressed in mathemati-
cal form whose agreement or disagreement with physical fact is
wholly irrelevant to the consistency of the system,

How is it with mathematical postulates and the systems deduced
from them? As for the physical theory, the postulates may have
been suggested by induction and idealization from. ohservation.
This view is held by some to explain Fuclids mysterious deflnitions
of point and straight line. The supposed process is so'g@miliar that
it need not be described here. But, precizely as with the “laws”
of motion, no progress in deductive reazoning can be made about
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“points” and “lines” until postulates free of all appeal to physical
“experience” are laid down. And who does this?  We ourselves.
Let us get it out of our heads once and for all that the postulates
of geometry were inspired by some superhuman entity called Eter-
nal Truth existing forever above and beyvond our poor human efforts
to creats jt. We do as we please about *‘truth,” making our own
nmathematical postulates and agreeing to use a particular set of
rules, called the postulates of logic, to deduce consequences from
our freely created postulates. If the scientists of the eighteenth
and early nineteenth centuries had but realized that their postulates
were that and nothing more -not imposed from without by some
mysterious lawgiver, they might have written more sensibly than
some of them did. The “given laws” of the universe which they
imagined they were “discovering” were their own creations in at-

" tempts to corelate their experiences in convenient, usable forms

O

of abstract reference. With the conception of science as a social
activity of human beings instead of a supernatural necessity to
guide them, they would not have been half so disturbed as they
were when new experiences toppled one after another of their
“eternal verities” and “supreme laws” into the ditch,

Geometry has had the same experience.  We shall glunce at this
immediately. But first let us try to realize that the traditional anti-
human theory of the superhuman-quality of the “truth™ resident
in mathematical systems is still widely held by mystics and by
some mathematicians who find the history of their subject incom-
prehensible. What, if anything, is wrong with adhering to this
particular superstition?  Nothing mueh, perhaps, except that the
irrational believer is likely to come an awful cropper tomorrow
or the day after when some researching mathematician shows that
a particutiar pet “necessary truth” is certainly not necessary and
is only nonsen~ically “true.”

The classic instanee is that of the invention in 1826 of non-
Fuclidean geometry by Lobatchewsky,  There i no need to go
into the familinr story in detail. By denving the truth of Fuclid's
parallel postulate, which had been accepted as an caxiom™ of
Cspace” in the most vicious dictionary sense of hoth much-abused
words, Lobatchewsky invented a perfectly consistent geametry
which was adequate for any purpose to which Fuclid's sv<tem had
been put. ‘That was but the beginning,  Since 1926 innumerable
useful geometries have been invented by mathematicians<, either 1o
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serve definite scientific or mathematical p'ur'poses, merely or for pure
whim. ' )

The same story was repeated on an even more extensive scale
din algebra, analysis, and the theory of numbers. These matters are
familiar to anyone who has had a college course in mathematics;
so we may pass on to the moral of it all. _

It will be noticed that the word “discover” has been studiously -
avoided in favor of “invent.’”” Did Lobatchewsky discover his non-
Euclidean geometry, or ‘did he invent it? You can get either an--
swer. If “discover” is right or convincing to you, then you believe
that there is some sort of fairyland, just as Plato did, where all the
theorems of all the mathematics of the year sooo A.p. are now (and
forevermore) hanging like dolls, fire engines, scooters, and replicas

"of Mickey and Minnie on the unaging Christmas tree of Absolute

and Eternal?Truth. Step right up, little one, and get the nice
shiny theorem which Papa Santa Claus has been reserving for you
since ages_and ages before the last of the dinosaurs curled up in
the mud and smothered to death., Teacher will be delighted to
see it, and you may get an . on your term examination paper. If
vou believe any of this, no one on earth can prove that vou are
believing in something that dnes not exist, All that anyone can
do is to point out that vou nre making use of a postufate which
will not help sour mathematics a bit. and possibly suggest that
what vou really need iz a close shave with Occam’s razor. But if
on the other hand you Dbelieve that Lobatchewsky invented his
geometry, and Euclid invented his, you are not likely to believe that
Mr. Henry Ford's ingenious mechanics pick their fivvers off Christ
mas trees,  They don't,  Still, the mystics maintain that they do.
Whao is right?  Is anybody?  Possibly the question is meaningless.
But it seems mote economical to avoid useless postulates,

Even heginners get a sense of creative power out of simple ex-
ercises  such as <ame af those reprodueed in gonnection with the
postulates for a field  when encouraged to manufacture their own
mathenutical systems, The lesson to be learned from all such
exercises i~ that mathematics is a social activity, a creation of hu-
man beines for their owne needs from the practical to the aesthetic,
ad not adull tvranny impoed upon them. Nathing foroes us to
create mathenutical svstemis; we do it because we like to do it
and because we have found it both useful and amusing to muathe-
maticize our outlook on the universe,
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.Mathematics applied. Many of thosé who are most voul'erou» in
their mistaken dogma that the only social or educational value of
mathematics is its use as g “tool” never even saw mathematics
used as a tool for anything more difficult than what a moronic
mechanic could do with his thumb. They overlook the fact that ‘
there are too many rule-of-thumb mechanics, plasterers, paper- N
hangers, plumbers, surveyors, and engineers (as well as many first-
class men in all of these activities) all unemployed In their blind
enthusiasm for the idiotically impractical they continue to demand
that the schools shall produce more of the same. The occupational
absorption of the semicompetent probably passed its peak twelve
years ago. If the “tool” enthusiasts would catch up with the times
and acquaint themselves' with some of the enterprises in which a
mathematical training is a prerequisite to reasonable technical skill,
we might hear léss emphasis being hammered on poor old antiques
—like the solution of triangles--that went out.of date in practical
technology a generation or more ago. Instead of* wasting weeks
acquiring an old-fashioned skill in some trade or technique that
was in vogue in the days of the stage coach or-early railroading,
. the student might use his preciouys time in beginning to learn some
mathematics that is likely to he of use to him in this decade and .
the next. The old techniques are all reduced to rules of thumb -
as they should be--to-make time for something more vital. Let
some enthusiast for everlasting drill on solving triangles -useiul
enough nc’rhups to our grandfathers -by the texthook methods try
to hold down'a job in a modern engincering oftice.  The moment
he reaches Tur his logarithmic tables  perhaps even his antiquated
slide rule - -the scandalized boss will tire him on the spot, \Luhmcs
have. rightly. replaced brains where brains ace unnecessary,

The real uses of mathematics are not in any of this prehistoric
stuft. If we must harp on the utility of mathematics in our rapidly
changing society, let us try to show that mathemathes is useful
indeed indispensable in vast regions of human activity, which are
of more vital interest to our race today than all the bookkeeping,
surveving, navigating, crude “practical” engineering, and the, rest
of the paraphernalia that were so dear to the pedagogues of "the
Muddled Awes preceding the fast scientitic and industrial re wvolution

the one we are enjoying now. “
The practical use of mathematics isin its applications to science. N
In the physical sciences mathematics s as indispensable as lan- T
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guage, In the life sciences, including parts of p\ycholo 1y, it is also
indispensable though of less fiequent occurrence, It is part of a
modern teacher’s duty (it seems to me) to make, himself acquainted
with some of the ‘definite, living uses of the mathcnmtlcs he pro-
fesses to impart. A boy or ;.,1rl growing up today in Victorian
iunorance of the part played by science in modern civilization is
about as competent to Yace life in a highly “scientific” civilization
as a dirt-eating Indian. And ni”;cal comprehension of the rudi-
ments oi elementary science is- pO\sll)le witho. a fair working
knowledge ‘of the calculys. If Europgan boys and girls carf get at

the calculus by the age of sixteen, why carfnot American? _Surely .~

the answer is not that our own children are stupider than .our
neighbors’. ., ' '

Last, of the strictly “practical d})pll(&tl(‘)lh of very simple mathe-
matjcs, we may mention what is called “The Mithematics of In-
vestment.,” Three months of that will not convert any young lamb
into a predatory stock gambler, but it will go a long way toward
preventing him from surrendering his fle¢ce to the first stock dr
hond salexman who tells him he has nice soft ‘\nnl With a few
of the elementary principles of simple and compound ipterest under
his thatch he need fear no Big Bad Wolf. B

lhc re is, hm\m or, another dlrcctlon m v.hmh nnthvnuuus can

hreadsand-butter upplicutluns. Educators are among th’ 5S¢ who
advocate most loudly a proper training to enable human peings to

trained reason may not too extravasantly, be proposed as an anti-
dote against the boredom of eternal stupid games.” The exercise of
whitt intellivence and reasoning power we mu’y have iaa more du-
riable form of entertainment than any of the tedious subktitutes for
thinking which have been invented as time- l\hl/lrr‘/

Only those who are themselves intoler: thiy dull really helieve that
the avercee hoy or girl must everlustinzly he doinggomething with
a4 hadl or @ deck of cards to fight off ennai. A hint of  he unknown,
of the unaccomplizhed, will enziage any normal group in eager dis-
cti=~lon and constructive efiort,  Only dolts are devoid of intel-
lectual curiosity,

The natural thirst for nﬂur al l\nn\\lml”v can be encouraged into
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a lifelong taste. This thirst is waiting to be capitalized into a
social -asset by g. more vital training in elementary mathematics
than that which is now olfered to boys and girls of twelve to seven-
teen or eighteen. Without a working knowledge of the elements
of the calculus the seals of the great books of physical science
must forever be unbroken to those who would try to catch a glimpse
of what modern thought imagines the universe to be. A\ good start
is all the formal instruction necéssary. That and an awakened

curiosity should suffice to master the competent expositions that a .

more interested generation will undoubtedly demand. - But even if
this anuch should be teo utopian for the immediate present, there
is no reason whatever for allowing generation after generation of
school children to finish their education .ignorant of what mathe-
matics is and almost wholly uncritical of arguments presented m
the form of deductive rca>onma

‘to sum it ail up: theé future functior of an elementary mathe-
matical education shoul(l b to ﬁt minds to the sc1ent1ﬁc twentieth
century. g

Modest proposals. Although it may be outside the topic \\hlch
wis assigned to me, 1 should like to make four concrete propos:ls
in the form of suggestions for a definite program to revise elemen-
tary instruction in mathematics. Dean Swift, it will be remem-

bered, once maede a nodest propnsal” to relieve the Irish famine.

O

Aruitoxt provided by Eic:

ERIC

o

Swift failed tq relieve anything but his own “savaue in(li"nation
because his thick-headed superiors thought he was (‘nl\ joking,
They laughed at his macabre joke and let the Frish keep on starv-
ing.  To prevent a similar misunderstanding, 1 emphasize that
althouzh my own modest proposals may seem fantastically utopian

in the present state of muthematical education in " Xmerica. I mean

every word of them.  Further, T see no grest merit in always patting
ourzelves on the back for the excellent job we. are already doing in
secondary mathemat’cal education when a little extra effort and a
little. more ambition weuld make it a very much better job. Here
are the proposals,
Muake it ruinously unprofitable for cuthors to write antu]zul!rl
texthooks and for publishers to produce them.
o accomplish this T suggest the next two measures, the first of
which is destructive. the sccond, constructive.
See that the professional journals of secondary ediucation in
mathematics obtain and print thoroughly competent and foarleizly

o~
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critical reviewes of all mathematical texts at present used in the
schools and of all new texts as they appear. '

For example, if a new geometry appears, let tlw first twenty
propositions (usually the first four will suftice) be analyzed. If a .
single unstated assumption is usc(f'in any proof, the buok should be
forthwith banned or'revised. A modern treatment or none, of both
algebra and,geometry, is what the student of today needs.

3. Let a large number of both the younger and the more m[nr:-
enced teachers of elementary mathemuatics take it upon themselves
to produce fextbooks which will mect the demands of strict deduc-" .
tive reasoning (in addition, of tourse, to the necessary formal tech-

e QU UE ),
This might be auomphshed by mgre teachers av mlm" themselves
during their-summer vacations of the opportunities provided in they
' departments of mathematics of the larger universities.for becoming
thoroughly familiar with modern presentations cofo elementary
mathematics. I have no doubt that most of the progressive depart-
ments of mathematics in the country would be glad o co- operate.
Aim at a working knowledee of the calculus as the Crown of
a suomlur\' School education in malkematics,

—
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THE CONTRIBUTION OFJMATHEMATICS
TO CIVILIZATION

ts

By DAVID EUGENE SMITH, Pu.D., D.Sc, LL.D.

Teachers College, Columbia Universily

The landscape. 1f we seek a peint from which to view the broad
landscane which we term civilization we pay proceed by divers
paths. The one most readily found and with the easiest gradient
leads us to the spot from which we see first of all that region which
concerns the #fairs of daily life—matters of trade, of finance, of
profit, of loss, and all that ‘concerns this mdchine age which is
overwhelming us with Social problems which we strive. often with
discouraging results, to solve. Whether or not this region is part
of the landscape we wish to see depends upon our definition of
civilization. To it, however, Mathematics makes contributions so
evident that we need hardly consider them. If we imagine, for a
moment, what would happen tomorrow if every strace of mathe-
matics were. ba,rr_'iished tonight from the region of commerce, ofr .
transportation, and of daily life in general, the picture would be
that of a desert of starving humanity: no medium of exchange, no
buying the needs of life, no measuring of time or of objects, 20
machinery for light or heat, no transportation, not even the sim-
plest barter that required counting. The picture is too impossible
for us to conceive, save in some such slight degree, ,

A second way of approach may be the one leading to a point
from which we view the domain of the sciences, This is the more
interesting, for the picture is more. rapidly changing, science being
forever new. With the included region of applicitions the changes
come not merely vear by year, but day by day and hour by hqur.
Compared with the progress of science, the affairs of daily life
.seem stagnant except as they lay under contribution its applica-
tions. Such applications. are seen in our means of communicition

by travel, by the printing press. by electricity, and by radio
waves  and are also seen in the conveniences of the modern home,

It ix an casy matter to show how far-reaching is the influence of
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wathematics upon such subjects as physics, astronomy, map draw-

ing, insurance, biology, and most of the other branches of human
knowledge, A glance at a standard treatise upon any one of them

«ithove the schoolbook class will show how inNebted each is to
. mathematics, advanced as well as elementary. The landscape seen
from this point of view is one of grandeur; and to it we shall return.
A third route leads to the point of view from which to see con:
tributions of Mathematics to the forming of the minds of rhen.—
the acquisition of habi‘s of thinking such as geometry may culti-
vate, and the consideration of what Professor C. J. Keyser has
called “the value of rigorous thinking.” From this point we sece
N tirst of all the region of psychology in which we consider the culti-
vatiori of habits which transfer to related fields of mental activity.
" The view is enticing, the more so because the path is over a rocky
road and a long one. It is gne to be taken by that rather unusual
. being who makes of philosophy soniething Dbesides mere words —
the vhan who has the genius of originality and the power of lucid
. _expression.

Thdre is also a fourth route to the peint we seck.  As we make

ascent we may consider the mweanings of the words “Mathematics” -

*and “Civilization.” l«‘af]ing to define them satisfactorily, we may
attempt to explain them sufficiently for our purposes. We may
even branch off to the points of view to which the other routes have
led, finally reaching the one where we can see the landscape at its
hest and with the widest sweep of vision.

The meaning of maihematics. In the first place we should natu-
rally wish to define our leading terms, Mathematics «ind Civiliza-
tion, for upon these definitions depends the spirit in which we
view the landscape. We shall not succeed in our attempt, how-
ever, for the first ‘'of the terms changes from time to time, and
the second changes from place to place as well.

To illustrate one of the difficulties of definition -until about the
vear 1500 music had been, for two thousand years at least, classed
as one of the branches of nuthematics, o 1d the influence of music
upon civilization has been very great. With the coming of the
Fra of Leisure, if such an era really develops, it will be even
areater than ever before. When we consider the intere~t shown
in the mathematics of music! by such scholars as Pyvthacoras,

“See Archibikl, R C, o Mathemadicans and Mu-ic,™ merican Mathematiowd
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Philolaus, Aristoxencus, and Ptolenly among the Greeks: Boetius® -

at the close of ‘the ancient Roman period : mathematicians of' the
Renaissance period and later, like Mersenne, Grammateus, Stevin,
Huygens, _lacqu%‘évre (Faber stapulensis), Euler, and Johann
Heinrich Lambert, Mot to speak of the interest 'in mathematics
shawn by musicians, we can see the probable development, in the

. future, o1 a still closer union of the.two branchek of knowledge. -

The contribution ‘of mathematics to civilization will then have a
new, or at least a more modern, meaning. .

To say that mathematics is far-reaching in this special field of
the tine arts does not, however, help us in our definition of ihe sub-
ject: nor shall we be assisted hy the fact that what we in the
English-speaking world call “Arithmetic™ was practicaily never con:
sidered a part of mathematics until about the beginning of the
seventeenth century. Before that time such branches as “profit and
loss,” partnership, and the computation of interest were not €on-
sidered as divisions of the subject; nor were the “four fundamental
operations” generally so classed.  Arithmetic wus then the theory
of numbers;-primes. roots, series, and the various properties of
numbers. The name “Arithmetic™ began to be applied to computa-
tion simply to add a supposed dignity to what had been the train-
ing of a\merchant's apprentice.  We have a similar and rather
ridiculousd movement at the present time in the effort to apply
~Research” to all kinds of merely mechanical study. even down in
the primary school. In the seventeenth century the effort to
adopt the scientific term by the elementary school succeeded, the

“old *Arithmetic” being then chaneged to the *Theory of Numbers.”

Probably- “Research” will have a similar fate, some other term
heing invented to take its proper place.

Apparently, therefore, we shall have to admit that “NMathematics”
i< a kind of indefinable term, like “space,” “angle.” ~plane” and
~time.” We may ¢xplain the term with a certain dearce of suce-
ces<. but we have no good definition for it We mizht ~ayv that
it is a Lbranch of legic based upon certain assumptions which may
or nuy not be true and which relate to certain imazined thinas
which we call points. lines. phines, solids. and anade<s which we
also cannot satizfactorily define,  What we then wish to know is
Ver-i's NNNTI 1230 Barbour, JoM L The Par - deme of the Pohzorcan Tune
ine Sy tenn T Sepepta Mothemeetio 1) 23020y

- Or Dovthwas, Dre in tituiione munica.
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its influence upon “Clivilization™ -a term which is equally impossi-
ble of satisfactory definition. For the mythical “man in the street”
it may-be sufficient to say that Mathematics is the thing which
contains such other things as arithmetic, algebra, geometry,
trigonometry, and their offspring in college and university courses,

The meaning of civilization, We see that the meaning of “Mathe- _
matics™ is not easily stated, and it is evident that the word “Civil-
ization” is still more difficult. I have many times talked with
scholars of undoubted ability who do not think that the Westerne
World represents as high a degree of civilization as parts of the
Orient. "They point to our crime, our merciless wars, our litera-
ture, and our eternal seeking for wealth, comparing our lives with
those they live--their absence of nerve-racking business customs,
of salacious fiction, and of greed for money. ‘The contrast is not
always in our favor. If T should ask them about the influence of
Mathematics upon Civilization, the answer would be quite different
from any that we should be likely to get if we asked a Wall Street
brexer, an automobile manufacturer, or a professor of education in
some of our colleges. Their psychology is possibly not ouvrs: nor
are their ideals, their scholastic attainments, their use of leisure,
or their appreciation of the beautiful in architecture, in painting,
in music, or in any of the other fine arts, No one can live among
those who look down upon our civilization without realizing the
soundness of some of their views. They agree that we excel them
in certain comforts of living, in our science of sanitation, in our
efforts to better *he conditions of the poor. and in such things as
scientific agriculture, but they deny our superiority in the finer use
of the mind or in general happiness.

They would say that the influence of mathematics upon the
Westeon World relates solely to science. finance, the applications
of physics, astronomy. and the like.  This is not the case, but it
is what appears to many thoughtful men to be true. As to the
Orient, the influence relates to abstract values  the cultivation of
the habit of logical thinking and the explimation of the universe in
which we find ourselves  and relates less to the applications of our
scientific knowledge to industry,

Having now considered in a cursory fashion the complexity of
the problem. let us turn to some of the more obvions lines of inthy-
ence of an indefinable subject upon an indetinable condition of part
of the human race,

i
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The genesis. The contribution of Mathematics to Civilization be-
gan millions of years before Civilization was born. As soon as
the earth began to cool from its gaseous state and crystals ‘began
to form, mathematics began its contributions.” Moved by some
force similar to the habits of Wmen, similar to their inherited in-
stincts, similar to the fashions of the human race, these crystals
sassumed certain forms and seemingly passed them on to their
descendants, a kind of perpetual inheritance. Let us break, for a
moment, with the conventional treatment of our subject and look
at it from a point of view different from the one with which every
teacher is familiar. :

suill speaking figuratively. Quartz made up its mind to crystal-
lize in the form of a regular hexagonal prism, capped by a pyramid.
Calcite or Iceland spar decided on a rhomboidal solid with its
interfacial angle about 75°: Alum, Gold, and Magnetite selected
the octahedron: Salt and Fluorspar preferred the cube, and in sim-
ilar fashion other substances took on, in crystallizing, these or other
definite .zeometric forms.  Such substances lived their lives, again
speaking figuratively. arid passed on their habits to their descend-
ants: and many millions of years later humanity came and fol-
lowed the fashions which some unknown Power.—call it “Nature"
if vou wish -set in.an age so far removed from the present that
our minds are helpless when they attempt to grasp the length of
time which has since elapsed. Throughout these long reaches of
time all these crystals have obeyed the law that F 4V —= FE 4 2,
where the letters stand respectively for the number of faces, ver-
tices, and edges. The law may have been knowh to Archinedes
more than two thousand years ago: it was announced only three
centuries ago and was made generally understood by Fuler about
the middle of the eighteenth century: but it has existed for all time
because it is one of the eternal truths of geometry in the space in
which we speak of living.  The fashions of these crystals, and these
eternal laws. tixed long hefore the world's genesis, are followed
today in the arts of all ranks of civilization. The world seeks. as
it has alwavs sousht, geometric forms for its dress, its habitations,
and its decorations of rooms<, of gardens, and of its festive hoards.

When Job (xxxviih 22) asked, = Haso thou entered into the treas-
ure< of the snow ? or hast theu seen the treas<uares of the hail »™ he
must have felt the beauties of the cry<tals of the former, and of
those which the latter concealed,  Ever since civilization dawned,
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those who =aw the snow fall have felt with wonder the beauty of
its flakes, each built upon the same general plan but each varying
slightly in the minor decorations. We have no means of knowing
when the first siiow fell upon the earth, or who it was, millions of
vears later, who first noticed its symmetry or the fact that its foun-
dation is an equilateral triangle, or one such triangle superposed on

_another to form a regular hexagon. It was not until 1830 .that

Hessel proved that there are thirty-two types of symmetry possible
in crystals, perhaps 56,000,000 years after primitive man came upon
Earth, “Since 1885 the snow crystals have been systematically pho-
tographed. and out of 4,800 photomicrographs no two have been
found with what may be called precitely the same frills. There is
a rivaley in dress in the snowflake as well as in the dresses of our
day. This much is known--that the decorations of the snow vary
with the heizht of the clouds and the intensity of the cold.

To therartists of our civilization all this has an interest, and
likewise to our natural scientists. To our. mathematicians it -has
the added interest that the lines from the center to each vertex of -
the triangle are the graphs of the three cube roots of unity; that is,
L— 3+ 4 vz and =} = 1 /75 If the hexagonal form
is taken, the graphs are the six 6th roots of unity, *

‘The child playing with the kaleidoscope unconsciously studies the

. snow crystal as he watches the beautiful forms. -for the name of

Ris toy is made up of three Greek words meaning “beautiful.”
“form,” and “look.”  As he turns the eyvlinder he sces what Nature
doces, and he can make an almost endless series pictures, all based
upon the equilateral triangle, but all differing if slight details. To
his civilization gooé\wtric forms have made a fontribution.

The Ruce, too, has its childhood in its trivi:fl superstitions, and
it= imprisonment behind the walls of tradition. Perhaps Nature
has the =ame,  @uartz seems to .tart out with & desire to make a
perfect erystal: it ends with the recognition of a Yizht imperfection.
[t may cut off <ome of the angles, or its axis of s mmetry may not
be exact, There is nothing perfct in the Universe, When Moham-
medins build a me:que they purposely leave some slivht imperfec-
tien. “Gaod alone they say, “1s perfect.” They feel that it would
be zuerileze for man to attempt to make anvthing without a blem-
ish. Even their Korans, the most beautifully ang carcfully written
buoksin the world, seek to have a perfect text, hut in the letters
of the ceometric decorations there will necessarily be some imper-
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_fections which may be thought te show their reverence for the Per-

fect One, their Allah. .

It is not without value to speculate upon the reasons why the
grystals, in the eons of the early life of Earth, fisuratively speak-
ing, decided’ upon building their edifices in such fashion as to give
different rates.to lieat and electricity as the waves pass through
them, the rates varying according to the different directions which
they take. It is also interesting to consider why and how the
optical properties of crystals vary according to the substance. We
may say that all these idiosyncrasies are due to the way in which
the electrons, protons, neutrons, atoms, and electric waves arrange
themselves, but the original question simply gives place to an-
other: Why did these electrons and their relatives decide upon
these arrangements? This we cannot answer as we should wish,
We can simply say that Physics finds what is to be measured, for
example with respect to crystals. and Mathematics devises formulas
which state the law which is discovered. The two can combine
to give valuable results, and Commerce benefits by using these in
the verification of precious stones and the determiration of mineral
species.  Did Mathematics contri ute this inciden: in the structure
of Civilization, or was it Naturé? If the latter, what is Nature?
Is she the twin sister of Mathematics? The two seem closcly
linked, Cut through the seed bulb of the rose, or take a cross
section through the core of an apple, or study the web for which
the spider. spins the threads, or under a powerful microscope view
the geometric shapes of various bacilli.  Which contributes the
more to Civilization  Geometry or Nature? At any rate, Geometry
does not contribute disease germs as Nature often does.

Contributions in the early historic period. Leaving these specula-
tions about what we call the prehistoric period, concerning the
civilization of which our ideas are too cloudy to be called scientific,
let us consider the earliest written records which have as vet heen
revealed, ‘There are several regions which, if we were to proceed
with a view to scientific accuracy, should be studied with special
care, These are China. the earliest records of which are con-
fessedly of doubtful authenticity: India, of which the early chro-
nology is quite unknown; the lands overrun by the S§mvrian.\i‘, the
recent discoveries in which are opening a new vista! putting our
knowledue of aluehra, for example, back more than a thousand
(perhaps two thousand) years before Euclid's geometric treatment
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of the subject; and Egypt. in which new phases of the early history
are.even now Being revealed.

For our present purposes, however, it is 1mmaterzal whether our
civilization had its beginning in Central America, in India, in China,
in'Iraq, or in Egypt. What is concerned with our present interests
is the influence which mathematics had upon the early stages of
any of these civilizations./ When we attempt to weigh this influ-
ence we are confronted by the fact that the earliest written records
in every case show that the chief interests, aside from mere barter,
of the countries mentioned were based upon a study of time and the
heavens. This study involved extensive number systems, and the
angle measures required in their astronomical records.

Civilization has always sought for the meaning of the Universe,

" and to this search Mathematics has contributed throughout the
historic period at least. The primitive savage went to the “medi-
cine man,” the fakir, the fortune teller, the priest, the self-styled
prophet, the astrologer, the numerologist, and ]dter, as science
slowly replaced- superstition, to the astronomer, the physicist, the
physician, the chemist, and the natural scientists in general. In
the scientitic period. each of these authorities has come to the
mathematician for assistance, and it is from him that there has
come a new international written language of science—the algebraic
formula. In physics for example, we have coime to depend upon
formulas and their graphs as our most potent aids in thinking: and
through their manipulation by algebra, the discovery of new laws,

Instead of considering the early theories of the universe in de-

. tail, we may turn for a moment to the fascinating subject of the
/ Maya civilization on our own continent. © A German astronomer,
Protessor Henseling, has asserted that a study of the inscriptions,
especially at Copan and Naranjo, shows that more than 5,000 years
ago the knowledge of astronomy possessed by the Mavah scholars
wis much superior to that of any other people in the world, In-
deed, he contends that the inscriptions reveal a system of chronol-
ogy which goes back to 8408 w.c. This assertion iz based upon
data determined by Professor Ludendorfi, director of the Astro-
physical Institute at Pot<dam, who has himself, it is asserted in the
press. come to recognize the validity of Henseling's conclusions,
Whether or pot these dates are accepted, there i< no doubt of the
early interest of the Mavan people in the mathematics of calendar
making and of the approximate accuracy of their work,
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The earliest evidence that we have of the contribution of }athe-
matics to Civilization, beyond such matters as the mere counting
needed in barter, and taxes payable in kind, is seen .not only in
the calendar of the Mayas or the records of celestial movements.
It is everywhere, in every continent, connected with religion, being
little more than elementary astrology. For example, in China such

" records as may fairly be called authentic. relate to this subject, and -
the philosophic-religious cult of Taoism originally concerned the
revolution of the heavens. The Sumerian records, recently made
known, tell the same story; the astronomy of these people was
passed on to the Babylonians, and by them to the Chaldeans. It
was probably from the latter that Thales learned how to forecast
the eclipse which contributed to his fame. So it was that, for
many centuries, such ancient races as the Assyrian, Aramaic, and
Egyptian brought their mathemotics to bear upon that phase of
their civilization which is concerned with first causes, with our
status in space, and with the movements of the stars which were
thought to control our seyeral’ destinies.

It was not alone in the making of calendars or in the, measure-
ments of angles, like those which locate the prominent stars, that
mathematics contributed to the early civilizations. The sundial
was scientifically made with a fair degree of accuracy in the second
millennium before our era, and probably earlier-—an important step

. in the measurement ogfﬁkne and in the consequent civilization. of

the race. Aristarchus,“i’r’f the third century B.c. measured the dis-
tance to the moon, failing to approximate it closely simply because
accurate instruments were not available” by the time of Ptolemy
the astronomer, mathematics had opened up a vast field for the
speculation of men. liow this field has been cultivated by such
mathematicians as Copernicus, Kepler, Newton, Fuler, and Laplace
need not be considered. Eliminate the mathematical achievements
of men of this type and the world would return to the mentality
of those who placed faith in the astrologers and soothsayers of
ancient times,
" S0 it came about that Mathematics contributed to that phase
of Civilizations which leads mankind to search out the nature of
the universe as a whole and which led the Fnalish poet laureate thus
to express, two centaries ago, the ancient feeling of fmankind:

O God, we thank Thee for this great universe our home: for its
vastness and its riches and for the manifoldness o ts life!
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There are those who would say that Religion is not a part of
Civilization, although their number seems silently decreasing.
There is no doubt, however, that Mathematics has contributed to
practically all the religions of the world. ‘The earliest authentic
records of India show how advanced was the geometry which the
priests applied to the building of .altars. The Su/bas of the Vedic

priests of India were concerned chiefly with this work® The altars

were of various shapes, such as those with square, circular. and
semicircular bases, it being required that areas be the same in all
casex. This led to the approximate squaring of the circle and its
related problem. the circling of the square. ‘These problems refer
to the construction of sacrificial altars and' may date back as far
as the Rig-veda Sunthita, some 3000 years s.c. This raises the ques-
tion of the influence of the geometry of Indi+ upon the work of the
Greeks. as in the altar at Delos and the duplication of the cube.

The vision thus opened suggests other possibilities, chief among
them being the mathematics of temples. tombs. and other religious
edifices.  The contributions of Mathematics to the art and rigidity
of the buildings are too extensive to be mentioned ih this article.
Such a study would lead to the question of the orientation of tem-
ples. of the real or imagined mysticism ofgthe mathematics of the
Great Pvramid of Gizeh, of the use of tfie Golden Section in the
dimensions of a temple, of the designs of a Gothic church? all of
which are contributions of Geometry to some of our noblest evi-
dences‘of Civilization and its fine arts, The word Sulba or Sulva
is a geometric-one and refers to measures, including a rope for
measuring lenaths, It is also used in connection with a compaund
word meaning “the science of geometry.” and in the texts mention
is made of “the rope holder™ (“the roval land surveyor™), and
the uniform rope-stretcher.”  This scems to show that the “rope-
stretchers™ (lzur/;r‘(lmulptari of the l-‘.u‘j\'pti;ms concerning whom
Democritus wrote in the fifth century n.c, were_related to the
carlier altar builders of India.

To Relizion, then, Geometry made a delinite contribution ex-
tending over many centuries.  Of the infleence of Astronomy upon
the early religions Hie of all peaples it is unnecessiary to speak, since
the evidenees are well known, as in Biblical passazes like these:

L Sede e oof e Sl B Datt e Cadontiag e

Qe the writer's Moathemeater Gothica, Paris tgeo, privately printed. now in
process of revasion and cldboration
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The heavens declare the gloty of God, and the firmament ~h«meth
his handiwork.

He telleth the number of the stars; he calleth them,all by their
names. ,

The heavens are the works of thine hands,. . , i

When I consider the heavens, the work of thy fingers: the moon

. and the stars which thou *hast ordained; what is man that thou art

thifdful of him? and the son of man that thou visitest himw?

* *To the nomad shepherds watching their flocks on the slopes of
the mountains of Palestine, Traq,,or Iran (Persia) tonight, as they
have watched for thousands of vears, such thoughts as these must
vaguely cothe, -although in simpler language,

All this has-little direct bearing upon the contribution nf Mathe-

matics to Civilization: but it reveals the early steps in the under-’

standing of the noblest branch of applied mathematics  our present
astronomy. ' ’

Contributions to present civilization. Referring to the contribution
of Mathematics to the Civilization of today, and taking Civilization
to include our industries, our financial interests, our sciences, our
sports, and our arts, we come to a field of immeasurable extent,

The number of applications of Mathematics to the interestz of.

mankind, existent or potential. is too great for our ready compre-
Hension.  We may, however, refer to a few by way of illustration,
Tt is manifestly impossible in an article of this kind to sum-

* marize the contributions of Mathematics to that element of Civ-

Hization which we call Science. In the first place we are confronted
by another term which admits of no definition that is generally
satisfactory to the scientists themselves. [t will be better to select
a single case of the simplest group of sciences and consider a few
of the contributions which Mathematics has made and is making

this field. Let us take for our illustration the field of Geozraphy,
one which is more extensive thah we may at first imazine, and one
which is continually expandingsyvith the aid of Mashematics, our
ancient and ever-increasing ifberitance, It must he understoad,
however. that this isx one of the simplest illustrations that we could
“take. I the contribution of Mathematics is ereat in a case like
thiz, in other sciences it would naturally be expected 1o e much
greater.  We shall find, however, that Geography is <o extensive
that it makes use of fully as wide a range of mathematical subjects
assome of the other sciences: in fuct the harriers between Geegraphy
and the other sciences have been almost eliminated  as in the case
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also with the other departments which were Younded separately
by ancient scholars.

Contributions to geography. Probably the word f\‘Geogfaphy”\
will call to ‘the redder’s 'mind a simple subject of study in the
elementary schodls. It includes, *however, what we call- geodesy,
which has to do with both the size and the frgure of the earth—
each of which is a mgthematncal_ subject. If it is worth while to
know, with a close approximation to accuracy, the distance from
New York to Naples, to Greenwich, or to the North Pole, we need
something besides a measuring tape. We need to know not mercly
that the earth is not'flat, but that it is not even precisely spherical.
We must know its®radius at different points of our terrestrial.
spheroig, and the mathematics involved is by no means simple.
One who would wish to master the subject must be well versed
in spherical trigonometry, the calculus, least squares, and numerical

. sequations of considerable difficulty, besides being an expert in the

mechanics of measurement.

»Cartography, less formally known as map makmg, has manifestly
much to do with civilization. . It may seem to a casual observer
to be a simple matter. If, however, the refder will look at even
a popular article on the subject, in any standard encyclopedia, he

39}

&

may find-that fields of Mathematics which he thought to be mere -

useless abstractions when he was in college are necessary to any
intelligent examination of the subject. In"partlcular he will find

. a definite use for curves of which he may have only a faint memory

—orthodromic lines, loxodromic lines; for projections of various
types - cylindric, orthographic, stereographic, perspective, gnomonic,
centril, conic, polyvconic, zenithal, ellipyc, and others. To make
use of these he will need a good commanthof geometry, algebra,
trigonomietry, elementary calculus, and differentidt~equations. He
will, however, find the need for more mathematics thag this if he
wishes 18 pirsue the subject into the fields of the influpnce of the
tides upon the land surface, the measurement of terreptrial mag-
netizm and its effect upon the ingtruments employed. Hé must also
be conversant with contour mgps, not merely of dry lapd but of
the wet land which forms the of the ocbans. To master this
part of geography will require a\{yathematical knowledge of modern
“soundings” by echoes from thepsea bed, leading him into the do-
main of phvsics, The seemin?/;iracle of telling, by a seismograph.
the time. place, and force ok/an earthquake, possibly thousands of
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miles away, is bu. one of the relatively simple resulis of a combi-
ndtion of mathematics, ;,eo"mph) physics, dnd mechanics,

Contributions to sciences’in general. What has been said of the
uses of Mathematics in Geography, and of the wide field opened
by this elementary study of the earth’s surface, is only a small
infimation of the uses of mathematics in connection with what we
call our present Civilization. -Scienca has been tather poetically
defined as that branch of knowledge that exists by the aid of Mathe-
muties. It calls upon the latter to determine the number 5T thermal
units per cubic meter.of various gases, the yield of gas in cubic
meters per metric ton of coal at various temperatures, the height
of the stratosphere, the power of the cosmic rays, the size and
frequency of sun spots, the equations of chemical compounds, the
formulas for theoretical gravity at the surface of the earth, the
formulas needed in the Mendelizn theory of heredity, and those in
hunt-eds of other branches which compose the tree of science in
the present time. -

from the formulas created it leads us to their ictures Ythe
graphs -and there are few stati:iical tables which do not now
make ‘use of these visual gids. The man of commerce, the fin: incier,
the engireer, the statistician -all these and men of many uther
#ilds rely upon the zraph not mer Iy as an expression of results but,
huratively speaking. as an imy rtant element in thplp_thou"ht
pProcess,

[t is not necessary to atteny,  to recite all the contributions of
Science to Civilization.  The two terms may almost be called
synonymous, since Scivnce enters into all the arts and even into
the modern concepts of Religion and Philosophy-.

It <hould he understoad, however, that there is a line of se para-
tion between Mathematics and Science, and hence between Mathe-
matics and Civilization,  As already remarked. Mathematics says
to Physics. Medicine, Che ‘mistry, and Astronomy, “l( vour ohservi-
tions are correct, then t}ns formula is correct, d)l(l hence this nu-
mericel result i3 correct.”  In other words, Mathe matics is always
based npon assumptions. The old cosmaologies made such asser-
tions as this: “There are seven hemi~pheres in the heavens they
move g certiin way s now tell us when planets A, B, and ¢ will
be in coniunction.”  Alathematics then takes up its role: it com-
putes results from the data provided.  If these data are rizht. the
vesults will be vizht. Although the old cosmulogy was wrong as a
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whole, it was approsimately correct in some of its observations,
and hence the mathematical results were equally approximate,  Iro-
fessor A\, N, W hltcln.u’ in his Adventures of ldeas (1933), makes
this interesting assertion: Jlhe Certainties of Science arela delu-
sion. They are hedged around with ugexp! red limitations.”  And

S0 were the ancient cosmologies. The mathematics was not at

fault: it wus+the observations, Jnd the confused thoughts of the
astreseimer that were the source of inaccuracies of result. Newtou
based his theory of gravitation on the observations made by him-
<elf and men like Cassini: hjs mathematical law was only as perfect
as these observations were pvrlcu Einstein modities it, and hl\.
muoditiction is perfect only eso fiar as observations conform to or
sérve s hases for his new formulas, -

In Science we are especially concerned with the probability of
oyr conclusions, and hence the study of this branch of applied
mathematics is a matter of importance. For this reazon sonie ref-
erence to it is desirable at this point,

Probability as a factor in civilization.  Mathematica is constantly
influencing Civilization throuzh the Theory of Probability. Tt les
at the busis of all tvpes of insurance ind alzo of statistics when
u-edd in ])I'“"H(hli(’ tions. ~tich a~ the prohability of o rise in stocks,
Of cood or Leud crops nest year, and of an eclipse withing say, o1
U .\ml vet its Jats are Based upon observations which are never
abeolutely exact, We dssumes however, that the observations are
exaet atd frame nstthematical Lows to represent the assumptions.
From this time on. the solutions of equations lased npon a given
Low are correct: but althoush the mathematics is exget the results
are no mare coirect than the physical asswmption.

It woald almost e justitiabie to say~iat the prnlw:tl)i]it_\' that a
probable statement is prohabile is \zx\/{ln orobeble paradoxical as
thi= nuy souedalthoush even in fnfte tme and space the mathe-
matical treatraent of it may be oexact. s Bertrand . Russell has
remarhed . “the concopt of probabilioy s wrapped in obenrity and
Aot the chiel <coulal of nodern Tosic Inspite of all this,
Forssever, the neethomatical trettment of a0 toemele which initself
fo Lot ad e ilosioas trne or Lise statids tor geouracy. I slould
he repesited. bowever tut we have v hear inomind tha Mathe-
Hedlic ie tarsed e certain assangptions whiche Tuee heen Clled
DU variors dtties such o fs et wog e on fro-tebele s ard

the et hetiationim, consedering o ce tete provien pas s littde at
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N .
tention to whether or not they are truesin infinite as well as finite,
space or time. All.that Mathematics = < is this: If this postulate
is true, then my results are true.  Inde 1, a familiar definition of
mathematics is expressed in these words: “If .1, then 8. Postu-
fates wre based npon observation: mathematics is based upon rea-

son, To Mathematics it is of n. -~ .ter whether Newton's Law of

Universal Gravitation is true or not. It asserts that if two particles
have massese ! and 3’ the foree. # of their mutual attraction,
when they are « distance apart, is given by the formula F .z
G -l where (G is a universal constant known as “the constant
of gravitation.”  Given this formula, which expresses in algebraic

" shorthand the Taw, Mathematics operiates with perfect certainty to

findd the value of any letter in terms of the others. Similarly, Math-

~ematics does not find the precize distunce from the earth’s center to

O

that of the sun. It \.iimply says that, assuming that the observa-
tions, on for example the transit of Venus, are correct to a certain
degree of accuracy, then the distance, to i corresponding degree of
accuaracy, is exact,

The temptation of teachers is often to question the valye of such
topics as determinants, differential equations, converzency tests,
recurring  series, stmmition of series, series in general, various
formulas for means, the theory of functions in ceneral, elliptic funce.
tions, various pertadic functions in particular, inequalities. moduli,
differential equations, binomial equations, and limits,  Of course
most of these topics are beyond the high school ranee, <ome are
beyvond the elementary college work, buy, this hits no bearing upon
our problem  the influence of Mathematics upon Civilization in
general. It would not-be contended that the insurance of life or
property and insurance awainst accidents i< not an important factor
in our modern civilization,  Indeed. without this fuctor our whole
problem of security of home and family would remiidin unsolved,
It will probably be gurecd, therefore, that the nathenitios of in-
surance has o decidedly important hearing upen cur Civilization,
It may be said that the amount of mathematios required for this

purpose iz slivht, but not Tong azo T listened 1o lectiee by Pros
fessor Friéchet of the Faculte des Sciences of the University of

Paris, Tt was tipert Gt certiin l_\])t' af }H'nl».‘lll”ilic‘\ N llt'\t‘iu[)('«l l-}'
such leaders as Frobenius, Markoff, Pomoare, Hadamard, Hostim -
sky.amd himselt Tnothis decture all of the above naenad topics
were freely used in the development and use of the necessary formu-
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15 of the science. Among the scholars who made up the audience
were representatives of insurance companies of various kinds, stat- .
isticians, and financiers, and in the discussion the speakers repre-
senting these interests stated that the results set forth in the lec-
ture were freely used by them, even in what would seem to be the
very elementary field of preparing tables for use in the subject of
fire insurance,” .

Conventional contributions. The references to the contributions
of Mathematics to Civilization have, in this paper, been thus far
somewhat unconventional; that is, many of them have referred to
matters not ordinarily considered as the application of mathematics
to everyday life. The branches of Mathematics needed in one of
the sciences usually thought of as merely a school subject have
been mentioned, as also those needed in such a. more advanced
subject as the Doctrine of Probability. These two regions have
been selected as types. and attention has been called only to the
most apparent applications of mathematics to these subjects.

It should be obterved, however, that a consideration of such sub-
jects as Accounting, Aeronautics, Astronomy, Astrophysics, Atomic
‘Theory, Ballistics, Bridzes, Calculating Machines, Chemistry, En-
vineering, Geophysics, Kinematics, Light. Measures, Optics, Per-

- spective, Physics. Sound, and the like, will give some idea of the

extent of the contributions which Mathematics is making to the
art< and sciences. The reader who cares to get @ svnoptic view of
the subject would do well to consult the Fucvelo pasdin Britannica
(rath Edition) under the above heads, following this Dy a further
examination of articles of a simitar nature.  After such an exam-
ination it will assi~t in the comprehension of the importanee of
mathematics in our time it the reader will consider what would
happen to modern civilization i all mathematics, and the results

which it has given to the worlid, were absolutely destroyved.

It i~ also the conventional practice to call attention to the older
contribuiions of Mathematics to the Civilizition of today. Althouszh
these may be Jound in any ~tandard history of mathemativs, it may
he of awistanve to the reader if o few of them are bricily men-
tioned.

In the nith century we three Greek philoaophers Zeno of Flea,
Letcippus, and Democritus were connected with the introduction

Aare ala Stian DY 00 the Feresdate s ot the Thoory of Prababnbities”
Pade gty of Selesoe s bl o0
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of the-idéa of infinitesimals, It seemed a useless subject, but it - -
was upon this idea that Newton, two thousand years later, based
one of his theories of the calculus. In the sameé century Antiphon,
and in the following one tudoxus, improved upon this by intro-
ducing the method of exhaustion, which still more nearly ap-
proached the modern calculus. In the third century B.c., Archi-
medes approached it even more clozely and practically made use of
integration, * No one of these men conceived of the tremendous
“importance of the calculus in the present civilization, as in physics,
mechanics, astronomy, and other sciences, but each laid out the
first stages of the route which Newton, Leibniz, and their successors
followed, and which eventually assisted powerfully in placing sci-.
ence where it is today, ' '

The Greeks knew o number ok important curves, such as the
quadratrix, the conchoid, and cissOid.  They also knew the conic
sections, and Apollonius  (“the Gfeat Geometer,” as the Greeks
called him) wrote a treatise on the subject in the third century B.c.
Neither he nor hix contemporaries had any idea of the use that
Kepler would make of them toward estiablishing modern astronomy,
the most imposing edifice thiat <cience has erected. )

Cavalieri, of the lay order of Jesuates (Jeswatis, who taught at
Bologna, wrote a book on the inninitesimal in geometry, Tt was
published in 135, a few years hefore Newtpn was horn. He! too,
could not have foreseen the use that would be made of his work by
the greater makers of the caleolus in the seneration following,

[éonard Fuler and a number of his contemporaries in the eight-
centh century wrote about the “imaginary number.” Tt may have
seemed i useless witste of time to mest of those who Enew him:
but it led to some slivht appreciation of the sianificance of such num.
bers a little later, to the inventions of Sir William Rowan Hamilton
(Oyaternions) and Hermann Giinther Grassmann ¢ Awedebonones-
lehre ). who applied their methods to phy-ics, Still Jater these same
inaeinaries became even more real in the invention of vector anal.
viis by 0 Willard Gibbs in the List two deciades of the nineteenth
century. The work of Gibbs has proved of ereat value in the study
of phy-ical problems, and civilizaion hi- bettered by the result,

These are a few of the iastrations of case~ i which apparently
t~cless studies of special branches of nmathematios have, yeuars or
centuries Later, proved to he of wreat setvice to humanity and to
he contribution- to our civilizittion,

£
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" Contributions to the fine asts. The contributions of Mathematics
to the Fine Arts are chietly in three lines: (1) the theary of pei-
spective, (2) the beauties of prop .don, and (3) the theory of music.

Of these, the first has occupied the attention of the Western
world (Faurope and America) much more than the Fastern (China,

India, Japan, Iran, and Iraq). Euclid wrote about it in his Per-
spectiva: Vitruvius mentions it in his De architectura, in the
Middle Ages it was studied by Roger Bacon and numerous other
scholars. \s a mathematical subject applied to the graphic arts,
however, it may be said to have had its beginning in the fifteenth
century, and in [taly. By the middle of the sixteenth century it was
taught in all the important schools of painting of Furope. Some-
times, as in the works of Canaletto, the subjects of the paintings
are so selected as to make perspective seem to dominate the picture.,
In any case, this contribution of Mathematics is pronounced in the

“works of the Buropean painters, and is lacking in much of the

work of the Orient. i

As to the second, the use of proportion in the arts, there is a
consitlerable literature upon the beauties of symmetry, axial and
central, beauties found in nature as well as in art, “There is also
literature upon the beauties of lines divided in extreme and mean
ratio, known by the modern name of “Golden Section,” A line
A8 s said o be divided at P in Golden Section when AB AP =
AP PB. I aline is eisht inches long, it is approximately divided
in Golden Section when gthe two parts are five inches and three
inches. '

Niture seems to build on the bhasis of axial svmmetry, as in most
leaves: circular symmetry, as in the cross sections of many fruits
or in certain crystals (e, ~now, quartz); or the Golden Section,
that is, about 3 to 5 as in the arransement of certiun branches of
trees, as in that of leaves on a vine or the branches of a fern leaf,
Moreover, in art the approximate 5335 division i~ olten used un-
concioa=ly i~ well as eonsciousiv. This is seen in the dimensions
of classicad buildings tike the Parthenon, of tlag~, of hook pages,
or ot wall decoration-. . C

™n the line of heauty . therefore, Mathiematios makes a constant
cositribution to the most pleasing phoses of our civilizitons<®

Tha ¢ wha wish i o scientine discussion of the mathematical

“tPor an extomhcel capnemon ot thee phoee o the sabpoer e Bower-, Juban,
‘ 4
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theory of aesthetivs should read Professor Georse 1. Birkhofi's
work, desthetic Veasioe Hirvard University 'ress, 10330, The
auther has there <hown the close dependence of mathemaiics and
the tine arts, each upon the other, and has done this with an un-

usually stable buchgrovad of the former and 4 genuine apprecias

tion of the best that is in the latter)?
Looking backward. In considering any social, political. ecclesi-
Castical, sclentitic, or education:l pmlilvm. it is interesting and often
helpful to look hackward and see what our ancestars had to say
upon the suhjt“(‘l. In thiz way we tind how the world his progressed
in lanuuaee, inomethods of presenting an argument, in education,
in the needs of peaple. in the virious branches of knowledge, and
in what we call our cwvilization. Tt is for such reasons that it is
worth while’ to consider what were thousht, nearly four centuries
ago, to be some of the vontributions of such a simple subject as cle-
mentary arithmetic to the civilization of the time,
The Tollowing quotatian is from one of the most celebrated text-
hooks< that the Enetish ever produced, The Grovad of Artes, written
P about 1550 by Robert Recorde, Tt was composed like a Catechism,
a dialogue hetwien the pupil C'Seholar™) andfteacher ¢ Master™),
and bewan with ~The dechoation of the profit of Arithmetiche,”
I'he ook went through niany editions and revisions, and the fol.
lowing excerpt is from the one of iogo, @ century after the first,

Thi~ edition i~ chosen bociasre it contadins additions aed revisions

by sich teachers as John Dee and Jolhin Mellis and may theretfore
L said to represent the hest educational views of the sisteenth and
seventeenth centuries, Tt is here set torth with the ovizinal spelling,
punctuation, aid sentemve construction” '

Schobirs 1 operceive by your foreer wosd 0 that Ntmoieany andd
Geranetry deped mch on the heln of naegbrne: b tha arher S
ences s Musichs Physichy Loy Graonmer, and ~uch hhe have any
helpr ot Aeithiseri K0 L praceine o

Musters gy pevveive venr cret Clas bieewe by the arderines
of vour Sclence< b bowiddl det thar pas conos, becruss it nncheth
not the matter that Foantend, o Towil <hew v how Mithmetick
doth pront s db these somewhat sros v accesiems toovewe sad ] under -
st coittine vther reasons more sube ol
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First (as you reckon them) Musick hath not onely great help of
Arithmetick, but is made, and hath his perfecinesse of it: for all Mu-
sick standeth by number and proportion: And in Physick, beside the
calculation, of criticall dayes, with other things, which I oiit, how
can any man judge the pulse rightly, that is ngnomnt of the proportmn
of numbers?

And so for the Law, it is plam that the man that is ignorant of
Arithinetick, is neither meet to be a Judge, neither an Advocate, nor
yet a Proctor. For E»w can hee well understand another mans cause,
appertaining to distribution of goods, or other debts, or of summes
of money, if he be ignorant of Arithmetick? This oftentimes causeth
right to bee hindered, when the Judge either delighteth not to hear of
a matter that hee perceiveth not, or cannot judge for lack of under-
standing: this commeth by ignorance of Arithmetick.

Now, as for Grammer, me thinketh you would not doubt in what.
it needeth number, sith you have learned that Nouns of all sorts,
Pronouns, Verbs, and Participles are distinct diversly by numbers:
besides the variety of Nouns of Numbers, and Adverbs. And if you
take away number from Grammer, then is all the quantity of Syllables
lost.  And many other ways doth number help Grammer. Whereby

. * were all kindes of Meeters found and made? was it not by number?

But how necdfull Arithmetick is to all parts of Philosophy, they
niay soon see, that do read cither Aristotle, Plato, or any other Philos-
ophers writings.  For all their examples almost, and their probations,
depend of Arithmetick. -It is the saying of Aristotle, that hee that is
ienorant of Arithmetick, is meet for no Science.  And Plato his Master /
wiote a little sentence over his Schoothousé door, Let none enter in/
hither (quoth he) that is ignorant ol Geometry. Sceing hee would
have all his Scholars expert in Geometry, much rather he would the
same in Arithmetick, without which Geometry cannot stand.

And how neediull Arithmetick is 1o Divinity, it appeareth, secing
so many Doctors gather so great my-teries out of number, and so much
do write of it. And it T should go about to write all the commodities
of Arithmetick in civill acts, as in governance of Common-weales in
time of peace, and in due provision & order of Armies, in time of
war. for numbering of the Hosto summing of their wages, provision
of victwals, viewing of Artillery, with other Armour: beside the -on-

\ nincest point of all, for casting of ground. for encamping of men, with
~uch other like: And how many waves also Arithmetick is conducible
for all privite Weailes, of Lords and all Possessioners, of Merchants,
andd all other oceupiers, and generally for all estates of men, besides
Auditors, Treasurers, Receivers, Stewards, Bailitfes, and such like, whaose
Onices without Arithmetick are nothing: if 1 should (I say) particu-
Litly repeat sl gich commaodities of the noble Science of Arithmetick,
it were viotsh to miahe a very great book,

The edu aal problem. The fact that Mathematics is the rock
upon which we arts and sciences of the world rest does not mean
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that it must be taught extensively to boys or %irls in our schools. -

* Children are not supposed to be versed in the treatment of small-

\\

O

pox or epilepsy just because the physician must have this knowl-
edge: but they should know something about first aid, hygiene,
and the value of vaccination. They need not learn the mineral
resources of Meshed, or where this place is located, but it is de-
sirable to know something about the general products of the lead-,
ing parts Nm world. Similarly, a pupil in the high school need
not know what the calculus is, although it is quite possible to give
him some idea of the subject: but in the freshman vear at college
it is desirable that he should come in contact with a subject of
such far-reaching importance. Speaking more zenerally, 10 is de-
sirable that every well-educated person should havg some idea of
the bhases of human knowledge. Needless to say, the school can
simply open the doors of this knowledze. To know the significance
of history; to come in contact with certain models of the hest
literature. music, and the other fine arts: to know what the sciences
mean in the intellectual and physical life of today: to realize our
duties to society: if possible to know something of another lan-
guage than our vernacular: and to understand the signilicance of
mathematics as one of the most imnortant hases of all scientilic
work ~all this should be a part of the training of our peoble. This
is not a plea for making expert mathematicians, physicists, musi-
cians, botanists, or weavers at a loom: it is a plea for vivipe a
general idea of the significance of the wvreat branches of human
knowledee. T often recall the remark made to me years ago by
a scholar who came to the United States and became one of our
valued citizens.  He <aid, »“Almost the first thing that impressed
me most was the apparept fact that American cducators are so
uneducated.”  Were our “schools to blame then?  What of the
present?

The Seven Lamps of Mathematics, A< i further summary of the
contributions which mathematics has made, let me refer to Fhe
Sexen Lamps of Mathematics which, it <cems to me, have served
to iNuminate civilization throush the azes?

The first of these Limps is the lampas wiilitatis, for we cannot
convey mathematics to the vreat mass of people uniess we first
"The followine quoted paracraphs are, with <Boht alier ot one prom an madrees

ho the anthor pabliched an fhe M ochom s Lo berl WEND L0 0 See 2l
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dwell upon the utility of the subject and imagine what would hap-
pen to'the world if every trace of mathematics and of mathematical
knowledgze were Dlotted out tonight. ’

The second is the lumpas decoris, the lamp of beauty: because
if-we are to teach mathematics at all, real success is yiot possible
unless we know that the subject is beautiful as well as useful and
can pass this knowledge on to our pupils.  Mere utility of the
moment without. any feeling of beauty. becomes a hopeless bit of .
druduery, a condition which leads to stagnatjon.

The third has been the lampas imaginationis, which has always
cathedral in which we set our lamps, and which scems equally so
in respect to our chosen science: for whit would mathematics have
amounted to without the imagination pf its devotees, its giants and
their followers?  There was never a discovery made without the
urge - of imagination, of imagination which broke the roadway
through the fore:t in order that cold logic might follow.

The fourth.is the lam pas porsis, the lamp of poetry: because if
one does not feel the poetry in mathematics, he may as well cease
teaching the science. What, after all. is mathematics but the poetry
of the mind, and what iz poetry but the mathematics of the P oart?

The fifth lamp we all seek to light is the fumpas mysterii. “This
it is that reveals to us one of the areat charms of the science  that
in working in the domain of mathematics, we are surrounded by
clouds, and success drives hack these ®uds o linde way, and a
discovery i~ made: then =omeone makes another discovery and
drives thea back a little more: and at rare intervals in time 4
Newton comes and drives them back what seems o long, lons way,
and an Finstein pushes them still farther and il there is the
~urrounding mist of mystery, Tt i< great experience, this piereine
the clowds<: but try s we may, tiere is Gl the mist about us,

The nest is the fampas fntinitetis, the lamp of the infinite.
writer not long aen, inoa verse which appeared in one of our nug-
zincs. spoke of mathematics as the science which Lissoes the flyving
<ar~, Itomeans much to have plaved even o dintle around the
ort=hivt< of “the science venerable.” to lave seen how it reveads
coomething of our own position in the nuerocosnus<, and to see what
intinitesimal things we seem when we look wrtarselves in the livht
that mathematios <heds upon this wrear cosmos. The other day
G nuthemaiician took g (t'ﬂ?lill measurement, and it was by no

/
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means one of the greatest of our time. He found that one of the
other universes ahout us was six quintillion niiles away.'one million

- light years. ‘The. greatest speed that we can obtain mechanically

by any present means is the speed of a rifle bullet, which may ¢o
half a mile in a second -a velocity so preat that we can hardly.
imagine its possibility,  If we ask how long would it take the rifle
hullet to reach that other universe, even our very elementary mathe-
miatics gives us the answer it would take three hundred eighty
billion years. ‘T'ruly it is “the science that I soes the stars.”

And the seventh of the lichts is the lampus religionis. We may
wonder if such a candle burns and sicds its light, but T have an
idea that we all feel that, while & mathematician may not neces-
sarily be a very religious man, on the other hand no man can
;1ppr("ciutv relizion to the full unless he has to assist him some
knowledue of the great field which mathematics opens to his visjon,
Alathematies may not make any man more relicious, but if he is
reliciously inclined it makes him see the grandeur of religion us
nothing else can.!o

Y See an address by the author entatled = Religio Mathematic . American Math-

entatical Mow'hly, Odober, tger: and the Teachar Collece Record, November,
1921, .

O
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THE CONTRIBUTION OF MATHEMATICS
' TO EDUCATION*

By SIR CYRIL ASHFORD :
Late Headmaster of the Royal Naval College, Dartmouth

A scuootsoy wrestling with the ele. "ents of arithmetic or algebra
cannot be expected to have any grasp at all of what mathematics

really is. Dut any educated man who has. as it were, stood back

and looked at mathematics as a whole will agree that it stands .
almost uniquely as a stupendous structure, a monument to the '
human intellect. It deals with abstractions in a perfectly ordered

and logical manner: it is in no wise concerned with human values, .
and it scorrs contact with material things. You may supply it

with postulates or as%umptl(‘)g:s which are startling or absurd from

our limited human point of view, and it will duly produce the con-
clusions that logically follow. TIndeed, that is the normal procedure

in, for instance, the geometry of 7 obatchewsky, the four- dimensional
space-time continuum essential in Einstein's work, or the still more
unimaginable five- or six-dimensional space which is needed to
reconcile the quantum and the classical mechanics. .

Althoush mathematics holds itself aloof from practical aff'urq o
it supplies the practical man with the tools which are absolutely N
essential to his everyday work —ranging from the village carpenter
to Signor Marconi or the designers of aeroplanes, from the cashier
in a teashop to the Astronomer Royal.

This edifice has been built up by the devoted labors and genius dom
of a long series of investigators, and it is now so vast that it'would
require most of the working lifetime of a picked brain to compre-
hend the whole of it ; probably no living mathematician would claim
such complete comprehension, since he would have been attracted
away into research in the part that specially interested him hefore
he had mastered all that has been achieved in other directions,

# Reprinted by permission of The Macmillan Company from Harrow Lectures

en Fidioation.
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*.Granting all this, the questmns that probablv the mmdq

(“ell be something like the following:
Is it advisable to force all 'boys to essay these very abstruse and
alien modes of thought, as part of -thejr training for life? It is
doubtless magnificent, but is it education? Is not mathematics
comparable, so far as the ordinary man is concerned, to an enor-
mously elaborated game of chess, which may safely be left to chess-
masters with unpronounceable names? Is it not so entirely unre-
Lated to everyday life and thought and human intercourse that it
may be relegated to the fourth dimension with which it is prepgared
to deal? A certain, very limited amount of arithmetic, too simple
to be cilled mathematics, is undoubtedly essential tg.the conduct
of ordinary life * why not let boys be drilled in this, and leave the
rest to such as enjoy that kind of game, who will continue to pro-
vide another set of abnormal people; the theoretical and practical
scientists and engineers, with the machinery needed for their work?

It is probable that you cannot as yet dictate the policy or cur-
riculum of any of the great public schools; but sooner or later, as
tutor, house tutor, housemaster, or headmaster, nearly every public
schoolmaster becomes. concerned with all parts of that curriculym
and its reaction or the boys who are his especial charge. Sn it is
of vital importance that if you have such ideas as T have suggested.
their expression should not be inhibited because of a fear that they’
may seem narrow minded or heretical, to become in the jargon of
psycholouzists a “‘complex,” with evil results to yourselves and
those who live with you.

Let us therefore face the question with complete frankness, and
<o far as possibile discard all prejudices, Tt is easy for me to do <o,
since T have passed the staze when it matters what anvone says or
thinks of me and it is fortunately easy for you, since you have
only to listen and are not necessarily called on to express dissent or
concurrence.

If you look into the history of education vou will see that at
different times the-e questions have been answered in different wavs,
Dawn to about a hundred vears azo, all Furopean peoples with the
exception of the Greeks effectively voted acainst mathematics as an
cdneational subject. .\ few schoois, such a< Christ’s Hospital and
the Mathematical Schaol at Rochester in Newton's time, taucht a
vood deal of mathematios for technical purpose~. But the absence
of such teaching in ordinary schools was not due to contemporary

v
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ignorance of the subject. For higher mathematics, as we should
now rate it, was pursued with great eagerness and success at the.
. universities, in England and on the continent. Those in charge of

* school curricula, if they thought about it at all, must have frankly
condemned it as a subject for boys. .

Do not -fear the worst if I admit that T am going to quote from
my own experience of the seventies and eighties,of the last century;
this is not a Speech Day address in glorification of the past. On -

" the contrary, I am prepared to assert that, under the conditions
prevailing at that date, it would be difficult to refute the objections
which T have put into the mouth of the Devil's Advocate. But I’
hope to be able to convince you that his general conclusions are
sound only because the school teacling of mathematics was then
designed on the wrong principles, not because mathematics is an
unsuitable subject for the education of ‘schoolboys.

Let us first inquire how much validity there is in his complaint
that matkematics employs abstruse and alien modes nf thought, un-
related to everyaay life. A survey of the process by which a boy
reaches the multiplication table will serve our purpose, in this and
otRer respects,

_ The normal course of imparting the very earliest stages of arith-
metic -it would be absurd to call them the simplest stages, though--
they are the most elementary --consists in maki the child _deal
with groups of matches, dots, inches, or any sets of similar obiects,
with his own hands. He learns to use the conventional names for
the number of similar objects in the group; and by adding and
( ' subtracting other groups he learns to work various little oral sums
in additién and subtraction, each result being obtained by direct -
experiment in one concrete instance. By changing from matches to |
the same numbers of dots or counters, and observing the Similarity
of the results, he gets the first inkling of the idea of generalization,
Later, he reaches the stage of visualizing the groups of matches,
etc., and “working in his head.” After a great deal of practice of
this kind he may attain to some notion of pure number as an
abstract idea  but it is a long step from the experimental result,
“If we add 2 matches to 2 matches and add-another 2 matches to
them, we get 6 matches,” to the staioment. “three two's are six.”
Most little hovs will not really comprei.nd the Litter phrase yntil
they have done very many experiments with a variety of numbers
for abstraction is a more difficult process than induction.
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The -comnwn'practice is to deal at this stage only- with small
. numbers, yp to say ¢: the shorthind for the names or so-called
" Arabic sy mlml\ (whigh are really Hindu) can of course be taught
‘ at any time when it seems desirable to begin writing down. the
problems. T suppoze most children associate soudl numbers with

definite patterns. as on playing cards:
them purely abstract symhols.

patterns are

its place val

s

such numbers are not for-

Bul for larger numbers.' such as 144,

useless. So boys are introduced to the devRee of making
up bundles of 10, and to the notation on the decimal system, with

ue for the various digits, -

The ideaof the series formed
by successiye natural nymbers is also rubbed into them, so that

“they can get a notion of the relative maunitude of largish num-
hers by their po-ﬂtmns in“this series, by the times it would take
to count up to them from one, and from the lenath of those num-
bers of units of length put end to end.
. ably.gepresent rather more purely abstrict quantities.to them than
the smaller, and their relative magnitudes are a litte less definite,
But persistent return to concrete exitmples enables them to grasp

the meaning of the multiplication tabld up to 12 ¢

So the Luwger numbers prob-

2 va, ‘They then

have to learn every individual item of it hy heart, and practice
themselves it it until it hecomes part of their mental equinment,
unfailingly ready to be produced automatically whenever needed

In this long and tedious process, the numbers have doubtless Le-

come to them pure numbers. and perhaps have ceased to possess
ng unless they are called back from their shadowy ex-

Vlstome i order to help in solving some problem dealing with the
W concrete. T am nnt sure that this does not happen even with

v mathentticians,

much meani

It will be readily admitted that e
must attain to a mastery

commiunity

‘ . . s
very member of a cvilized
of at least wis amount of

power'of dealing with abract svmbols and that he cin most easily
this proces<. Ko some at least of the modes of thouaht
that gre of fundamental importance in mathematies, thoush they

attain it by

may he abs

truse. re by no means ald

en or unrelated to evervday

tire except in their philosophical deseription ahey are net oat all

caviar to th

ezeneral.

——==7 T selected this example panthy becuwese von have probably forsor.
ten your own expericnce of it in yvour extreme vouth, That in it

self mav he

were taucht
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of our nursery governesses. But when we go on \o consider the
mathematical “ork in the schools, we-find a very drfferent state of
things.

Since the broad outlines of the method of guulmg a boy's first

. steps in generalization and abstraction have probably changed lit-

tle in the last fifty years, we can assume that in the 1880's boys
went. to their preparatory schools in much the same mental state as
in the 1920's, ..
But those earlier generatrons were then treated in what we should
now consider a preposterous manner, in leading them on in arith-
metic and starting them in geometry and algebra. It was practi-

. cally assumed fhat they had once and for all mastered the idea of

abstraction, that they had no further need of inductive processes,
and that the aim was to treat everything henceforth by deductive
logic. Merely as an instance of this point of view,*which, however,
throws a fleod of light on it, I wbuld remind you that textbooks
on arithmetic and algebra nearly always gave blocks of examples
of manipulation of symbols, to be worked out on the lines of a
specimen in the text. When a boy could do so and obtain the jn-
swer at the end of the book, he could pass on to the next block.
There was very littls “explanation” given in the text—that was
supposed to be done by the master, but it is safe to say that. it was
not always enlightening.  There were also blocks of sc-called “Prob-
lems” which may' be described as the application of symbolic.
methods to concrete uestions; but the average boy was so hope-
lessly out of his mental depth that it was quite impossible for
him to come back from the abstract to the concrete -so he was
sexcused problems.”

On the whole the trm'mont of geometry was even worse, It re-
duc? itself, for the average boy, to learning by heart. the axioms,
postulates, and thecrems of Euclid, with little or no hope of under-
standing what it was all about. There were no riders in Euclid's
text ; if Todhunter added some, they were for the mathematically
clect, It is ¢casy to see now why the schoolmasters failed where
the nursery governesses succeeded,  The former came down to
the schools from the universities with their minds full of their
special subject, and proceeded to v\'pnu‘ml it as it had heen ex-
pounded to them, without much reference to the pm\uvuf the
learsier  while the governess knew dittle of the subject but pos.
sessed a great deal of sympathy and insight into what is now called
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the child mind. It must also be remembered- that in those days

+ there were no Courses for Junior Public Schoolmasters -or Training

Colleges for Elementary School Teachers or Professors of kduca-

dion at the newer universitics--few or none wf such societies as

the Mathematical Association, the Science Masters’ Association,

'\ the Modern Languages’ Association, the English Association, or the

(ldmcal Association (although the Association for the lmprme-

ment of Geometrigal Teaching was an early forerunner) and few

_or ao clearing houses for educational ideas such as the Journal of

Education. A public schoolmaster was to a great extént a law unto

himself. On joining a.school he 'was given a form or division -to

cope with single-handed, with not much support in the maintenance

of discipline and no guidance at all in his teaching. If he failed

he left, and if he succeeded he became entrenched in an impreg-

nible position with every inducement to believe in his gwn ‘powers
as & teacher and in the perfection of his methods of te: lh They
were indeed “the good old days™ for the master, but perhaps not for

the boys, or for the art of ‘ducation.

[ honestly do not think I have exaggerated the badness of the
school teaching of mathematics at that time. If the picture is even
‘reasonalbily true, what impression do you think the situation will

=  have on the mln(l.s of the majority of boys who were forced through
the process during the whole of their time at their preparatory
school and public schools, until they could manage to drop the farce
of learninz “nathematics™? It is quite obvious that even if they
had successfully -taken the mrheat steps in the comprehension of
« the abstract, and the. meaning and use of svmbols, their subse-
quent oxperience must have heen like 1 fog descending on them,
which. like all fogs, eavsed blindness and exaspegation,  And they
were the men who have now attaingd to mature vears and corre-
spondingly authoritative positions whose opinions carry very great
weight. T submit that it is asking more than is humanly possible
if we now expect them to put away altozether from their minds the
bitter hemories of their youth, in regard to the “Contribution of
Mathematics™ to their education. Frankly, it is at least doubtful -
whether that contribution hadsmuch intellectual or utilitarian value,
though as a training in <ome of the morl \lltll(\ there may have
bheenssomethinge to he said for it.
A certain number of the victims struvsled throue fh and by dint
of laborious effort and natural aptitwde at long liss attuned a

3
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clearer conception of what had been almost wilfully olscured  Lut
I believe that their carlier struzsles handicapped vather than profs
ited them. Probably if they had postponed thoit =wtin mathe-
matics untii their minds had been matured by age or ~ther learn-
ing, they weuld have gained in the end. This was effecioely the
cpe with the rapidly increasing number of men who devoted tho
selVed to the study ol science, “They found that mathematics was
for them an essentiil wool; so they had to set themselves to master-

ing so much of it as they required. Thev mostly beaan wigh what -

is now called = Practical Mathematics,” amd, after all, that is not .
a bad way in which to beging When they were teaching themselves,
with & definite object in view, and at an age when deductive rea-
soning amd abstract ideas are congenial, they naturally made rapid
progress and largeMwovercame the handicap ol their misspent _\'(P)ulh.

The direct outcome of thiz has been the separation of a delinite
stratum of edbcated* Eoglishimen into two camps one devoted 1o
Humanities, the other to Science, using that term faivly broadly.
And it s Lorgely a class distinction, for the former group came
mostly from the older ptblic schools: @ few of the latter came
from those schools, but most were recruited from less socially: dis-
tinguished schools. The consequent in'ltvriuril_\' complex on the part
of the tollowers of Science anmbitterad their ittacks on the “arand
ofd fortifying cdassical corviculum,” while its supporters: could con-
aratulate themselves on not heings as those other men are, and
tended 1o aseribe it to the carriculum they had enjoyed at school.
1 is this which makes the separation into two canps i serions matd
ter.  Sgch separation s inevitable to some extent. for the tastes
and :l[li}lllll(‘.\' of different men will alwivs lead them to specialize
in what nuy be broadly clissed in one or other of these catezories,
But these tastes and aptitudes ave not, T am convineed, statistically
i function of hirth or <oclal statas: where the evidence seems to
suzaest that they are, T helieve it is due to the pressure of home
or ~ocial enviremment. When they have Bad time to aedjust them-
selves, each wroup will contaio men of all sociad grades, and one
cause ob misunderstanding will hiave disappesred.

The end of this process is now I"urll'n.llvli in sizht, and the places
of men of that ceneration swe wiacdually beiva talen by nten who
have not heen warped in their vouth, Soowle may pass on to a
more Cheerfal topic, and ook Tor the cause ¥ (he Chinze which
s taken piace in school mathematiodd teachine,

-
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About the beginning of this century--or some years earlier in

.a few schools -the physical sciences secured-a real foothold in the

public schools, with effects that have been revolutionary in many

ways. The one we are chiefly concerned with at the moment is the

effect it has had in modifying the teachilg of mathematics, It now
makes, for the first time as I think, a real contribution to the edu-
cation of the ordinary, not specic'ly mithematically minded, boy,
and has widened the intellectual equipment of the future mathe-
matician and scientist- -4 smaller matter, but by no means negligible.

The revolution in the school teaching of mathematics of course
began many years before the end of the century -the A.LG.T, did

great work in the seventies, but it lacked driving force. ‘This driv-’

ing force wid supplied, in my belief, by the astonishing growth and
importance of science in the outside world.

Physics and mistry were reluctantly admitted as school sub-
jects and were treated at first very much as a Cinderella. They
were undoubtedly a nuisance; and consent to their introduction was
only granted when the external pressure became tuo great to re-
sist. Once they were made available, hnwcver, a surprisingly large
number of *boys found them decndcdly con;,emal to their tempera-
ment; q@d these boys were not solely the dullards, as classical mas-
ters used to assert. So Mternal pressure was added to tlm( from
outside, and the extersion became very mpnrl

A reaction on the teaching of mathematics was inevitable, if
only because of the immediate demand that physics made on the
mathematical equipment of boys, which had previously heen of
yvalye to theifi solely for passing examinations.  But, standing alone,
thatt would not have sufticed to produce any profound modification

he methods of teaching mathematics., . What was, T think, the
prime’ cause of the revolution that occurred at this time was the
demonstration to the mathematical masters of the suitability of the
experimental method and inductive processes to the mental age of
the boys. To anyone who had attempted to teach along the old
lines of ahstraction and deduction the response to the methads of
science was a revelation: and although the bulkheads hetween de-
partments in a school were, and unfortunately still are, fairly water-
tight, the effects on the hovs were so obvious that they could not
pass unneticed.  So with commendable breadth of mind the mathe-
maticians on the staffs of many schools set themselves to adapt

their teaching so as to ke advantage of this new knowledgae,
I 4
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As the revolutionary. ideas were born in the schools and not in
_the universities, and the changes were needed only in the schoolboy
“stage, it called for much hard work and per~1~.tence on the part ol
the reforming schoolmasters fo get their views atcepted by the
authorities responsible for external examinations; but in the course
of a comparatively few years it became umver\ally admitted ‘*hat
the traditional conception of the proper way to present the earlier
stages of mathematics to boys had to be revised.- A rather chaotic
period supervened, but something like agreement has: now been
reached on the broader issues. This agreement can be put briefly
(and of course adequately) as the application, as a boy begins'any
fresh branch of mathematics, of the methods which 1 sketched as
bmntr traditional in the teaching of the multiplication table.

© For instance, in geometry he is given an extended course of prac-
tical work, using a graduated raler. protractbr, etc., which were
taboo to Euclil, until he has a working knowledge of the material
from which the concepts of formal geometry are abstracted.
Through this practical. work he acquires enough general notion of
the\subject matter of the postulates and axioms of Euclid to make
it quite unnecessary to formulate them in precise terms for the
carlier course in formal geometry; such formulation adnuttedly
does not help a boy to comprehend them. This earlier course is to.
he regarded merely as an attempt to regularize his experiments and
intuitions, and not an attempt to practice him in strict logic. But
it servesas an admirable step towards a later, more rigorous treat-

wnt of the same material if he perseveres with the subject.

In the same way, algebra is introduced as generalized arithmetic;
trizonometry is prefaced by a great deal of numerical trigonome-
try: statics and dynamic are taught experimentally at first: and
so on.  All these changes are so recent that I need not inflict on.
you a detailed dcscnptum and analysis of the procedure now
adopted.

Stating the position broadly, T believe it is cafe to zay that mathe-
mutics is now for the first time tauzht to hoys in such a way that
all but the very stupidest can without undue effort understand
what they are doing and. in a general way. why they are doing iv.
Methods have been adapted which are suited to their mental age.
The subject no longer stands in splendid isolation, but is intimately

« connectedd with another school subject, bgth depending on the

other for mutual help.  Science asks mathematics for essential

13
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machinery; mathematics ask science for esseniial material; aad
they employ at this stage largely the same methods.

This brings me to what is rather delicate ground. I am {goiv o {0
claim thp privilege of age and venture to give those of you wlo are
es?vage( in teaching mathemftics a little good advice. T''s revo-
lation in the teaching of elementary mathematics must, * 1magine,
be credited to your seniors. It is not a complete and final reforma-
tion, incapable of further improvement, but rather a change of
attitude towards a very difficult and complex problem. It would
therefore be fatal if you folded your hands in smug self-com-
placency. I do not for a moment imagine that this is likely—so I
am tempted to suggest to you one way in which, if I have correctly
ar alyzed the cause of the recent improvements, you can profitably
exert yourselves to carry on the good work. This is, in brief, to
get in touch at,every possible point, and to keep in touch, with the
physics teaching that is going on in your schools.

I know quite well that this is not easy. The more highly organ-
ized a school becomes, the greater is the pressure to keep a man
in his own department. I confess that, although throughout more
than twenty years as a headmaster [ set myself to put this excellent
principle into practice and not only facilitate but almost compel’
men to work outside the narrow limits of their own specialty, the
extent to which I succeeded fell far short of my hopes. Thuman
nature is very strong, and persistent in Y influence; a rut is a
comparatively pieasant frack. The alternatives are, on one side,
smooth running with the maximum of immediate efticiency, on the
other, troublesome dislocation of habits and arrangements for the
staff and the provision of less expert teaching for the boys: in these
circumstances it is very tempting to keep masters doing their own
special jobs,  But T am convinced that an occasional change of
pulpits between mathematicians and physicists is of immense value
in the long run, and that the berefits far outweigh ary present dis-
comforts and loss of efficiency, .

If this can be arranged officially, <o much- the (hetter: if not.
much can be done on the initiative of individual masters who are
prepared to sacrifice some of their scoaty leisure, and by exercise
of diplomacy get their colleagues’ pert wion to act as an assistant
demonstrator (unpaid) in a phy<ical It agatory. or swell the audi-
ence in a lecture room.  This is not so dift?vu]t as it may appear, if
the physicist can be made to realize the advantaze of secing with
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his own eyes how well mathcmati s is now taught, and how little
grounds there are for his' complaint of boys’ ignorance of practical
mathematics and lack of skill in manipulation of symbols.

In urging greater co-operation between mathematicians and physi-
cists I may be suspected of forgettiig the mathematical labora-
torie. which have.been established at sore schools. These are of
course far better than nothing. In a school where no physics is
taught, they would be invaluable, but I doubt whether such a school
noy exists. Under modern conditions. they are open to serivus
criticism; for example, to a scientist there is a sense of unreality
in using a Boy'e's Law apparatus with the primary aim of plotting
a rectangular hyperbola, or in investigating the connection betwéen
the length and period’of a simple pendulum because it furnishes
an easy example in aigebra., But to my mind one of the most
weighty® objections to them is’that they represent a wedk sub-
mission o the forces opposing o-operation. They are devices to
make life easy for masters rather than profitable for boys. The
boy will of necessity pass to and fro betw *en the physical libora-
tory and the mathematical classroom, gefting something of the
spirit peculiar to each. It is far better when the master does so
too, learning when he is outside his own domain, and on his return
using his new knowledge in still further improving the methods
for teaching his own subject.” And this is not the only or the great-
est, benefit that he will reap from his travels abroad. For the
frontier between mathematics and physics is not easy to delimit:
there is a sreat deal of interpenetration and overlap; it is almost
true to say that it is ¢nly in the school stage that overzealous or-

- ganizers have succeeded in marking out a sharp boundary between

them. _Now, one of tne contributions to education which is rightly
claimed for mathematics is what is called “outlook on the modern
world.” There is no outlook {rom a watertight comnpartment; to
get one we must ascend to the bridge. or some deck above which
the hulkheads do not extend. So if we want a boy to go into the
world with a desire for a wide outlook and some practice in obtain-
ing it, we should providg him with masters who themselves have
not only the right to pass\from one ~ompartment to the next, as
the hoy must do, but also some of the faculty of co-ordinating the
activities in the separate compartments that are usually found among
those asse 1bled on the bridge.

Since I have, in the last few -verds, nentioned one definite con-
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tribution to education, it may be as well to apologize for not at-
tempiing to deal divectly with what may seem the proper subject
matter of this paper, the actual contributions which can he eapected
Sfrom mathematics when properly taught. My oxcuse for not toing
so is twofold.  In the fist plice it has already been done in
countless beoks, most of which are readily available  notably in the
Report of the Mathematical Association Committee on the Teaching
of Mathematics in Public agl Secondary Schools, 1 certainly could
not hope to improve on that,

But my main reason is that the history of the chanees that huave
rendered these contributions actual mstead of theoretical furnishes
a most striking illustration of the supreme importange in education
of the reaction between various subjects, and of the disastrous re-
sults of isolation. I know of no other hranch in which the eviderce
is so direct and so conclusive and at a conference of this kind,
which is compesed of all the talents, it should be of greater inter-
est and profit to consider this asp ¢t of the myter thin to attempt
to contirm the faith of those who already believe, or convert the
doubiters or inforsy the igaorant by special pleading directed to
estiblishing the benefits derived from the inclusion of mathematics
in general education, ~

I am very conscious of the factithat T run w certain amount of
risk in making this choice of topic,  No history is sg-little taught
as recent history  the expert historian usually refuses to touch it

" on the grounds that it is <till too near to be in perspective, that it is

" too imperfectly studied for wosoun] fudument to be possible, and
that it involves people who are still wlive. So the amateur has
to rush in. as [ have done, and risk being dubbed a fodl for his
patins, ‘ ‘

And that brings me to my List point. 1 have drawn a gloomy
picture of ~chool mathematics in the paste Tt waolthd be disastrous ®
if 1 left you with the impres:ion that the pictare i now anything
hut bright. 1 have no hesdtation in =aving that under present con-
ditions there is full warrant for the claims put forwiad by mitie-
nutical experts. even for that estrame one at which <o maony men,
of i older seneriation have Loethed, hitterly or derisively, accord-
ing to their temperament, the chiim that the averaze bov o can
actuttly enjoy B mathematical work.,

Since | have been trueht that the end of a sentence is the position
of areatest emphasizs it s on that chearful note that Fonow ond. g

O
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MATHEMATICS IN GENERAL EDUCATION

By W. LIETZMANN
Gdtlingen, Germany

The meaning of mathematics. Many persons associute mathe-
matics with some geometri¢ propositions or algebraic operations,
like the theorem of Pytha;,oras the binomial theorem, or the solu-
tion of quadratic equations; the more meticulous might think of
differential and integral calculus, differential equations, or Fourier

+ Series. Thus, those who have to do with mathematics outside of
school life are an awe-inspiring minority. But simple operations
with numbers, the development of the concep* of percentage, the
-computation of interest, as well as the knowledge of any graphical
or numerical conception of plane or solid geometric forms, belong

- to mathematics, :

When practical experienge embraces these phases, however, the
feeling that one is dealing with a science disappears. The long
division we study at present was a subject taught|in universities
in the sixteenth century. The function concept and graphical rep-
resentation were given scientific meaning only during the last
century, when they were practically applied in certain branches of
technology and applied natural sciences. Only at fhe turn of the
nineteenth century had the rising mathematical reform movement
introduced and spread this concept in the schools; now there is no
newspaper, no popular work dealing with facts represented by
measurements, which does not empley graphical representation of
empirical functions. Iere also it is not quite obvious that .nathe-
matics is involved. _

When we consider mathematics in-this scope, at the expense of
depth, its part in gegeral education becomes quite apparent. « These
arguments do not exclude the educaticn.of the future researck math-
cematicians or other groups of science students, such as the astron-
omer, the theoretical physicist, the research technologist, for whom
hicher mathematics is a necessary tool. But the sphere of the
application of this science is much wider.

™ 104
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. Vocations AND MATv .MaTICS!

Mathematical applications. It is very important to make clear,
,once more, how great the field of mathematical applications is, when
"\ ntathematics is considered in a broad sense. We shall consider
groups of vocations and we shall inquire how useful and hecessary
mathematical abilities are for them:” “We 'shall not consider the
mathematical subject matter, such as the knowledge of certain defi-
nitions or theorems, the mastery of certain algorisms and methods,
as much as the general dependence on mathematics and the discov-
ery of specific mathematical abilities. )
The merchant. The merchant ‘in the broad sense, be he store-
keeper or wholesaler, farmer or shipper, must deal with numbers .. o
and measures of various kinds, with plane and solid objectd, with
measures of weight and time. perhaps also with speeds, forces, and
measures of work. For all fliese he must possess a quantity-feeling,
which will enable him to determine prices quickly and correctly;
- to calculate them, and on this basis organize his business. He who
i cannot do this is himself the loser, or he is the cause of misfortune,
.+ especially when heavy taxes, ruinous duties, or emergincy demands
are imposed. ' : -
The artisan. In the case of the artisan, the ability to calcuilate
is important, because very often he is at the same time a business-
man. But the mathematics pf bricklayers, plasterers, painters, car-
penters, tinsmiths, of aut mobile-mechanics especially, and of elec-
triciz}’ns who are also engi'eers, is a mixture of arithmetic and plane
and solid geometry. ~‘The method of thinking from a mental image
through.a drawing on gaper to the ready-made product requires the
ability of space perception. The young man, for example, who daes
not master the various kinds of wood-combinations is uscless as a
carpenter; the mechanic who cannot read a blueprint is equally
incompetent. The examinations for licensing the various frades
involve an amazing extent of mathematical pibblems.
The artist. Many artists proclaim themselves encmies of mathe-
matics. But the wildest expressionist, who professes to be the de-
spiser of all perspectives, must look out for the true forms, espéally

@

' This subject was discussed by the writer on another oveasion in an article:
“Die geistige Haltunge des Mathen. wtikers, Vererbunz oder Erzichung 2™ Zeitschrift
fiir mathemalischen und swtlurseissoschaftlichen Unterrichl, Go (1935), pp. 369 ff,

Teubner, Leipzig. o
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when he desires that the observer understand him. The plastic .

artist must not only be able to think in spatial tegms, and represent .

in conformity with them: as a relicf artist he.must also master

geometrical laws,  That the architect not only must be a space- = - ¢
o gmmete; but alzo must be familiar with certain number variations

has heen shown us recently by one of the most successful.architects—_ ..

of our times, Th, Fischer.®

In' primitive art, as in the highly developed ornament® and in ‘
. hand-made tools and objects for the home. thete i3 apparent a geo- . '

metric “feeling”™ which is theoretically based on the group concept.
The symbolic drawings of vgrious peoples are based on definite
knowledge of form which kas been deeiphered only ‘in recent times.*
The sciendst. In the vocational group of scientists, particularly ¢
. the scientifically trained technicians., a vast €ange of mathemat-
Acal skills s necessany. To this field ‘belong not only physicists,
chemists, astronomets, engineers, and technicians in all fields of
endeavor, but also biologists, geologists, geographers, physiolo-
. gists, psychologiaes, and specialists in economical sciences. Rep-
resentatives of history, philosophy, and allied branches .proclaim
—~~ the n_onn&ltlwmu:i(\'zll nature of these sﬁcncvs; vet chronology
y is their essential tool. While some judicious members of the medi-
‘ ( cal profession and jurists appreciate the value of mathematical
training. many- of the so-called Geistesicissenschaftler (representa- /
tives of the belles-lettres, humanities, and the like) deny it and thus -
contrast themselvies, not only to all exact sciences hutalso to manual — *
workers and tradesmen generally. .
How deplorable, for example. is- the rift amone present-day
philosophers arising from the fact that sonie are ghle to think math-
ematically and =ome are nof.  In the times of Plato, Descartes,
Leibnitz, and Kant, tlu-rY/\\'us ho <uch difference.

Che ¢itizen, Fven if the few remarks concerning the mathematical
needs of the various vogations aave not completely indicated the
breadth of the <ianiticagee of mathematics, we must recounize that

; A
“Fischer, Th Zeoed Vortglhh e diber Propertioner O'denbrae, Munchen, 1934, -
Ylictesemne W W gthematik wed Bibonds Kun-t. Hirt, Bresdan. 1931, Alg
Ly thia aither Geometzie und Prihisteric 740 o0 traygo, PRy ML U Geas,
mwetrre urd Urves b bne™ Zesteinert vaqn omtin o mg ey g g ey s B £l
Lolrw Urterpnch!e vz vag g0, pp s 0

"The attention ot the reader i~ called ta the publicat: A< o the Americ: n
Mucum o Noeteal Hlictors i New Aonh Rrocher, A L. Bk Devione of
Hhe M- e Linds s Caosr s Waeders O faadeon B adic ook vngess ) Mead, Ch. Ay
Porygion i -{71.'-.- N
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the citizén in geﬁerdl, regardless of his vocation, is dependent, on
mathematics. He must balance his budget—make adjustment be-

- tween his incotherand expenses; he must pay his bills, compute his

‘taxes, evaluate life and fire insurance, and daily make decisions on
.the basis of comparative meastires. As a citizen of 3 community or
of a state he participates in community life dnd should interest
himself in the conduct of the business of his immediate community
and of the nation. Understanding of the business of the- state, of
commerce and ttade, depends on mathematical abilities,

The individual whn is interested in sports utilizes ‘spofts-mathe-
matics, .\_I'athematlical abilities likewise coritribute in Iarge\measure
to successful partici,mlu\i:n in the so-called mental games, such as
chess, cards, and puzzles. Indeed, mathematical thinking is a help

whlch cannot be overestimated.
A2

P o Space i’l-R(‘Ftho L '

Geometrical concepts. Let ys try to examme in deétail what we
call’ mathematical thinking and thus determine the odumtmn al
value of mathematics. We begin with the development of space
perception, a very obvious function in every mathematical study.
We say very. obvious: yet for quite a lonp, time it was neglected.
There were many teachers who thought “Everyone can see; what .
is there to teach?” If models of simple mathematical forms were
introduced, or better, if these were made by the pupils themselves,
then these same teachers would say with an air of superiority: “We.
won't bring up workers for some cardboard.factory, but mathema-
-ticians.” In contrast to this, without presenting any obiections to

- it at present, we say definitely: The teaching of space perception -

When within the limits of his inherited capacities the pupil will
otherwise be unable to comprehend pelationships - -is not only possi-
ble but is also necessary.

Everybody at some time or other must have a definite knowledge
of . how to recognize triangles and quadrilaterals as well as line
configurations,- to discover parallelisms and symmetries, especially
when he comes in contact with them, and then proceed to the theo-
retical ,point of view. Certainly, the road from actuality to the
thedretical concept is the best. _

In the case of such a conceptual development of geometric forms
it is oftentimes necessary to simplify the “given™ facts. but this

abstraction offers the greatest difficulty on ons side, while on the .

o~
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other, in the fixation in ‘'memory of contour lines {like land plans
and maps), it represents (offerssimplifications.

For the selection ol the content 56&"1110}110(1 of mathematical
study it therefore follows that the continuol}‘% -interchange between
abstract geometric forms and concrete facts i$ ,\"Sry important when-
ever a new geometrical concept is” introduced., |\ -

Space geometry. Man lives in a world of three dimensions and
not in Flatland. When, therefgre, we go frem the theoretical geom-
etry of plane figures to spatial figures, and gespeciaily when we
proceed from closed figures such as lines (}/lfodies with a finite
content, bounded planes, lengths, or other imited (in size) figures,
such a step has a fundamental psychological meaning, Naturally,
while we exist (live) in space, we should not be content to remain
in the domain of 'the plane when we teach space perception.

We shall state three stages in the development of this phase of
teaching. ‘ ’ _

. 1, In plane geometry the figures with which we work should be
connected with spatial (three-dimensional) figures; thus triangles,
quadrilaterals, and circles, for example, should. be. considered as
plane sections of pyramids, prisms, and spheres. .

- 2. We should enrich the study of plane figures and of similarity
with numerical work and with drawings of simple figures of dpace,
such as pyramids, prisms, cylinders, cones, and the like.

3. The relation between straight lines and planes in space, espe-
cially their graphteal treatment, should be studied, according to the
methods of descriptive geometry —by means of vertical and hori-
zontal projections,

- Space imagiination. In all this we should not forget the follow-
ing: Whenever we apply mathematics to some problem there is a
beginning and an ending, but between these two there predomi-
miates the purely mathematical vroblem. The builder, the mining
engineer, the landscape artist, the theater director, must first create
his objects in terms of space imagination, before creating the draw-
ing, and then he must turn it into reaity, and whatever he has thus
created he must afterwards submit to proof.

Not only is space imagination important for the creative individ-
ual, but it i~ also necessary for the understandineg of events,
whether presented in a novell a dranmu, a description of exploration,
a historical account, or in verbal description® of astronomical, gea-
graphical, and other phenomena.
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Whaoever ix confronted with the theories of the structure of the
‘macrocosmos of the universe or the microcosmos of the atom is im-
medjggely confronted with the difficulties.of measuring magnitudes
‘which are either uncommonly very large or very small.

Intoirpretatxon of space representations. [nfortuna;ely, we must
often ‘resort to two-dimensional representation of spatial objects.
Should such representation begtrue visual® fixations, then the pic-
ture ix easily understood by means of the central perspective. [Paint-
ings and photographs are common examples of such representations.
Projections (Schrdgriss), however, such as used by 'Japanese and
Chinese and others, in their pamtmgs, represent fo some extent
“visual” (auschauliche) pictures.

Artists and laymen have objected to the idea that the knowledge
of fundamentals of geometry is'of iise to painting, They protest
that it is an obstacle to the artistic feeling. In reply, we may state
that the first and proper sélection of the point of view and dis-
tance of the observer uf a painting enables him to comprehend
(feel) the representation better.. In photography. for example,
vspec‘i/al.l.g.‘{it*n enlargement is desired. proper location of the ob-
ject in elatibn to the lense of the camera is important so that the
plane picture may give a spatial effect. )

In engineering we prefer. to the central-perspective representi-
tion, the representation that employs the vertical.+horizontal. and
base prolnctmm Though mare difficult for visualization, it is more
helpful in the representation of size. During the last few vears, i
order to make the presentation and teaching of this subject easier
in German schools, an orthogonal single blackboard method has
been introduced.® It is connected hy means of introduction of
‘perpendicular projection  and  dimension-measurements  with  the
making af maps and drawings. At any rate such topics should
not be excluded from descriptive gedmetry in the schools on the
eround that it has enly to do with certain <pecific technical proc-
esses of certain trades.  Any ivman who has oceasion to draw in-
ferences concerning spatial shape of cross sections, or microscopic
sections, or geological profiles, must understand and utilize hori-
sontal and vertical projections,

“Thic is found now in i nmuthematics festhaoks tor German hicher schonls
Thewe were introduced by G Scheffers and W Koimer an Leitsaden der darael-
Loy qend v pomlic v Greemetrie, Quelle and Mever, Lepaie, 104 also W
Kiannr Fuanebroas o Jde dde-telende Geomatee?™ Part T Yach Pl Bibl,
v Teubner, Leipzig, tazh ’
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Descriptions of form. We usually underestimate tife difficulties
of describing forms, whether they are plane or three-dimensional
forms, whether they are simy; ‘e, perfect, and with no unnecessary
superstructures.  Description must be studied. Unfortunately,
slovenly description is prevalent in everyday use. The election law
of a certain country, for example, states that during the election
a four-edged urn should be used. The author of this law natu-
rally did- not think of a tetrahedron, but of a rectangular paral
lelepiped which has eight edges, but he saw only lour.

The difficulties increase when we proceed from simple to highly
developed forms or to combinations of form-groups. Let the reader
attempt to describe fully'the familiar form of a.violin! The orna-
ments of the Gothic, and Roman architecture, the baroque, and
the rococo can be distinguished easily, but to describe their differ-
ences in words is not easy at all. Luch descript’ »n of forms must
always begin with the ennploet figures, and in this case mathematics
is a tool that has no substitute. -

Samples of trends. The conditions in the world around us are

not static. Our ideas are constantly changing. Trends are revealed
in all fields- in"technology in natural sciences, in the spiritual sci-
ences. .
The geometry of Fuclid was static, and it did not satisfy the
&equirements of an-education.  The geometry of our times has be-
come more and more Kinematic; motions, rotations, reflections, and
transformations are common to it. Thus modern geometry so nec-
essary in certain professions was developed, Here again we may
draw examples from the various vocations,

Geometrical propositions. Only the specialists require applica-
tions of the propositions which are in the foreground of a course
in school geometry and which are related *o geometrical magni-
tudes, straight lines, angles, surfaces, and velumes in making con-
structions or in computing ‘numerical values. - Skall we say, then,
that such problems as these should be confined to special vocational
schools: the system of propositions concerring triangles, quadrilat-
erals. and circles, the study of surfaces, the study of similarity, in
elementary, geometry, then trigonometr and solid geometry and
<ome other advanced topics in geometry . cannot agree with this
point of view. Any one ot these abilities may at some time be
necessary in the =olving of even a sxmplq‘ problem. Moreover,
geometrical perception, (‘sp(‘mall) in relation to common problems,
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is best taught in the course of geomegry. The instruction should in-
corporate reat npplicutiumrom life and thus develop the abilities
in space imagination discumed earlier,

DEvELOPMENT 0F NUMBER CONCEPT

Number concept, ¢ ,u/suully distinguish two types of men who
work with numpfers: One whe understand numbers, or think in
numbers, the other to whom number problems are a terror. The
first type allows quite instinctively a freé play of a number feeling
when it has to do with series, magnitudes, quantities, which is
completely absent in the case of the second. To this second group,
stock exchange records. statistical records, and even business records
are unpleasant. Yet they employ the words much and little, small
and large, long and short, which are associated with numbers: with-
out a comparative scale thése terms would be meaningless and empty.,

The purpose of mathematical education of a great portion of
vouth is to develop variofs applications when these gre especially
of practical’use. ’

Number comparison (evaluation). As it is important to develop
a skill in correct performance of numerical operation, so it is im-
portant to develop the ability of proper camparizon of various
numerical magnitudes  Until we have developed the ability of
comparison (hy means of many problems), we cannot clearly jcom-
prehend the various geometrical or physical maanitudes,  Here the
comparisons are not contined to lengths, angles, surfaces, but in-
clude alzo groups of individuals and physical magnitudes such as
the horsepower of a machine, strength of a current, carrying capac-
ity. and thousands of other comparative items.

The number feeling enables the individual o estimate in ad-
vance the approximate result for a mathematical operation. The
teaching process should provide training in Judging the accuracy of
results. %\:npumtium can be performed on a calculating machine,
but a thinfNne computer is necessary in the preliminary estimate

and in the final check on results. The number, feeling is a protec-

tion against blind. purposeless numerical operations.

Nunmgber phantasy.  The 1;1_\'m;n; often fails to appreciate the care-
ful mathematical planning behind technical projects, inventions,
and products. Fvery michine, every airplane. ¢very <hip. every
bridge is constructed according to measured specitications to render
certain performances. number of vevolutions. ~peed. carrying capac-
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ity, and the like. All of these capacities can be numerically deter-
mined. ‘The preliminary work, before the project takes material
form, cannot be done without an eminent sense of number feeling
and space imagination.  First, the project is a product of imaginas
tion.; then by means of llde rule or calculating machine and draw-
ing board, the first fornis of thought become reality, and only then
the execution can be started. . .

e objectjpn may be offered that in genergl schooling the tech-
nologist or the constructor and their work are not considered. In
small industry and in daily life, however, there are similar prob-
lems and dppllcall(,)ll.s. Various requirements and specifications
are frequently expressed in terms of percentages. And fpere also
the developed number feeling makes possible approximations in
practical situations. .o,

Functionl thinking. Daily experience and scientific observation,
unadulterated empirics and pure thought, lead man likewise to the
fact that nmgn\\ude are dependent on nne another. that a change
in one magnitude involves a change in anotherrand oftentimes in
many other magnitudes. This is the source of the movement which
since the Middle Ages has been responsible for the function con-
cept, and throygh its dominance has furthered its development.
During the last decades it brought a change of mathematical edu-
cation from a pu\x rigid number concept to a dynamic function
concept. It is not hecessary to elaborate further on this point be-
cause everything important in this respect was said by H. R, Ham-

wey in the Ninth Yeurbook of the Nationul Council of Teachers of

Mathematics. .
Graphical representation. Luckily, in the teaching process the
function concept is connected with its geometric representation
as well as“with its arithmetic illustrations.  This relationship is of
immenst pedagogical importance: the number-feeling abilities of
the pupils are strengthened and space perception is developed.  The

function concept is of scientific and mathematical importance also. .

Fven Fuler considered as a function that which might be presented
in auy manner by means of arithmetic symbols.  Dirichlet first de:
veloped the function concept in the present general form, where

any two variables are defined in a given rélationship.  We make

direct use of this generalized function coneept when, in teachine
the graphical representation of an empirical functior, we do not
examine it but consider it from the methodolozical point of view,
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Infinitesimal calculus. The development of the function concept
still remains a difficult task if we do not introduce operations of the
so-callect infinitesimal methods. ‘Lhe introduction in schools of the
differential aml integral calculus hds put in contrast as fomething

M mystical the Tevelopment which had to do with the infinitely small

~ and infinitely large. The pedagogy of mhmteslmal calculus has now
progressed so far that the fine dehnition of the infinitely small by
means of fnite averages as their limits, thanks to Cauchy and
Weicrstrass, offers little difficulty in the high schools.  The impor-
tance of the results of the pedagogical \\ork of the last decades
cannot be overestimated,

Only recently has it becdme obvious how simple are cerfain

‘thinus, such as the geometrical problems of 'fﬁe tangent or the area,
and the concepts of velocity, acceleration, work, and force~to name
only a few. Moreover, the infinitesimal calculus isan m(hnpen.s.lblv
instrument it obtaining thorough knowledge, particularly in the
study of definite organic growth,

. ' Divitorsent o GENerat THINKING Abiniry

The teaching of language. The proper use of language i< the
prerequisite for the fornudlation and transference of thought from
one to another and as Such it is necessary f8r the process of correct
thinking, How a certain sciefice states in words its achieverents is
ot importance for itself, but it is also generally important for edu-
cational purposes and for practical aWd .cientitic thinking.  Mathe-
nuttical language is simple and divect. It avoids superhcialities.
It is essentially definite.  Such directness, would be equally com-
mendable in other matters of daily life, -

To the spoken language ¢orresponds the written expression ; clear,
dhirect simplicity dispenses with the unnecessury but makes use of
all that is required. What the requirements are for such a proce-
dure i mathematical ‘education are qunl(- obvious and need no
further elphoration,

The development of concepts.  When it is the aim of mathematics
amd other (‘X(l(‘t‘%‘it‘n('t‘\‘ to go to the basis of thinus, then there
should he the answers to the questions *On what ix this based #”
and “How i< it further developed 2™ It has to do with definite con-
ceptz. We should then take great care that our concepts he deli-
nite in their applications,  We should use logical definitions for
concepts developed afterwards, and the fundamental concepts must

FRIC'
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he very carefully based on the foundution of their science. \What
we thus accomplish in general education is the clear realization of
the necessity of concepts in evervday life: What is a meter, a kilo-
gram . How is our concept of time-developed # - How do we deter-
mine the position of some place on the surface of the earth and
what is mueant, for examyple, hy the net on a geographical map
Such questions lead thén to the problems of epistemology. When
ene speaks of space, he mgy express it in terms of the eye or touch,
Jnother may refer 1o the space of exnerimental or theoretical
physics: again ahother, a- disciple of Kant, may sgpeak of space as
pure perception and would believe it three-dimihsional Euclidean.
Then enters the mathematician and speaks of {the nbn-Euclidean.
aftine, pmw(nw or a dimensional gpaces.  What does all this
signify # "When two persons concern themselves with the problem
of ~p;lu' the fiust prerequisite s that they clyrify their concept.,
It ‘wduld be fortunate if in mathematical education we could
congern ourselves at least with the questions of fourdations, This
is out of the question in high school, but in colleges it should not
be heglected.”  Introduction 1o purer concept determination is al-
reatly pessible in school mathematics, in arithmetic as well as geom-
ctes,ang at the very hezinning  not by means of a logical deductive
treatment, but = an induetive perceptual introduction,
Consecutiveness,  “The sequence of propositions should be cau;
tiously gganmed in order to determine their logical relations. In
mathematics the pupil leains by steps forward: by the connectives
“therefore” and “this™ he arrives at the conclusion that one theorém
is a consequence of another, and by but it is™ he is introduced
to anather fact. “He learns to distinguish hetween a hypothesis and
a conclusion,  He dearns the conditions for the formulation of a
fact. Tle learns to distinguish hetween swliicient and necessary con-
ditions, e fearns the difference hetween hypotheses and state-
ment~. Briefdy, he understands how to deal with situations in life

even il they are not altocether <imple,

*Posden, R, oMator vnd Kot Vath Pave Bebl 3 Teubner, Leipaig,
1ail

HRarpech, v hhe teeamdlaren unsaer Zattcchonune et Mtk Phys Bl
o Teubner, Lo vaae

CSchetfers, G, Wae tewdbor umd 2onhoer man Grodoctee von Land und Stern.
Larteny  Math Phyy RBeibe, S3osa, Toohner, Lapaz, g

Sie Lntomann W Goeanddoace wnd Yt der Motivmatde, Tenbper, Leipziv,
= b N )W D e e Favdomeni:dl Coner pro ot e hora and
Coometry, The Moaorndlan Coy New Yok, 1923
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R(‘*)onslblllty In the logical and correct. relatlohshxp of proposi-
tions lies the proof. Other things being equal, the step from a sim-
ple conclusion with its three propositions to a more or less long
chain of conclysions offers the pupil difficulties. The teacher should
proceed cautiously and thoroughly. He should noi underestimate
at any rate the ability to absarb and to reproduce a proof.

Very important in this case is the awakening of the critical abili-
ties, through emphasis on fallacies, incomplete proofs, and the like.!?
The pupil must be fully responsible for what he generalizes and
for what he accepts on belief. In life we come in contact with two
types of persons. One is very careful and reticent in hizx"expression,
but we may rely on what he says: the other--well, everybody
knows him. Mathematical education is a very good means of up-
bringing. because in it there is no beating around the bush. Either
whay we generalize is true or it is false --there is no third case. If
we cannot say whether it is true or false, then we must admit that
fact. The teacher should in such cases fearlessly say to his pupil:
*T do not know this and others do not now know."

Under no condition should anyone resort to authority in order
to justify one%clf‘ I like to address my puplls as follows: “You
shouldn’t ='1) ‘It is said in the book. “You shouldn’t say, *We
learned that hefore.'

Ability to combine. No mathematical education <should avoid the
step from'a recéptive réproduction of a proof to later and produc-
tive work. to the individual working out of originals. This may
well occur in simple cases. The most important mental activity
based on work thus done is the application of combinatory ability,
We search various routes which lead to the same goal and test
their practicability. Such procedure is often difficult because there

_is not merely one step, but a series of different steps. Tt is similar

to chess, in that not the single move but the possible series of
moves that follow determines the good plaver.

T will not dwell on the famous transfer problem. but <o much
can he said: Tn practical life generally such combinatory abhility in
thinking is necessary, espeeially when there 2re no quick solutions of
problems; for example. when long deliberation is necessary., when
one must consider the reactions of others. .

Scientific thought. Mat'.caaties i Cample of a s¢ience devel-

*See Lictzmann, W.. “Truwschliiese.” Math Phyv: Bibl, 2y, Teubner, Leipzig,
1923 also “Wo Steckt der Fehler?™ Math, Phvy RBin! o <e, Teubner, Leiprie, 1921,
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Coped deductively.  But whenever an exact science is purs ted, it is
4 [}

first obtained inductively : singular cases are finally connected in a
deductive system, even if at first we do it in partial fields, but
mathematical thinking has a training value in general for exact sci-
entific thinking. v .
For general education there is another value: that is. that we know
the limitations of our thought. Nowhere is it so apparént as in
mathematics that there are problems which have no solutjon, nthvr~
which have not vet been solved. .
Conclusion. Consideration of the educatmn.ll value of mathe-
matics gives rise to new problems: First, is such education possible ?
In other words, to what extent are mathematical abilities innate
and to what extent can they be influenced by the surrounding
world? Second, there isthe problem of method. Third, there is the
problem of the content of the mathematics curriculim. The ques-
tion of the course of study should by all means never be considered
from the materialistic point of view: as, for example. “What ures

. does thé pupil make in his future life of mathematical knowledge?”

Ax a rule thisgdeads to a very poor solution. We should mostly
determine the course of study in relation to the general educational
objectives.  But this opens up the question of the educational value
of mathematics as the central pmnt of the pedagogy of mathematics
as a whole. ‘

4
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MA’I‘HE,MATICS AS RELATED TO OTH’ER‘GREAT
FIELDS OF KNOWLEDGE

" Bv GEORG WOLFFy )

Dusseldorf, Germany

PART ONE
MATHEMATICS AND THE SCIENCES

" INTRODUCTION

It cannot be denied that many people think of mathematics as
an abstract, dull science concerned with points, straight lines, seg-
ments, gurves, magnitudes, fractions, powers, roots. logarithms, and
the like. They believe that mathematics is based on rigorous and
dificult proofs (understood by only a very few) and also on cer-

in fundamental ideas named exioms. Naturally one can trace
bgck this view to the generations when Euclid and always Euclid
was studied in schools. This study was done according to a dry,
dull, and lifeless methoil, since discarded. The day of this method
should have been forgotten 1ong ago.

Much credit goes to the International Commission.on Mathe-
matical Education, whose work since about 19o8 has influenced the
methods of mathematical education throughout the entire wqrld.
We here in Germany, as well as Americans, even now vividly rgsall»
how David Eugene Smith, a historian of mathematics and a mathe-
matics teacher by calling, collaborated with the International Com-
mission.

Through such efforts a decidedly new course of study was intro-
duced into the schools. We no longer teach the difficult proofs
of the Greek imathematics in their abstract imperceptiblé forms:
we search for the relation of mathematics to the life of the prac-
tical man and his workshop, the merchant who needs to perform
many calculations, and the engineer who perforws his calculations
and drawings by means of technical -tools. TIn short applied, live
mathematics forms the central core of modern mathematical edu-
cation. Instead of exact deduction we have many intuitively con-
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sidered examples supplemented by numerous illustrations from
many fields of applications.

Among these applications we should especially mention here
those which appear in pure and applied natural sciences, in physics,
chemistry, biology (botany and zodlogy),* as well as in the arts,
such as music, painting, sctlpture, architecture, and even poetry.
We shall show the relation of mathematics to these sciences, but
because -of limited space we shall be able to shew it in general
outline only.

> MarTiiEMATICS AND NATURAL SCIENCES

Natural philosophy. Not always have men applied mathematics
to natural sciences. The school of Aristotle (384-322 B.c.) exam-
ined nature by means of the mmd and therefore was satisfied with
very few observations in order o arrive at a natural 1aw as a gen-
eralization. This Aristotelian’spirit dominated al natural sciences
until the sixteenth century, when Galileo Galilei (1564-1642" for-
mulated a new method. He showed that the inductive method of
. thought; such as that used by Aristotle himself, cannot lead to ab-
solutely safe conclusions and cannot claim to be scientific; he re-
quired that observation and thought, experiment and number, induc-
tion and deduction, should be in agreement. His classical examples
are freely falling b®dies and ballistic curves in vacuum. Observa«
tions show that the distances through which hodies fall, S,, S», S3

. are in definite relationship to the time element; namely

S$1:08::8:.8 . . .=114:9:16 . . .

This property Galileo generalized in the form of law only when
it was expressed by means of the formula

1 .40

= 2.‘1",
where g stands for gravitational attraction, and ¢ denotes time.
After this general property is discyvereii other conclusions may he
arri\ed at, as, for example the p'tths () trav'ersed by a falling

\ Wis Wt WL Wye o . =L I30500Q
\\ M . " N . .
Correspondinglv we have the parabolic law v = —cx®,  This is
geometrically represented by a parabola concave downward,

The novelty in this case was that Galileo formulated the founda-

! Hercafter the term “biology” shall be understood to include botany and zoology.
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tions of mathematization of natural sciences, and this made him
the founder of the exact natural sciences. Thereby he gave form
to the method of natural research due tq Plato (427-347 B.C.), and
this became the comnion procedure in the succeeding centuries. It
is still valid today. Mathematics is and should be in the full sense
of the word the servant of the natural sciences. Thus number re-
-ceived a new meaning in natural research; the laws presented above
represent functional relationship and dependence.

The most important problem of the new trend in the field of
research in natural sciences is that the magnitudes which enter in
a law should in reality be observed and obtained in agreement with

.« the mathematical formula by means of which this law is derived.
Whoever has i rformied experiments knows what it means to deter-
mine the time [ .scillation of a pendulum, to evaluate the speed of
the flow of gases, to observe the heat of a joule, or to measure the
length of a light wave in terms of a 103 precision. The develep-.
ment of the experimental natural sciences has traversed the road of
varied and improved scientific apparatus which has replaced the
eve and the-ear, and has enabled us to obtain measurements in close
wgureement with thewformulas. T'his road to precision, known to
mathematics only, remains as a sign of progress up to the present

vt day in all patural sciences,

We must mention the fundamental investigations of observation
and understanding performed by the rational thinkers throughout
the whole world. The best way is to 0\‘1m‘ine the history of phi-
losophy as well as the various systems formulated by these philoso-
phers. The important spiritual giants are found among the criti-
cal thinkers. such as Plato, Galileo, Descartes (13506-1630), Leibnitz
(1640-1716), Newton (1643-1727), Kant (17:44304); and among
the devotees of the theory of knowledze of the modern times one
may mention such men as Whitehead, Rus<ell, Hilbert, Hermann
Wevl, Planck, Heisenberg, as well as men whg belong to various
professional scientific circles,

In one respect, however, the help of mathematics 1o natural
seiences has not been fully utilized. The natural law thus has a
purely apodictical nature: it is roo per cent certain. To this cer
tainty probability was added during recent years. Thus, not a s
ele event but a multitude of cvents or complicated ditti Hees are
considered. Nowadavs when we are dealing with the Kinetical
theory of wises, the lawsz of inheritance, the laws of attraction of
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‘masses, or the rescarch in the constitution,of atoms, it is universally

accepted that a statistical interpretation is not only valid for one.

particular natural science but equally valid for all, whether it is
physics, chethistry, or biojogy. ,

Physics. Naturally, we have no desire to disregard the methods
of pure observation in natural research. These have their value,
and have produced considerable results, We think of cathode rays
--or X rays which were discovered solely by experiment; we think
of automobiles and airplanes, of the, use of motors, of the vast field
of electrot<chnics, of “optical. apparatus, and of appliances in the
ficld of acoustics.

On the other hand, we have many phases of development in

- physics where mathematics and mathematical’ methods have pro-*

duced strong impulges on research in natural science. One need

only think of the steam engine. A new epoch began after a long

standstill when the concept of ext7opy was introduced, when that
part of energy which could nof\ produce practical work was con-
sidered from the logical Boint of'wiew,

Most results in physics are due to the develop?nent,/o‘f differen-
tial equaticns, and especialy to their modern advances, as wely as
to differential and integral calculus, the fundamentals of wﬁ@ch
should be studied in all high schools. :

We are famihiar with most of the many and notable advances of
mathematical natural sc¢iences,” It is impossible to enumerate all of
them., i

So widespread was the skepticism concerning the expanding fields
of the application of mathematics that multitudes were astounded
when the Frenchman Leverrier, and the Fnzlishman Adams. by
oherving certain perturbations in the movement of the planet
dranus in the sky. discovered mathematically a new planet: the
Berlin astronomer Gatle, in 1846, needed only to direct his excellent
instrument in the pliace determined by caleulations in order to an-
nounce the stirring news, It was approximately where Leverrier
had predicted it by his computations, and it was the planet now
known as Neptune:  This glorious triumph of mathematical think-
ing cannot be repeated anywhere hy anybody in the world.

We may add other illusrations. A< the radio signals reach
the smallest hamlets or the farthest corners of the earth, a physicist
may recall the first <tep i the develapment of his science,  The
philo~apher of patural science and physicisi, Jomes Clerk | Mas-

-
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well (1831-1879), when examining the Faraday force-lines, dis-
covered that electricity travels with the speed of lighgw This mathe-

matical discovery: was doullted by the scientists of Ris tinfes; they

considered Maxwell a confused phantastic man whose claims had
no foundatlon Experimental substantiation wits lacking, and these
ideas were considered impossible,

At that time the physical demonstmtlons whxch would have con-
firmed the prophesied eléctrical “waves were not feasible. About
a quarter of a century later, by risking his health and after many
attempts, the well-known physicist Heinrich Rudolph Hertz (1857-
1894) demonstrated these waves experimentally, “But people were
far from being able to harness these waves practically. It was more
than twenty-five years before it was possible to put them to work.
The differential equations of the light-waves and of the electrical
“waves stated in the same form had shown the theoretical physicist
Maxwell the proper method. ; Thus, thanks to Maxwell, who-gave
us the electromagnetic theory of light, the unity of light-waves
-and elec‘ncal waves was ¢lemonstrated.

A bnef examination of the latest phase in modern physics, the

quantum thcory, shows again the value of rigorous deduction. With
the discoveries are associated the names of Max Planck and Niels
Bohr, . :
Basically this theory had to do with the follu\nmr Concerning
the rays of light of a candle, of an electrical lamp, or generally any
ray of light; before 1900 two laws were advanced—one of Boltz-
mann, -the other of W. Wien, both contradictory to the Maxwell
electrodynamics.

Max Pmek believed that the theory of \Ia\\wll could not be
d()ubtul “therefore thg fundamental concepts of transmission of
eneryy (radiation) -must be changed. He boldly proposed a hy-
pothesis that energy consists of very small particles, similar to a
table consisting of atoms or electrical waves of protons. This small-
est element of energy was named an encrgy-quuntum ¢, or simply
quantum, Planck then fearlessly assumed that this e is propor-
tional to the vibration number « of the respective wiay : so that we
have the equation € - - b2z, where & is a proportionality coeflicient
(factor). '

How fortunate thiz assumption was. one can judge from the
meaning of the proportionality factor in quantuwm theory. It rep-

Y
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resents the guantum effect and its magnitude was experimentally
determined. It is
b= 0.335 10 ¥ erg, sec.

By means of these assumptions Planck was able to reformulate
the laws of radiation that were contradictory to Maxwell, and the
two radiation laws agreed with each other. This discovery pro-
duced a tremendous efiect.  But it was still more important when
Planck, styrting in another direction, determined the number of

molecules in a cubic cenMmeter of gas at o temperature and 760
mm, pressure as

Y = 276 10",

which is known as the Loschomidt number, ind which up to the.

present time is the best Value known.

Besides this great discovery of the quantum theory there are
many others, of which it suffices to mention four: the explanation
of- fluorescence, the explanation of strong and weak X rays, the
study of the inconstancy of atomical heat, the Compton effect.

Of particular value to ‘the discovery of the quantum hypothesis
wis the new atomical theory of Niels Bohr, who studied energy on
the basis of Planck’s assumptions, especially that energy radiated
In any quantities but in integral multiples of e.

‘The surprising conclusion gave clear ideas of the structure of
atoms, in the sense of the Keplerian planetary laws. We stite them
here: .

1. Thy paths of the clectrons are ellipses. The central body is

Cthe atom-nucleus—it s located at the focus.

2 One electron may move about the nucleus alone one deter-
mincd path. This path can be computed by means of the quantym
theory, . '

The clectrons can jump from one path to another. When an
clectron jumps from one path to another nearer to the nuclews,
Lhen o covgyds released s should the path be forther from the nucleus
thew encrey s taken on.

It only remained to study t}u paths of the electrons of atoms in
the saume manner as the satellites of the planets in the sky, but

Athere s a distinet difference s namely, that the sty in microcosnios

1~ more ditmcult, 1t enabled us to fon muluv the inner structure
of elements, and to discover a new element known as hafuium,
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We have to mention also the new wave mechanics® as it was
formulated by Heisenberg. The latest consequences of this quan-
tum mechanics shook the strongholds of causality. And thereby
statistics and probability entered into foundations of matural philos-
ophy. The effect of a cause is only certain when the conditions of
that cause are definitely known. If this is not the case, then we
have to deal with indeterminateness;-and the probability must be
computed. There is no connecton between cause and effect from
the point of view of certainty. but ofily from the point of view of
probability.

Thus we have reached the present limits of philosophy and of
thought and of religion, concerning which the last word has not
yet been spoken; for the quantum hypothesis gave rise to many
contradictions whi¢ch must be clarified.

After all, the quantum theory and the atomic theory represent a
tremendous wctory of the pure mathematical method in.the field
of physics. Many new problems were offered for solution to the
practical physicist by Planck, Bohr, and their coworkers. We can
judge the difficulties which confronted these workers from the fol-
lowing constants, which will subsequently be augmented by others.

1. The constant of the electrical elementaty quantum:
1.6 « 107! coulombs, or 4.77 + 10719 LE.

+ 2. The diameter of an hydrogen atom (H): 12 + 1078 mm.
3. The weight of the H-atoms: 1.66 - 1072 gr.
4. The mass of an electron: g + 10718 gr.
5. The averagéwparation between two collisions (H): 11.2++ 107 ¢m.
6. The number of collisions (H) per second: 15.1 + 10%
7. The number of molecules in a cubic cm.: 6.06 - 10%,
8. The weight of the earth: 6 - 10* kg,

Up to the present we have considered illustrations in which the
mathematical investigation of the natural phenomena influenced
the substance of subsequent experimental investigations. But the
development of theoretical physics shows that experimental physics
likewise influenced exact physics. The mathematical physicists
had to base many assumptions on experimental physics. We know
that in many cases the mathematician, in order to solve his prob-
lems, had to reorganize his method of analysis. Thus, in order
to be able to study heat, Fourier developed his series; Einstein had

3Wolff. 6. “Quantenmechanik und Kaus:;litiit." Unterrichisblatter fiir Muthe-
mo! . und Nalurwissenschaften, 1931, 37, pp. 107 f.
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to master functions with an infinite number of variables; Laplace
had to invent spherical functions so that he could solve certain
astronomical problems.

The development of the Lew of Attraction may serve as a very
forceful éxample of the interdependence of ‘experimental physics
‘and mathematical physics.

Copernicus (1473-1543", with his fiery imagination, made a defi-
nite step toward the heliocentric sys*em, according to which the
sun was placed at the center of the world-system  Curiously
enough, the astronomers in this new epoch, as in ancient times, had
not yet formulated the behavior of the planets. Tycho Brahe
(1546-1601) studied their motion by means of certain measure-
ments, but hescould not discover their paths, because according to
Euclidean geometry tlese appeared to be circular, and as 'such
they were accepted by all. . )

Johann Kepler (1571-1630), who studied .\pollonius and his
conic sections, recognized the elliptic’l paths, and found their subg
stantiation in Tycho's tables. Thus he arrived inductively at his
three laws, ) .

But these fundamental laws of Kepler lacked rigorous founda-
tion. The neft important®step was developed by Newton (1643-
1727), who generalized the problem of the behavior of bodies
throughout the universe. In this generalization he used behavior
of two masses (m; and my). Thus he discovered his Law of AAt-
traction

. mynia
./ = y? !

where r is the distance between the masses, f is the force of attrac-
tion, and ¢ is the famous gravitational or attraction constant,

With the help of this law Newton, by means of differential and
integral calculus. proved from a purely mathematical viewpoint the
correctness of Kepler's laws. Only after such proof did this law
obtain full citizenship rights 1n nature, whereas previously its
soundness had been doubted.

It remained for physicists to determine experimentally the gravi-
tational constant.  Experiments were repeated many times.  ‘The
most recent value is given as |

= 0600 10 % !

The meaning of Newton's law is universal. With it one can

N
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explain the txdcs c\phun the fundamental changes in the starry
heavens, predict thc motions of plianets by urrrmtmb for the pertur-
bations of their courses.  Such was the state of affairs when Lever-
rier stumbled onto thc discovery of a new planet by means of
Newton's law. The theory of potentials in the gravitational field
wis evolved, and thus arose a new functional theoretical develop-
ment in mathematics,

The culmination of current experimental development iz found
in the latest unification of the beliavior of bodies (and thereby of
Newton's law also) in Einstein’s General Relativity Theory, The
theory employs Newton's law as its first approximation,  Its sec-
ohd approximation is represented by the thus far puzzling behavior
of planets at the perihelion. Besides this, the theory holds that
the rays of fixed stars, due to solar attraction, should be bent in
the vicinity of the sun. Finally, the lines in the red part ofthe
spectrum mast be displaced in @ gravitational field. ‘These theorieg
were substantiated by painstaking experiments,

No ehds the historical excursion in the meaning of experimental
physics, just where it was becun, Throushout, there has been
constant interplay @ induction and deduction, observational and tx-
act physics, cach cottributing to t}w ntlw , vach forcing the other
forward,

We ciannot close this section without mentioning the unification
of space and time by Kinstein,  Previously space and time had been
endowed with properties of the absolide.  In the unilied natural
science, relativity drageed in statistics.  Strong and much oo vig-
orous rationalism had to make concessions,

Chemistry. When one looks into a chemistry texthook  these
davs, he immediately notices i oreat number of tables and graphi-
cal representations, none of which can be found in earlier texts.
This chanue in rexthooks retlects the development of chemistry,
During the last two hundred vears, at first rather slowlv, then more
rapidly, as a subsidiiary science to medicine at fiest, it inally came
to stand on its own, and thus from a deseriptive science it emerged
into an exiact science, '

This is not to be wondered at, The formula-languase of chem-
istry Ix a Kind of shorthand hased on mathematical principles,
Whatever the pupil has to do during the first few hours refers
wholly amd only to masnitude and numbers,
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The total wdight in a chemical experiment must remain constant.

The elements Jcombinc only uccording to definite weight relation-
ships. -,
If there are several combinations possible between two elements,
then their weight-relationships behave like integers. (The law of
multiple proportion.)

The study of the laws concerning gases also led to formulas,
which were gradually improved. These are:

Boyle (1627-1691): pv = constant
Gay-Lussac (1778-1850): v = v, (1 + d¢t)
Combined faw: pv= pto - (1+dt)=R- T

Van der '\{'aals (1837-1923): (p + ;iz) c{v=0b) = ¢

It is known that Avogadro (1776-1856) came across the law of
Gay-Lussac. He discovered that it is possible to determine the
molecular weight (3/) by means of the pressure. of steam (D).
‘Thereby he introduced into chemistry further mathematico-physi- -

. cal methods. The molecular weight of any gas, relatively to the
z}ir, is
M= 2894+ D.

<

Avogadro arrived at it deductively. His hypothesis was: The num-
ber of molecules of any gas in cqual volumes is the same. Thus
arose the problem concerning the numbe: of molecules in 1 cm.3
“We mentioned above the Loschmidt number, which is also known
“as the Avogadro number; it is:

-

27.6 trillion molecules.

The next problem was concerned with the weight of the atom.
Dulong ( 785-1838) and Petit (1791-1820) expressed it by: means
of the law of atomic heat:

(atomic weight) « (specitic heat) = 0.4.

We may add here that the Faraday laws of electrolysis found
theic application to chemistry immediatelv after their discovery
(1833). Thus we have the rize of quantitative p'rysical analysis,
We are now confronted with the epoch in which chemistry became
an exuct science, This was clearly shown in the investigations of
the leading chemists,  LMaraday’s teacher, Davy (1778-1829), was
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-intecested not only in chemistry but also in physics. He not only

experimented in electrolysis hut studied the electric arc between two
codls. And Faraday, chemist by profession, became immortal
through his discoveries in physics. His contribution made possible
the development of present-day electrotechnics. :

After chemistry took a delinite course {romr & descriptive to an
exact natural science, there remained the deévelopment of a delinite
scientific system. This tendency became gbvious when attempts
were made to discover generalizations of known Jlaws which con-
tained these known laws as special cases. " And tdus the mathe-
matico-physical methods were move intonsivélly applied.

Thus were developed chemical dynamics, the science of dissocia-
tion, the laws of.the influence of mass, the structure of matter, and
the periodic system of elements. The last jis an abstract ideg of
Mendeleyeff (1834-1907). He based it on the group order of ele-
ments which were arranued according o their atomic weishts. This
system led in time to important discoveries, 1t made possible the
prediction of the dizcovery of unknown elements. We mentioned
the discovery of hatnium: but others were discovered in a similar
manner : scandium, zallidm, germanium, masuritim, rhenium, and
the numerous properties;’of these elements were predicted and
finally experimentally obzerved.  Thete cannot he a more wonder-
ful example of deductive thinking than in this ca~e of chemistry.

The history of disintezration of radium before Bohr introduced
the atomic muodel is not only a part of paysics but also a part of
chemistry, ‘The chemist must L Gamiliar with the dillicult mathe-
nmatical theories which led Planck and others to the microstructure.
Then only can he understand that:

. The chemical and physical propertics of an elewment are at

Jirst dioterinined by the oloctians of the outer core, FElewents hae-
ing the saive number of electvons haee the same properties,

2o atoms of ¢ ochemical clement Jece similar Cainey sled,

Thus statistics and probabibity hecome mathematical tools of
computation in ¢hemi-tiy,

But infinitesimal caleulus thu becemes an ewential toal for
computation also. I the well-known bool Nernst Schoentlies,
Finifihring  in die- Mathewdtische Behandiune der - Natuiicis -
sonschaiton® appears the following statement

Shirrodaotion o the M lew o d Looatanoer o0 N ]S o 0L s,
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The chemist must constantly be aware of the fact that without the
mastery of the elements of higher analysis theoretical chemistry will
remain a book with seven seals, And if h# wishes to avoid the da‘oger
of missing the opportunity of understanding all the developments in

" theoretical chemistry, a chemist should take care that the symbol of
a differential and an integral cease to be mere hieroglyph to him.

Not only in number lies the strongest link between chemistry
and mathematics, but in certain studies of form as well. The crys-
tal forms of minerals dre in most cases complicated mathematical
bodies, as is shown in the variety of forms illustrated in Figs. 1 to
8 on the opposite page. . '

In conclusion we should mentiorbfthe shell from geolecgy (am-
morhite) with the mathematically constructed spiral, illustrated in
Fig. g and Fig. 10 below. ) '

Fii, y. Ammonite Fic. 10. Constructed

. Spiral ©

/Bio[ogy. The biolagists will never admit that mathematics has
citizenship rights in their fiell. But biology would never have
been a natural science had it not emploved measuring devices
and numerical methods, and had it not used th@ in order to ex-
press its laws quantitatively. :

Apparatus. We therefore find many varieties of measuring ap-

- paratus, tables, or graphical representations in the field of biology.
Fig. 11 shows one example, an apparatus which indicates the growth
of a plant in a flower-pot. In Fix 12 we have a sraphical repre<enta-
tion of the growth of a snowdrop plant in the period from Decem-
ber to March.

A very important idea in plant study is as<imilation. We now-
adays study the advance or retardation of assimilation by means
of the diferent colors of the spectrum, We immerse the leaves
of plants in aleohol. The extract is <pectroanalvzed <o that
the absorprion spectium enables vs o learn of the interchange
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"of material. In Fig, 13 the analyses 6f both assimilation and

absorption are plotted alongside each other so as to show their
relation.

Fio. 11, Apparatus  for Fu: 220 Graphical Representation of
Mea~urine Plant Growth Plant Growth
oo &___B__C 7 l Fd ¢
2” .j.. — A}s.&‘rd'm
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Apparatus for the determination of the amount of aborbed car-
bon dioxide, as well as for the determination of the amount of acid
material, i< found in every biolozical Liboratory.  The graphic
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record reproduced in Fig. 14 shows how laboratory apparatus meas-
ure- the effect of breathing exercises in speeding up the building
of red corpuscles in man's body.

Fic. 14. Graphical Representation of Meus-

‘ . uremient of Metabolism o

Measurements of temperatures of animals and plants, as well as
functions of mass, surface, interchange of material, are performed )
by the finest apparatus, :
* The difficult measurement of pressure, -
such as that in capillary tubes in thin
strands, or especially in roots, is thoroushly
studied. The apparatus used in such meas-
urements is illustrated in Fig. 15. : :

Finally.. we should add mention of the
study of the behavior of gases in cells of
animals and plants, It follows an osmotic
motton which is studied by means of physics.

Forms and Numbers.. One of the most = :
interesting fields of biolouy is the study of i : il
statics of cells and webs in the animal and ¢ ‘“ I /

.

plant world. That an ant in spite of its ex-
tremely smiall size is able to carry relatively
heavy loads: that a very small bird may Fii 1s.
overcome with little fatigue a strong air current ; that small, hollow
hones of a small animal may with tand heavy strain of weight, that
thin plants, such as grass. wheat, and the like, are constructed so
strongly - these are matters that interest every friend of nature.
And still we hitve not progressed very far in the study of the
strength of the na werial of biological'yv small thing<: the resistance
to bending, to twisting, and to pull are <till to be studied thor-
aurhly. '

We (lo\Lrllﬁ the arrangement of leaves on plants by means of
“diveroe nms.’ If in Fie 16 the numbers oo 1, 2, 3, the arranee
ment of the leaves succeeding one another, we find that o corre-
sponds to 3.0 1F we examine the diverzency angle between the mid-
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dle lines of two neighboring leaves, we find that it is 120°. This
divergence is called 1/3, that is, we must go
1/3 of the stem further in order to reach the
next leaf above. Generally we have the fol-
lowing divergencies:

12,173,275, 3°8, 5713, 821, 13,/34, . . .

We obzerve the rule that the numerator
and denominator of a new fraction are rep-
resented respectively by the sum of the nu-
merators and the sum of the denominatogs of the two preceding
“fractions. The divergencies are between the limits !} and 1/3, and
the divergency angle approaches 137° 30",

When a branch of a plant spreads out in smaller branches, then
it loses an energy E. If we denote the energy of a new smaller
branch by ¢ and the apgle between the two branches by «, then

kFic. 106,

I = e cosa
‘The size of the heart of a fish is proportional to its capacity for
performing work. A\ trout, for example, has a larger heart than a
carp. ‘
The Fechner law gites the relation between sensation (F) and
excitation (R) [in vision], Tt is represented by the equation
E = klog R,
where 4 i< a factor of proportionality. This equation .is valid for
human beings. In the case of certain animals and certain plants
‘ it takes another form. -
' In order to show how biology leads into mathematics we may state
the following prablems:

1. The multiplication of animals, as well as humans, follfivs a geomet-
ric progression. In the case of a rabbite  2.¢ 71 in the case -
of 4 house moute @ 2, r 12, What is the number of the ani-
mals of one generation after five years?

2. There are primitive animals which multiply by means of division
into spores (for example, the germs of malarict). The division
into spores takes plice every two davs, How nuny descendants
of one cell are there after fourteen davs, when in every division
cach spore divides dtself into eight pores?

3. In the parthenogenetic multiplication of a plant lonse only females
of the species are born. During the summer there are on the
averaee ten generations. What s the total number of individ-
wals at the end of the last generation when each time the average
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number of eggs laid is 300? After how many generations will
there be 8,127,000,000 inhabitants?

4..A coccus [a germ] with a diameter of 1.2u divides itself under favor-
able conditions every twenty minutes. \Vhat is the number of
individuals at the end ¢f the sixth generation? How many cells
are there after twenty-four hours? \What is the weight in kilo-
grams of a coccus-colony after twenty-four hours when the spe-
cific gravity of a live substance ix 0.9?

5. The cylindiical bacterium of a gangrene has the dimensions: length
41 and width 2. The division takes place every forty minutes.
How many bacteria are there developed after six hours? after
two days?

A very important branch of biology is the science of heredity.
We often desire to make ‘permangnt certain changes in plants and

"animals. This is only possible, however, through madification of

many subjects. We investigate the size, the weight, the color, the
number, the seeds, and other characteristics of many individuals of
a species.

Fre, 170 Calipers

In this ca~e statistical investigations only may be of help. If we
wish to investizate the size of heans, for example, we meisure their
le. uihs with calipers (Fig, 17) and obtain a distribution like the
following:

Length tn mm 10 1t 12

11y 15 ibo17 18 10 20
Number of heans ] 715 )

to 70 O3 32 13 S 2

[
o~

If we plot these values on squared paper” (Fig, 18), we obtain a
viriation curve (Gauss's error curve),  The plotted curve deviates
from the ideal curve, as in Fig. 19 for example, and it is necessary

9

- ~—. e
10 1 12 i3 v 5 & 7 8 19 M

B g% Plotted Measure- Fr. tg  Gaus~'s Error Curve
ments
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to determine this deviatlon. If Fig. 19 is carefully drawn, then it
is the Gauss's error curve and is represented by the following

formula: '

_With the help of Galton's sieve (Fig. 20) it is possible to perform

such investigations of collections of objects; the experiments yield
the above-stated exponential function.

This method is found to be the best in all investigations of groups
of men, animals, plants. Moertality tables of insurance companies
are constructed along the same lines.

. i\
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LY Y VA U T W Y
L Ly LY 4

Fic. 20. Galton’s Sieve

Form and Space. When we consider animal or plant forms, then
we immed.iately notice the predominance of symmetry. Whether 1t
is a leaf, or a flower, or a stamen, whether it is a cell, or a body of
any animal, an artery, or an outer ornament, in many cases the
left side is a mirror image of the right side. It would be an inves-
tigation in itself should anvone wish tp study animals and plants

Jalong these lines. Haeckel and others have made very interesting

discoveries in this direction: name]y. that all lower animals on land
and in water have ornate forms.

If one wishes to stuidy thoroughly the inner-and outer structures
of biological bodies, he must be proficient in space representation.
In this respect a knowledge of geometry and spiace perception is of
great help to biclogical studies.

K
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’ o How expedient nature is in its workings can be seen from the
e example of a honevcomb (Fig. 21). Very careful investigations

~

+ have shown that the bee is able to build ibv(.'-'Cclls with a minimun?
amount of nuaterial; the cells are six-sided prizms with a superposed
(at the bases) pyramid consisting of three rhomboidal plates. The
. natural scientist de Reéaumur was the first to offer the suggestion
concerning this maximum and minimum problem. kxact mathe
matical caleulations by means of differential and integral calculu:
. - have substantiated the fact. that the bee encloses a maximum of

2

L

Fic. 21, Struciure of Hopeycomb

- space with the ndfimuny amount of wax. The rhe nboidal plates
meet at an anglé of about 109~ 28",

This example of the bee-cell is especially significant for the
assertion that mathematics should enter into biology. It is irrefu-
tably certain, as the historical .development of the connection be-
tween mathematics and physics and between mathematics and
chemistry has so markedly shown, that from decade to decade,
from century to ceniury, thegnathematical method of thinking, the
mathematical method of number and space, the analytical method
of hicher mathematics, have increasingly become an invaluable aid
in natural science. We mathematicians are proud of the fact that
-our science may help in the advancement of natural sciences. Many
natural scientiste may oppose this caleulating tol and aid. but the
day, will come when the Dhiologist will realize the amazing part
plaved by mathemaiics in the progress of his <cienee,

a

\
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PART TWO
MATHEMATICS ANDTHE ARTS

o

INTRODUCTION

Since the nineteenth century mathematics has become an in-
creasingly wonderful structure. Mathematicians! of all kinds, alge-
braists, geometricians, and those who investigate the theory of
numbers and the theory of functions, repeatedly say in one form
or another: We, too, are artists.

Whether one has a narrow or a broad conception of art, the mathe-
matical method of working shows in jts creative output a close
relationship to that of the artist. Whether the one works with
brush, with chisel, or with pen, whether the other works with num-
bers, with relationships hetween quantities, with configurations in
a plane, in space, or in spaces, it is the creative imagination of each
that is responsible for the finished product.

Furo 22 Representation of an
Elliptic Function

If ore examines either analytically or geometrically certain mathe-
nutical creatins - such as differential or integral equations, the
theory of numbers, or Riemann's theory of functions, if one has
hefore him the graphical representation of an elliptic function (Fig,
22) or a Steinerian surface or curves and surfaces in space ( Figs,
23 and 23b), he will bave to admit that research in these fields
demands not only a keen intellect but also a teal insight into and
appreciation of the concepts of number and space. To the exam-
ples already cited could be added many others if the scope of this

YSeripta Mathematior. Vot 111 No. cppotosdfr ppoorio i Encellent articles
by Nathan Altschiller-Court and by ¢ h«nh_) Kesser,
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- discussion permitted. Anyone who has a sense of rhythm or an
aesthetic sense must admit that mathematics and art are related
to each other,

<R

Fi6. 23a. Fic. 23b.
Curves and Surfaces in Space

-
v

Artists have not been lacking in an interest in mathemati's, We
all know that the same person often has both musical talent and
mathematical ability, The great Johann Sebastian Bach (1083-1750),
his son Wilhelm Fricdemann Bach (1710-1784), and the well-known
Mendelssohn-Bartholdy (1809-1837) often occupied their leisure
hours with algebraic and geometrical problems.

Of especial interest are the founders of the art of the Middle Ages.
We know the famous group in Florence to which “belonged the
painter and architect Brunelleschi (1377-1440), the sculptor Dona-
tello (1280-1400), the painter Uccello (1397-1473), and the versatile
scholar Leon Battista Alberti (1404-1472).  They were regarded
not only as artists but alo as scholars, and v-e know that they had
a strong interest in mathematical problems.  This fact is revealed
by their published statements, and especially by their association
with mathematical scholars, among whom were the mathematician
and scientist Paolo Toscanelli (1397-1482) and the theologian and
mathematician Nicolaus Cusanus (r4o1-1404).

We must still say a word about the artist and scientist Alberti.
This vear we are celebrating the five hundredth anniversary of the
completion of the manuscript of his work, De Pictura  a work
in which was attempted for the first time a scientitic explanation
of the principles of perspective, so important to the painter, He,

@

who wished to serve art, busied himseldl with many mathematical
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probileiis, :uulﬂwillx the principles of measurément and of surveying
and the quadrature of the circle. Some of his technical problems
of a mathematical nature have been published.

In certain ways Alberti reminds one of Leonardo Da Vincei. .They
were without doubt spiritually related --related, too, in their mar-
velous versatility and productivity, We know that Leonardo was
familiaf with Alberti’s work, and we know that in Leonardo’s
writings he referred to his predecessor as his authority.

Leonardo had a strong interest in mdthematics. Many of the
drawings in his Skctch Book indicate that.  For example, one
sketch contains in the upper part a study of his most important
work, The Last Supper, but in the lower part are two geometric

-figures which suggest the construction of the side of a regular

octagon--artistic and mathematical problems on thé same page!

Such harmonious propinquity is also to be feund.in the work
of our great German master, Albrecht Diirer (1471-1528). There
is a drawing by Diirer in the Dresden Lil);zir_v where a head is
drawn at the bottom of the page, while at the top is the very difii-
cult perspective drawing of a circle well wérked out,

There are connecting links, too, between poetry and mathemat-
ics.  Lessing, Goethe, and Schilier showed both in prose and in
poctry an understanding of mathematical thinking: the romanticist
Novilis sings of mathematics; literary men -Evth, Hesse, Lass-
witz, Morgenstern, Dominik, and others - discuss  mathematical
problems in their books,

Here we should mention awain the new American publication
already referred to, in which Cassius J. Kevser and Alt~chiller-Court
have made important contributions,  But above all is to he men-
tioned the outstanding essay of David Fugene Smith in his exeellent
little volume, The Poctry of Mathemaotics and Other Fasays?

We mizht close this introduction to the relation<hip hetween art
(poetry. music, architecture, <culpture, painting) amd mathematics
with the words of Oswald Spenzler in Decline of the 180t 3

<+« The mathematics of beauty and the beauty of mathematics
are henceforth inseparable, The unending ~pace of tme and the all-
round body of marble or boanze are immediate interpretations of the

PSeripta Moatlemeioa, iy Neombar Ore, 1,0

TOntereany e Ve ods vt by Ciraheo. Feaends Mbin on The
bracheted numhber, ifowens coh coept peo s the poace ton which the Ut -
tion i tahon. o
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extended.  They belong to number-as-relation and to number-as-
Sneasure.  In fresco and in oil painting, in the laws of proportion and
hose of perspective, the mathematical is only indicated, but the two
:Lmnl arts are mathematics, and on these peaks Apollinian art and
Faustian art are seen entire. |[284]

In the actual. tones are something extended, limited and numerable
just as lines and colors are; harmony, melody, rhyme, and rhythm no
less so than perspective, proportion, chiaroscuro, and outline. The
distance separating two kinds of painting can be infinitely greater than
that separating the painting and the music of a period. Considered
in relation to a statue of Myron, the art of a Poussin landscape is the
same as that of a contemporary chamber-cantata: that of Rembrandt
as that of the organ works of Buxtehude, Pachelbel and Bach; that
of Guardi as that of the Mozart opera—the inner form-language is
so nearly identical that the difference between optical and acoustic
means is negligible. [220] '

... And s» the born mathematician takes his place by the side of
the great masters of the fugue, the chisel, and the brush; he and they
alike strive, and must strive to actualize the grand order of all things
by clothing 1t in symbol and so to communicate it to the plain fellow
man who hears that order within himself br cannot effectively possess
it: the domain of number, like the domains of tone, line, and color,
becomes an image of the world-form. For this reason the word “cre-
ative™ means more in the mathematical sphere than it does in the pure
sciences. -Newton, Gauss, and Riemann were artist-natures, and we
know witl. what suddenness their great conceptions came upon them,

[o1]
Music AND MATHEMATICS

Oscillations and waves. Since we have asserted that music and
mathematics are closely related, we will illuminate our statement
with a single illustration.  When J. J. Sylvester in the year 1864
said in his Trilogy: “Thus the musician feels mntl.wmatics, the
mathematician thinks music.” and vhen he writes of ‘the spiritual
relationships: Mozart-Dirichlet and Beethoven-Gauss, <o we today
see this relationship confirmed by pages of music where the artists
have first written their compositions in curves before writing the
music notes. It is certainly ne accident that the “sine melody”
ar the “ceycloid melody™ may be discovered in so muany compo-
sition? )

If one wishes to produce a tone, he does =0 throush the vibra-
tions of wires, little metal dises, and the like,  These vibrations
tran=mit themselves through waves, Fach wave has a lenath A, a
time of oscillation 7', and a speed of transmission €, (about 333
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my/sec.). The relationship betweén these tﬁ'agnitudes is given by the
equation ) .

wd A _ (“7‘

If one observes a wave, it is seen to resemble the sine curve. If ¢
is the time of observaticn, then

‘ 'y = asin (21r . ;)

is the_analytical expressio'n of the wave which is shown in I'ig. 24.

A

Fic. 24. The Sine-Curve Wave

By observing in a revolving mirror (Fig. 25) the vibrations which
produce a tone, it is possible to get a graphical representation of

NN

Fic. 25. Graphical Representation of Sound

the sound. Before we go to the scale, we must introduce the idea
of vibration number

n =",
="

That ix,
« = RA

The tonal scale. We start with the ¢ major scale which has the
notes C, D, E,F, G, 4, H,C (Fig. 20). If one understands by interval
of two notes the quotient of their vibration numbers, one sees that the
vibration numbers of these eight notes are

24y 27, 300 32,30, 40, 43, 48
Consequently the intervals of the series are

O 10 10 O 10 0 1H
S 0 13 S Yy S 13
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We take now the ratios of each tone to the
follows;

231

onnmal tone (L) as

6
ST (kevnote) 5. S0 3 Gifth)
24 23 2
27 29 tocond? o 4° =8
2. 24" 3 (/;Lumd, 0= (sixth)
05, .. 45 _ 15
. = (third -, = (wunth)
3 4 4 ( ) g
32 : 3
3. = + (fourth) 8. 4 = 2 (uetave)

24, 3 24 ’

The diatonic scale has not always had the last-named interval.
Pythagoras (¢. 530 B.c.) who delighted in number speculation,
placed them together. as follows:

o 81 4 3 27 243
S 04 3 2 10 123
or
y 2 W V2 N N o
A A - b Al N
! 3 kN k] v 2"

-

In the course of centuries this series underwent many changes.
until on November 18, 18835 at the international music conference
in Vienna, the Parisian concert pitch with the vibration number
435 (Fig. 27) was accepted as the international concert pitch. From
it. with the help of the other intervals, the vibration numbers of all
the notes of the (" major scale and the preceding and following ones
can be determined, and in addition the vibration numbers of the

[326] 3601 301439 a¢s] s2¢]509]
i???f“LJZ—:ﬁEffgg;
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notes advance from octave to octave according tq the law of
geametric series with ratio 2.

On the piano kevboard (Fig. 20y the white kevs give the seven
notes of the ¢ major scale. But as the intervals between consecu:

lo I{' .e . o
.H) the “black

4

. 9
tive notes, a3 we have seen, are not equal (\
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keys” “ sharp, i sharp, F sharp, G sharp, and 4 sharp have been
introduced between the great notes 3 and 1%, now giving twelve
Ly

notes to the octave with approximately equal intervals, Thus was
developed what is known as the chromatic scale. In contrast to the
chromatic scale, the seven notes of the scale have been named the
diawonic scale.

\With the use of the black keys, one comes to the minor scale
C, D, D sharp, F, G, G sharp, H, C with their own tones, which
unfortunately we cannot follow here. We will place the intervals
tozether:

Consceutive notes: o 16 10 0 169 1o
8 15 9o b 15 8 ¢

0 6 4 3 89

8§ 53 2 55

If one examines the intervals of the chromatic scale, he finds, as
we have already said, that they are ‘approximately, but not abso-
lutely, equal. On the basis of th!s number investigation, niusicians
have adjusted these intervals. The necessarv correction has been
called temperament. The method by which musicians made the
twelve notes equal was named equally balanced temperament, or
equal temperament. One speaks.. then, of the tempering of the
scale, and of the tempering of the piano. Lvery interval then
amounts to

~

Transposed to C: 1

i = 2=10303 ..

Harmony and melody. Until the early Middle Ages music was
for une voice, With the development of church music part-singing
was introduced. In the theory of harmony, the euphony of notes
sounded together was studied, and one speaks of consonance and
dis<onance.

If one sounds two notes tocether, the simpler the ratio of the
nnmbers for that interval the more harmonious the sound. For
example, if one strikes together congecutive notes of the € major
<citle, the sound will not be as agreeable as that of a note combined
with the third or the fourth or the fifth note followine. This
observation leads us to follow up the intervals in detail. For pleas-
ing <ound of notes together, the triads given on the opposite page
must be observed.
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Major triad or major chord or major tonic chord, 1 : : : j = 41300
. . . ..". . . 6H 2
Minor triad or minor chord orminor ton'c chord, 1217 = 10812115
\ J -~
T Nfat , 4.5
© Major-sixth-tonic chord, 1 70 V0 = 304105
3 3 .
Minor-sixth-tonic-chord, 1 : ; ’= 120 15: 2
o

The figuration of notes gives to a piece bf music the melody in
the widest sense of the word, Parts of the composition yet to be
considered are the rhythm, the time, the rest, the measure, the end
or tonic accent, and the end or end tonic chord. These, too, can be
and are expressed in numbers.

These suggestions do not exhaust the humerical possibilities of
the notes and their combinations. One could still give the intervals
of the different major and minor scales: one could speak 6f tones
and overtones: one could aim high and express the re'ationships
in formulas. Then, too, one could go into the exact calculation of
the vibration numbers, But we must put all of that aside in order
to consider number relationships in other graphic arts.

PrororT1ioN IN TikE GRAPHIC ARTS P

Architecture. In the last section we referred to Pythagoras as the
man who had studied number rewationships in music.  We must
new refer to him again in connection with the graphic arts: for
from him came the statement: Ar¢ is number. Modern scholars
have said: Adrchitecture is frozen music. More significant is the
statement of the Duke of Urbino. Federizo von Montefeltro, be-
cause it reveals an appreciation of geometry in architecture:

Architecture is founded on arithmetic and geometry, which helong
to the foremost of the seven free arts because they carry within them-
selves the hizhest deuree of certainty.

We know that the circle was held in high recard by the ancients.
For a long time it dominated geometry: it dominated the Ro-
nanesque style which flourished in the tenth and eleventh ceniu-
ries. Circular wiv dows, circular arches, even circular cross-vaulting
predominated.  Fiz. 28 shows the importance of the circle in the
window hy Villard de Honrecourt, French artist of the thiiteenth
century.
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The Gothic style broke away from this and created the\ pointed
arch, illustrated in Fig. 29. In the Gothic arch is to be se\c\n the

A\

Fi;. 28.

transition from the circular to "he curve. Its suprete expression is
found in the dome of the Cathedral of Florence Luilt by the Floren-
tine architect, Brunelleschi (1377-1446). Brunelleschi renounced the

/

Fig. 29. Gothic Arch

pointed tower of the Romanesque and Gothic sty ies and created the
dome. We know that the architectural construction, the calculations,
caused him much mental strain. We know that conversations with -
his mathematical friends turned him in the years r420-1434 to actual
construction of the dome. The outer form of the dome wus also an
innovation.  For the first time a catenary (Fig. 30) was used as a
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cross section of the dome of a cathedral. The equation of a catenary

/N 1s:
a 2 r
: y= (c.+ )
2

which must be seen ‘as a transition to the
Fis. 0. parabola. Galileo himself at first thought the
catenary was a parabola. If one rotates the inverted catenary
around its axis of symmetry, he has the contour of 'the dome. Fig.
31 shows the constructed dome. The dome stands as a symbol at

.

tawr. }
[

.

/ Fic. 2. (";uhmlr:nl of Florence

/

the beginning of the Renaissance, The curve and the straight line
were its elements, but above all the line.

Common to the Romanesque, the Gothic, and the Renaissance
styles is svmmetry.  ‘The Roman architect Vitruvius has handed
down to posterity in his ten beoks about architecture the tenet that
not only must every building possess right and left sympetry, but
the entire structure must also be ruled by this harmony., The
mathematician rejoices when the architect or the art historian
speaks. of the functional tie-up of the entire structure with its parts,
it rhythm is to permeate the building.  What the temples of Rome
began we see throughout the Middle Ages in Italy, in Germany, and

Aruitoxt provided by Eic:
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in ¥rance with fixed regulations for the ground plan and fagades
of churches, palaces, and residences, .
But mathematics goes still deeper. The great masters of Italy
and of other countries gave their pupils exact instructions for the
drawing and the arithmetical construction. Puring the Middle
Ages in Germany the Bauhiitten (foreman’s offices in a building
yard) played a great role. Their directions™were regarded as
secrets (Iliittengeheimnisse). Only a few details could be men-
tioned. Houses several stories high were, in general, so built that
the height of each story was greater than the one just above it
_because it had a greater weight to carry. However, there are many |
buildings where only the first story is higher than those above it,
the rest being- of equal height (Fig. 32). In the French Baroque

M,

’

%

Fia. 15, Fisch- . Fis. j0. Romanesque Window
blasen
style the upper stories markedly diminish in height. As an illus-
tration, we will examine a part of the west wing of the lLouvre
(Fig. 33). The front stories are arranged almost like the terms of
a decreasing arithmetical series, In the Renaissance the heights
of the stories of the front elevation do nat diminish so rapidly.
The great architect-theorist, Sebastian Serlio (1475-1552), has told
us that according to his opinion the terracing of the front stories
from the first floor up should follow the law of the geometrical series

where r = 2‘ while with the famous Palazzo Strozzi in Florence (Fig,
: 4

34) the ratio isr == S

()'

The construction of church windows has always been a difficult
problem. “Fischblusen” |in the form of a fish bladder] (Fig. 35)
and circular windows (Fig. 36) were favored. It is a stimulating
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exercise for a mathematics class to compute the radius A from
BM,. The result is:

AMa= " B,
3

In the Gothic style there is an abundance of tracery in the deco-
ration of the windows. Especially characteristic is the round trefoil
(Figs. 37 and 38). The construction of this ornament is based
upon the equilateral triangle.

A "i -
PN !
- ‘\~ s ~"\
B \ ._.-./ i 1]
. 7
k A-. M !
N . !
AR S
\C
o W, & -
N
- - & .« .«
Fic. 37. Round  Trefoil Fi1:c. 38. Round Trefoil Window

Construction

The equilateral triangle plays an important part in Gothic archi-
tecture. We have aiready met it in Fig. 29 with the pointed arch.
The masters used it in many places from the ground floor to the
turrets. ‘T'here had also developed some knowledge about the appli-
cation of the so-called ™ triangle, the rigorous proof of which is

3
still to be undertaken.  We shall not attempt to discuss it here;
for it appears partly mysterious and speculative. '
~We are quite certain. however. about the construction of the
pillars.  The Saulen-Ordnungen (order of pilars) gives the mathe-

.
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matical coﬁstruction to the smgdlest detail. We must at least men-
tion the Siulenbuch of Vignola (1507-1573), which gives the ratio

%of the height (&) to the diameter (d) of the lower base:

Doric columns: = 8d

Tonic columns: b= qd .
Corinthian colunms: A= 1od
Tuscan columns: h=7d

\While the artists of that period concerned themselves with pro-
portion and form in architecture, Raphael (1483-1520) bemoaned
that Vitruvius. had thrown too little lizht on the architecture of
the ancients,

Fro o, The Canoic ob Vitruviu-

Sculpture and painting.  Michelangelo (1473-r504) recommended
to the architects of his day that they master the nccessary tenets
of proportion through a study of proportion in the human body.
One sees from this how prevalent at that time was the idea of “man
as the measure of all things.” The oldest source which we have
concerning the proportion of man is De Architectura, the pre-
viously mentioned ten-volume work of the Roman architect, Vitru-
vius, In the third volume Vitruvius compares the temnple building
with the ficure of man: the buildine which <erves for the glorifica-
tion of the gods must have as flawless proportions as the most
perfect thing created by the gods themselves.

e
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Thus it came about that the measurements of man were recorded
in a table called the Canon* It contains the proportional numbers
for all parts of the body. Over this Canon, however, hovered as
the first law that of symmetry as the harmonious foundation of
that concépt of beauty of the ancients and of the Middle Ages.

Vitruvius based his fractions on the total height, / (Lange) of
man, the face, g (Gesicht), and the head, 2 (Kopf) (I'ig. 39).

The CaNON 0F MITRUVIUS

1. Top of the head—chest 174 1 ‘
2. Chest —upper part of the thigh 1/4 1

3. Upper part of the thigh -knee /g 17

4. Knee —sole of the foot 1/4 1/

5. Top of the head: —~hairline 1,401

6. Top of the head-—chin (head) 1/8 1

7. Hairline --chin (facey /10!

8. Lower neck bone --chin /8 1

0. Upper part of the breastbone - hairline  1/8 ¢
1o. The face (Gesicht)

(@) Hairline —eyebrows 1/3 ¢
(b} Fyebrows—wing of the nose /3 8
(r) Wing of the nose chin 1,3 ¢
r1. The hand (wrist--tinger tips) - t'ro!
12. Foot of amin 16 1
r3. Foot of 4 woman 18 !

But Vitruvius was not satisfied with finding the relationship of
the human body to its parts; he also represented it geometrically
standing with outstretched arms in a square, and also with wide-
spread lezs and raised hands touching a circle whose center 'is the
navel. Leonardo da Vinel (1452-1519) studied in detail the Canon
of Vitruvius, and from the study he drew a sketch in his book
which Vitruvius previously bad drawn as two figures

The Gothic style brought from Villard de Honnecourt the geo-
metrical construction of the face (Fig. g40a) and of the body (Fig.
4ob) based on the square. the rectangle, the equilateral triangle. and
the isoscelex triangle.

In this historical chain belong, too, the measurement tables of

* The Canon is the table used in art, painting, o desivning. In the ratio em-
ploved. the deneminator as the length of the human body, the numerator is the
lerzeth of a part of the bady. For example, if the distance from the top of the bead

to the chest is <o em. the length of the body 200 cm.. then we have the propor-

tion > "1, where 1 is the lensth of the body.
) 4
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Cennino Cennini (¢, 1400), of Lorenzo Ghiberti (13781453), of
Filarete (1400-1409), of the mathematician Luca Picioli (1445-
'1514), of the sculptor Pomponius Gauricus (¢, 1504), to name only
.the’ most important. ;

The course of development shows plaml) the one line from the
still unmentioned Egyprians—who drew their people and animals
on squared divisions -to Vitruvius, Villard, and many others on
into the fifteenth century. All have made their canons in order
to give to their gilds, to their pupils, this instruction: Thus and
only thus may you proceed with the graphical representation of man.

N
!

B
2 A
&
~

Y

TN L

l\\.__-.___’/’\l)
g .

Fro o4, . Fie gch.
Con=trintion of Fae sl of Body, by Villard de Honneoourt

The course chanszes when Leon Battista Alberti (1j304-1472)
whom we kave previously mentioned, wrote his JJuthiopomelrie: De
statug which mus~t have been finished in the vears 1gog-1472. With
this avt-theorist and versatile scientist a new epoch inart hegan,
His voal i~ that of the Renaissanee: to unite art with sdience, to
free it lrom the cra p ool technicalities, and to strive for an ideal
standard of beauty, He aave, therefore, no ratios, vut absclute
numbers: he introduced his own rule and 4 nieasuring instrument
with which the me toexaet mea-urements could he made His
nuany med-rements he kept in his eanens He contivaed to strive
for areater exaciness, for objectivity in the ~sciences? - But it was
contrary to his conception that his number ~eries ~hould e blindly
accepted s he demanded of other artists that they make their own
mensurenent-, that they not do mechanical printine bhut decorative

O
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painting, that they not employ the art of a book of rules, but that
of ‘the artistic eye. So he strove toward a warm, picturesque style
in art, toward beauty!

Leonardo industriously studied Alberti's views and digested them.
If in his canon he also followed Vitruvius, it was in an artistic way
and far from mere mechanical construction. The fact that he did
not think of a table of measurements for adults only showed that
he wanted to see with an artistic eve, that he wanted to develop
an ideal of beauty. In his treatise he said:

In early childhood the width of the shoulders is equal to the length
of the face . . . but when man has attained his growth, each of these
has developed. . . . The height of a well-proportioned adult is ten
times the length of his face,

That implies that Leonarda assented to the divisions of Vitruvius:
for Vitruvius was the only one who used the ten divisions before
Leonardo,

N~

Fie g1a Fui g1h.
Construction of Face and of Lew by da Vinei

It was not Leanardo’s way to work a long time on one problem,
Hi< head was too full of ideas for him to he able to work at ench
problem systematically, So he leaves us no comprehensive sum-
mary s one must collect the numbers piecemeal. He likewise left
no table of numbers concerning proportion in the human form.
We have several sketches like those of Fius, Jra and 41h, We
recognize phinly that the face is trisected by the brow. the nose.
and the mouth apd chin, We <ee that other parts, as the eve dnd
the upper lip, ave in proportion. The same is true of the dinwing
showing the <hank,

In Germany Albrecht Diirer (ryso-15:%) wave close attention 1o
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proportion. He also wrote an extensive treatise about it. It woulc
be interesting if we could examine-his conception here in detail
but’ we will seek to clarify his goal by discussing ceveral of his
pictures.

The numerous lines in one of his figzureés show how the artist has
striven to divide the body into a still gteater number of parts in
order to achieve a still more accurately constructed figure.. The
exactness was Diirer’s own,. inasmuch as he was an artist of the
Rendissance period.

Diirer did not restrict himself to the arithmetical divisions, He
repeatedly made geometrical constructions.  He tried to represent
the human body not only at rest but also in motion,

How rhythmically he proceeded with his composition is shown
in a couple of drawings of the human hand and face. In the figure
of the hand one can see the lines that Diirer himself drew. In the
drawing of the face the lines were copied by Herr Justi. _

Diirer also made a =ciale drawinge of o horse according to his own
method and accordine to Leonardo’s in order to he able to recog-

- nize how, even in the animal kingdom, a standard of beauty was

O

striven for throuch the canon.

Perspective. There are two problems with which the artists of the
Renaissance occupied themselves the problem of heauty and the
problem of three-dimensional representation. The first was solved
through proportion, the second through a knowledue of perspective,
Bruneleschi. Alberti, Donatello, Uccello, Leonardo. and  Diirer

gshared in thiz development.

To understand perspective. one must compare the picture which
one xees wiln the object itsell.  For example, if we look down a
railroad track, we see the tracks, telearaph poles, trees, and perhaps
a river.  In reality the rails are parallel. the teleuraph poles of
equal heiuht, the trees of equal size, and the river of practicatly
constant width.  But in o picture of this view the rails apparently
run tozether in a point which we call the vani~hing point call 1t
i the telezraph poles become smalter and smabler in the distance
and also converge toward 770 the river appears< in the form of a
triancle with the vertex in 77 the trees on the mountiainside appear
to have dimini~hed in size at /. Such a picture is called a pers
spective drawing of the object. Al of the receding ines meet in
one point. /7.

[T a painter wishes to depict space, he i expected 1o choose a
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central point.  Painters have not always done that,  Before 1400
it was not done at all; and even after the Florentines had found
the poeint M, it was a long time hefore it was universally well
done.  In the works of Konrad Witz (¢. 1447), 2 well-known
piainter of Basel, the receding lines do not converge. ‘The painter
did not construct his framework, but created the picture as.he felt
it to be. For that we cannot reproach him, for artistic freedom
is due him: and we know that impressionism, expressionism, and
cubism have created some fine works of art without the artist’s
submitting to the laws of perspective,

Quite different was the famous teacher of Raphael. the painter
Perugino (1440-1523). In his Awnunciation we see all the receding

-~ lines in the lower picture rapidly converging at a point. ‘The -ame
i< true of the two upper pictures at the sides. as one may vlserve
by drawing the lines.

In the vear 1514 Albrecht Diirer completed the famous engrav-
ing St. Jerome in His Study,  This time [/ (the point of con-
verzence) s not in the center of the picture. but to the rizht,
Without central perspective and without symmetry the artist has

“succeeded inoereating an impression of ereat inward calm and of
spirittal accord,

(e frequently finds the opinion expressed that it was only in
the Renaissance period that o central lineament was employed as
the foundation of =pace. This is not the case: in every century,
even today, there are many artists of reputation and eminence who
have devizted from <uch practice,

Peter Janssen oo 1652 had alwavs oberved the vanishinge point
in his pictures s in his fatorior of a Dutch Home, as for example,
the Hoar lines amd the wall lines all are directed toward a point (/7).

Observimee of the central point is more dineult in seulpture,

«  Donmtello created exoguisite architecture-plastics or art.~culprures,
Thus in ~omie of his works ane can <ee the receding lines wonder-
fully centered, o they must he in reliel persnective,

From <ach mmalyse il reconstraction of drawines, one can ac-
quite anartistic point of view, It offers to mathematios a cluify
e approach o et education aned to ot dteelf
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FORM AND APPRECIATION*

By GRIFFITH C. EVANS

University of California

IT was Newton's modest disclaimer that he was not a great man,
but stood on the shoulders of great men. We question rightly the
first clause of this remark, but the last part seems as certainly true
as the first part is false; for, like acrobats in .he realm of time,
we see the mathematicians of the present day standing on the
shoulders of those of the previous generation, and so on back, for
many centuries. Newton does not climb with difficulty to the height
of Galileo, but is almost born there; and Newten's successors have
the same advantages over him as he over his predecessors. It is
this characteristic of mathematics, that what has been done in the
past remains valid and important in the present, which seems to set
it towering above other branches o1 knowledge. Moreover, mathe-
matics does not end with Poincaré and FEinstein. '

The modern painter regrets that he could not have been born
during the Renaissance and taken nart n the vicel discoveries of
technique that were made at that time  of perspective, of the treat-
ment of licht and shade, of accurate anatomy, and so forth. 1In
mathematics, that lament is inconsequential, for mathematicians
in each age stand at the level of new thines. and it is for each
person an individual matter what new height can he reached, There
is room on the shoulders of great men for us all to stand and peer
out mnto the unknown,

This may seem to he an undue exaltation,  Some tell us that
mathematics is that science by means of which anything may be
proved, whether or not it chaaces to be so, or they tell us it is that
comething, not science, in which one does not know what he is
talking about, or whether it i: true or not, and they suggest per-
haps further that nobody el-e cares very much,  Mathematicians
intdulue in endless combinations of syvinhols, develop hair-splitting

* Adedress dehvered at the annual meeting of Cabiornoy Chapter Aipha of Phi

Be o omappat. Mardh 7oorasss ab Berseley
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distinctions about the properties of lines that have no breadth and
points that have no size -t all. imagine fizures in a fourth dimen-
sion, and =pend their time in various wayvs on thinzs that do not
exist. What difference does it all make in a busy world?

Yet evidently this is a very incomplete account of mathematics.
For our whole lives, from paying a gas bill, to designing a piece
of machinery, are dominated by it. The revolution of the planets
and the fux of the tides are subservient to it, the molecules and
electrons are under its sway.  And also. perhaps for that ?czunn, it
provides an opening through which the mathematician may look
at tiic worlkd. 1 wish 1o explain what [ =ee. through this high
window, of some of the thines of the world of spiritual values, and
what mathematics seems to teach me of the creative activity of
others,

We are all familiar with the fact that there is such a thing as
non-Fuclidean geometry, and we know that it has something to
do with the unsuceessful effort, lasting over several centuries, to
prove the ancient and time-honored statement that through a given
point, not on a ziven lne, there could he drawn one and only one
paraliel to the line. s it turned out, this effort was unsuccessful
for a very wood reason: namely, that. as was finally discovered,
systems of geometry, just as sound as the customary one, could
be built up in such & way that the statement would not be true.
Fhe ceometry which resudted was about as real as hefore, in the
sense (hat it could be interpreted in some sort of fa-hion in space.
In fact, one of the ceometries of thi< kind could be applied to a
portion of the surface of a sphere, and its theorems were familiar
a2 solutions to the problems of weadetic surveving,  But in this
way, the emphasis in seometry came to le in its nature as a com-
bination of axions and dedudtions, rather than in 2 study of actual
neures in <pace. Thus a geometry of four dimensjons, or of any
comvenient rumber of dimension-. coubd also e developed svstem:
aticadly out of axioms< and definitions.

From this kind of development, however, there arose an entirely
new attitude towards mathematios, Tt i< this attitude which 1 wish
to-esplain briefly. and then, to some extent. to combat.

In projective weometry of space the antoms are <o <tated that
there is a duadity s 0 the werds point™ and “plae”™ inoany axiom
are interchanved, the anioms a< a whole are the same as hefore,
For example, i we write the two.axioms (1) “two points determine
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a line” and (2) “two planes determine a line,” the change men-
tioned obviously does nothing but interchange the two axioms, and
the system is the same as before. It results, therefore, since the
theorems or proposmons are deduced from the axioms, that if we
take any proved proposition and interchange in it the words “point”
and “plane” the resulting statement will be true Not .only this,
but we can find other entities, not points or planes in the ordinary -
sense at all, which satisfy the axioms as if they were points and
planes, and to which, therefore, all the theorems apply just as
well as to points and planes. In the same fashion, in the non-
Euclidean geometry which we mentioned, the so-called lines may
be understood to stand for semi great circles on an ordinary sphere.
The names do not seem really to stand for specific things. We
seem to make assumptions and prove result% about these mames,
merely as names.

Mathematics in this way reduces to a sort of logical scheme in
which we may fit things that satisfy the logical axioms, and pull
them out again from the logical theorems. Or, possibly, we need
not fit anything at all, but just keep the logical shell, with what-
ever names may be convenient, and develop it by successive deduc-
tions to any extent that we please. Roughly speaking, the axioms
become merely definitions of new logical terms:, and we can also
expand these to any extent that we please. Mathematics becomes
identical with pure form a game of combinations, without regard
to content.

Form enters Jargely into our appreciation of art also, When we
study a classical symphony we learn that there is a sonata or a
rondo form, or some general scheme in which the music is laid:
but, of even more importance, there is a beautiful and complex
arrangement of theme, development and counter” theme, with
logical order approaching that of mathematics, Without such an
order. a long piece of music would be monotonous and trivial.
Moreover, the more we study the piece the more relations of this
kind we perceive, so that the order forms a sort of minutely rami-
fying skeleton on which the music grows: and a laree part of our
estimation of the composer is our appreciation of his skill in this
regard.

Havine emphasized the relation of mathematics to pure form,
we should with consistency be able to look at things with a point
of view reversed, and say that wherever we have pure form, we

RIC
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have mathematics. This statement certainly contains some truth,
The mathematics need not bé carried to such a farcical simplicity
as it is in that fad of artificial and obvious painting which is
founded on the square root of two, and in which all lines are pur-
posely either the sides or the diagonals of squares; for as we know
from what we see in mathematics and music, form may be anything
but simple. But from this point of view we must regard seriously
an attempt to evaluate our appreciation of form. If pure form is
part of the beauty of an object there must in fact be criteria which
differentiate pleasing form from the rest. If a curve is beautiful,
there must be some abstract element of it which makes its beauty,
even though the artist draws it on the basis of his own taste, with-
out analysis. :

A recent attempt to investigate this side of the appreciation of °
art is a book by the mathematician, George D). Birkhoff, with the
title Aesthetic M oasurer We should not cast it aside with a su-
pesior smile. It is not consistent to make the hypothesis, as most
artists and architects do, that an essential feature of art is in the
relations of form, which are themselves pleasing, and then laugh
at the practical pursuit of general and theoretical criteria by means
of which form may be judged. ' the “golden section” is good,
is it not permissible to speculate o1 why it is good?

The author is not proposing to make works of art by a formula.
He admits, with us, that analysis comes after the fact. This is'a
statement which may give us pause when we come to make some
additional remarks about mathematics. Nevertheless, unless we
admit, as of course some do, that all critics of art and literature
lead an aimless and wasted existence, we must hope that analysis
of art is possible and instructive, and that there is justification for
the attempt to analyze form apart from the object in which it is
embodied, and give it its aesthetic ranking. '

The figure by which we illustrate our discussion is a simple com-
bination of squares and rectangles, equal segments of lines, and
right angles arranged with symmetry.? When we sketch in a few!
arcs of curves with reference to these lines, we obtain a Ming jar
of repute (Ming dynasty 1368-1644). The curves themselves, with-
out the rectilinear framework, suggest these many relations of di-

PHarvard University Press; 1913,
S0p cit, pp. Ro, %2; there the careful drawines are given from which the
ahove shetch s reproduced.
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rection and dimensions, and the effort of attention, which is neces-
sary in the apprehension of them, is not too great.

Birkhoff's aesthetic measure for a form is in fact high according
as the number of simple relations of form is large in comparison
to the complexity of the object necessary to produce these relations.
He writes a formula: M = O/C, to express this comparison, M
being the so-called aesthetic measure. In the
numerator, the O is evaluated by counting the
various types of relations of order and the num-
ber of times they occur, weighted according to .
their importance. In the denominator, the com- !
plexity C, for the case of the vase, is regarded
as given satisfactorily by the number of points :
(10) which it is necessary to fix with the eye in
order to apprehend the desirable relations. The ;
larger the ratio, the better the form. ' ;

The vase rendered here is closed in itself; it .
is a jar or container. Other forms of vases, say, '
with flaring tops, we may perhapgregard as in-

1

complete, and to require a complemerntary form
of masses in order to complete their harmony. Fio. 1

Such a vase provides aesthetic employment for the housewife who
owns it. She must “say it with flowers.”

In a somewhat similar fashion may be analyzed the structure
of a melody or of combinations of chords. Above the line we have
the favorable elements of contrast and periodicity, the order of
the secondary melodies, and so forth; and below, the complications
necessary to produce these relations and the strain necessary to
apprehend them. The strain detracts from the pleasure obtained
by the perception of the relations, and the aesthetic measure is
an indication as to whether the strain, or the pleasure in the rela-
tions, predominates.

A textbook on harmony is a discussion of form. It tells us what
chords are permissible in what combinations; and we learn these
forms by practice, and thus acquire an elementary knowledge of
the subject.  So perhaps there does not seem to be much point in
doing the same thing by a formula. But the author’s aim is more
ambitious. He wishes to find what the reason is that makes a
teacher of harmony permit this and not that, and he thinks he finds
not only a criterion for such things, but even one which runs
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through all the forms of all the various kinds of art. It is a
theory of the aesthetic nature of form, as form, without regard
to its special content.

An objection to all this theory comes at once to mind, of greater
or less weight according to the individual opinion. Some believe
that the form of art is, more than anything, tradition. We do not
appreciate Chinese music; and likewise, to the Chinese our music
is meaningless and disordered. Even though it is possible that in
this case the same elements of form are there, but hidden in the
strangeness of the sounds, it must be admitted that appropriate
forms change with time, and what is .new in one’age is classic in
a later one. At present, for instance, we meet various forms of
free verse, which seem to be at variance with structure that we are
used to.

A casting away of this formal portion of our art does indeed seem
to be merely a deliberate sacrifice of one kind of pleasure. ~ On
the other hand, the development of form to new complexities is
not contradictory to the general theory. For as we become used,
say, to classical music, its complexities become less complex. We
are able then, with the same mental eff-st as before, to apprehend
a more complicated structure and we can thus increase our aesthetic
pleasure by enriching the form still further. That is to say, a
piece of modern music which is so complex as to be barbarous to
an untrained ear is not complex to one that has had practice in
apprehending simpler forms.  Of course, there are limits!  Tradi-
tion, then, enables us to appreciate rew relations and gradual
changes by getting us used to the old: and we should therefc-e
expect a gradual development of complexity in a given direction

Let me present the situation in terms of an oversimplification.
We shall represent the complexity of an object by the number of
elements, and the relations between them by the number of com-
binations of the elements, sayv just two at a’time. In this case the
aesthetic measure would be given by the formula

number of combinations two at a time

. =

number of elements

Thus= if the number of elements is 2, there is one combination and
T N7,
Y <

Moot 2oif the number of elements is 3, there are ™ = =3

combinations and M == 1; if the number of elements is 4 there are
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4>2< 3 =6 combir')ations, and M = 3/2. In general
M = 1/2 (number of elements less 1)
and therefore increases with the number of elements.

Roughly speaking, the number of relations of form obtainable
increases more rapidly than the complexity of the object. This is
what happens perhaps, up to a certain point, with modern music.
After that point, the attention required on account of the complexity
becom.es too great for any but a professional ear, and the relations
can no longer be appreciated. Development ceases to be possible,
and the relations of form must be sought in a new direction.

The formal technique in mathematics is in the logical structure.
Here, too, althotugh many will not believe it, there is the influence
of tradition. For if we regard mathematics as a development of
logic by the addition of arbitrary definitions and postulates, there
is nothing to prevent us from changing the laws of logic with
which we are to proceed. That has alwayvs been done to some
extent. What was good logical procedure to Euler is not always
good procedure to us, and even Newton has “proved’” some theorems
which are not true. ILately there has been much more experiment-
ing in this direction, and the “free logic” of the present day is a
fearful and a wonderful thing!

For some mathematicians or logicians mathematics has thus been
reduced into a mere game with marks on paper. Each makes his
own rules and plays the game his own way. But it is hard for us
to believe that after so many fruitful centuries the subject is to
degeneratc into a hocus pocus. I should say myself that pure form
is as fruitless in pure mathematics as it is elsewhere.

I think we can find the key to our difficulties by looking again
at the nature of appreciation. For it is not form ualone which
makes a work of art appealing, although form is desirable and
even essential: it is even more in the associations and meanings
connoted by the work of art. Let me quote the words of Professor
Birkhoff :

Music owes much of its aesthetic importance to its peculiar emo-
tional effect. This attribute is readily understood. The human voice
is a primary means of human expression, and at the same time is a
musical instrument.  All of us become accustomed to its musical tones,
and simultaneously learn to appreciate that which the voice expresses.
Thus musical tones have been intimately associated with emotional
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feeling. [According to our general theor);] music will be most affective
when it unites surpassing beauty of form with effective suggestion
of emotional utterance.?

For example, it is hot poetically suggestive, however accurate, to
say that fref the Berkeley hills at night the lights of Sausalito
- look like a bundle of fish eggs!

In a Wagner opera such as Die Weikire there is an exceedingly
complicated form based on themes which are used as symbols,
themes foi love, for the sword, for Loki, for H. )ding, and so on.
These themes are alinost immediately grasped by the listener and
associated with their objects, Rut the music is no mere procession
of titles, like an index or a table of contents: nor is it mere de-
scription, like a tone poem with a subtitle such as “kittens playing
by a brook™; it is organically welded into a structural whole,
its suggestion is more and more rich, and the final scenes build up
a climax tragic in its emotional weight. We are conscious of the
fire theme: but the symbolism is merged as Wotan's voice dies
away, in the significance of thé music as music.

There i here an appreciation of .the content, of the music as well
as of its form. But even in this most pictorial kind of music, we
lose most of what the composer intends if we hear nothing but
fire licking the rocks. The content is not to be.translated into
words or pictures. It may or may not be strongly emotional, The
composer has some elementary musical idea, and he dewelops it
in all possible ways that have meaning to him, by making varia-
tions, by setting one part against another, by developing the re-
lations.of the parts, by all sorts of manipulations of the form. thus .
trying as far as possible to come to a realization of the complete
content of his idea. It is this aspect that interests us most pro-
foundly.

In mathematics the activity is much the same. An idea which
is not clear has the germ of clarity in it. We work it out, guessing
where we can and proving where we can. until it no longer has
contradictions or surprises for ux, and all its parts are knit together.
The definitions in mathematics are often relatively simple, and, a8
we know, evervthing should be a consequence of 11 definitions®
Yet it Is not sufticient to state definitions. 1t is the uttermost in
triviality and banality to say that in mathematics. since one's re-

"O0p. cit, p. 8.
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sults are merely logical consequences of the postulates, one gets
out only what one puts in. Exactly the same triviality applies to
art in any form. One gets out only what one puts in. It all de-
pends upon what one puts in. After concepts have been developed
s that they secm to satisfy, and rest, perhaps stagnant for gen-
erations, some new mind sees them confronted with other concepts
and in a new light: and a new theory bursts forth. It is as if
facts were generated by the rubbing together of concepts.

We are familiar with the story of the ancient painter whose king

gave him a prize because he had painted a curtain so accurately

that the king had tried.to raise it, or of another painter who was
chagrined because the birds had tried to peck the painted grapes
held by .a painted boy-—if the boy forsooth had been well painted
the birds would have feared to come near'

Or again, at a country fair, a buffoon imitated the cries of ani-
mals. He ended by squealing so like . pig that he delighted his
audience. But one farmer came by who wagered that he, the farmer,
could do much better, if he had jus. one day of practice. So
the next day when (hey were at the fair again the countryman
appeared on the stage, and, putting his héad down, squealed so
“hideously that the spectators hissed and threw stones at him to -
make him sto, . ““You fools,” he cried, “see what you have been
hissing,” and.held up 1 little pig whose ear he had bLeen pinching
to make him uttes squeals. “Men often applaud an imitation and
hiss the real thing,”” says Aesop.

Butl the audience at the fair had jUQllﬁtatlon for hissing. The
real pig's squeal had no place in the holiday Qooth as an aesthetic
creation. Art is a synthesis.

" What, then, is its content > Similarly we ask, what is the content
of mathematics? It doe: not matter to me whether mathematics

. is-art or not. Apart frop what may be in a name, it is undeniable

that music and poetry yield emotions which have no place in mathe-
matics. and perhaps painting also. to a lesser degree. It would
probably be farfet_ned 10 maintain that a superb painting and a
page of Poincaré have the same effect on one who is capable of
appreciating both,  Nevertheless, the answer to either of the above
questions ahout content affords a suggestion for the answer to the
other.

Both artist and mathematician are pursuing the object of making
clear an initial concept which Las to be worked out. The working
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out is guided by an intuition of the completed object, by- intuition
being meant (quite untechnically) a rough foreknowledge of the
result, a more or less accurate or hazy mental image. Gradually,
and (if the concept is not trivial and the form is restrictive) with
intense effort, the image becomes more definite, and the essential
details fall into place. The question we are asking now is, what
is the nature of the object, which, in order for the work to be
appreciated by others than its creator, has to be significant? '

In the mathematics of early antiquity the first objects were defi-
nitely of the physical world --astronomy or geometry or mensura-
tion. This does not mean that ancient mathematics is limited to
trizconometry. For the pursuit of the elementary properties in the
measurement of right triangles leads to the fact that the diagonal
of a square cannot he measurable rationally in terms of a side: that
iz, that there is no {ength whatever, no matter how small, which
can be chosen so that it will go just a whole number of times into
hoth side and diagonal. This fact was the secret of Pythagoras.
The whole nature of number thus becomes .important —what are
the numbers with which we count, and what are the numbers by
which we measure? You see ip retrospect hpw from the time of
the early Greeks such concepts pressed their demands for clarity
on the minds of the eager barbarians. The theory of numbers,
aleebra (in which the language was long entirely geometrical ), and
geometry were «ll objective, from this point of view.

Newton attacked seriously tae problem of the behavior of con-
tinuous ‘media, hydraulics, elasticity, flow of heat, and so forth,
and for the investigation of such ideas introduced the study of
differential equations. This subject, in the opinion of many, has
heen the central theme of mathematics for the last two centuries,
and its developments and variations still leave us at the present
day i host of tempting and difticult problems. But as I suggesied
at the opening of this address, these are not izolated problems. We
ook at them with all the experience giarnered from the time of the
Greeks until *the presentAda_\'. They have a richness which if» in-
spiring. kel

Mathematice takes its departure from concrete situdtions, and is
continuously refreshed by them.  But it draws back from a too
Savish imitiation of the physical world: it o ates combinations of
ideal ohjects, by succes<ive stages of abstraction. The naturdl sci-
ences lie upon the bosom of the earth. the more theoretical sciences
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hover closely above them; it is only mathematics which is free
and creative. It still seeks the truth, but it is the truth about the
truth about the truth . . . of objects.

Let me mention at this point an easily comprehended theorem
which exhibits the character of withdrawal from slavish imitation,
and, at the same time, formal elegance. It is known as “the geo-
metric theorem of Poincaré.”

In the diagram below we imagine a displacement of the points
of the plane ring T, among themselves, in such a way that points
on each boundary remain on that boundary, points close together
remain close together, and no part of the ring is covered twice or
fails to be reoccupied by points. In other words, the displacement
is a continuous one-to-une transformation of the points of the ring
into themselves, leaving the positions of the boundaries unchanged.
If on one boundary the displacement is clack-
wise and on the other counter-clockwise, and if
the area pf a <mall piece of the ring is unchanged
in value by thc transformation, then, according T
to the theorem, there must be at least two points
of 7" which are not moved.

There are relations of order in the theorem
itself apart from the proof. and the complexity Fic. 2
is indicated by “the tension” neceszary to understand the theorem :
that is, to comprehend the hypotheses assumed in the fizure.

The thenrem came originally from the consideration of motions
of a dynamical system which may repeat themselves, as in the par-
ticular case of the motion of the sun, a planet, and a.small satellite.
The statement that there are unchanged points in the geometric
situation was seen by DPoincaré to he equivalent to the statement
that there must be corresponding periodic motions in the case of
this celebrated problem of celestial mechanics. The theorem, as it
happens. wius not proved until after the death of Poincaré, and the
proof was ultimately given by this same Birkhoff,

We notice the birth of the problem in contact with nature, the
clarification of the concept which is thus withdrawn from melhanics
into greometry, so that it is not any longer an attempt to describe
a partuular event in the physical world, and the resulting generality
of the ideas which enables the theorem to be applied on the "one
hand to geometry and on the other to celestial bodies and hilliard
balls. The theorem is classic in form and fine in the logic of its
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proof. Its content and effective suggestion are so vast as to be
amazing. Of what importance is it, from the point of view of
mathematics, that it can be reduced logically to definition and syl-
logism? It surely would never have been discovered merely from
a knowledge of logic. ¥rom every point of view, except the formal
retrospective one, it is more than mere logic!

I maintain that this is also the characteristic of the artistic
endeavor. It seeks not a slavish imitation of objects, and, indeed,
we scoff at such a shallow interpretation of man's relation to the
world. Rather, also, it refines itself in successive stages of regres-
sion and withdrawal, renewed and revitalized by occasional fresh
contact with the world, but essentially free and creative, seeking,
by construction, the truth about the truth about the truth . ..
about the world and man's relation to it. Conscious of its syin-
bolism, and compressed by its form, unconscious of its purpose, it
is the human drama in miniature. As I write, I study on the wall
opposite a painting of -the Big Thompson Canyon--the colorful
rocks, the deep ravine, rhythmically composed with sparse patches
of Vegetation, and, behind a crag at the very topmost furthest
height, the tip of an, evergreen against the sky--man’s aspiration

in a rugged world. ",
It is quite likely that the painter did not have that idea in mind\/
But he is trying with all the force of his personality to tell the

truth about something, without much thought for his gallery--as

though he were imbued with the spirit of the famous argument that
if an idea is perfect the existence and immortality of its object are
consequent attributes of that perfection. As Thornton Wilder re-
lates, “Uncle Pio and Camila Perichole were tormenting themselves
in an effort to establish in Peru the standards of the theaters of
some Heaven whither Calderon had preceded them. The public
for which masterpieces are intended is not on this earth.”

Creation is novelty and novelty seems te he an essential char-
acter in the world.  For some persons, science and mathematics
seem to stand as the antitheses of art, and, by making certain pre-
diction possible, to intend the eradicati-  of novelty. As it used
to be stated o generation ago, "if the velocities and positions of all
particles that make up the world wero given at a given instant,
their motions and positions would then he determined at all subse-
quent times by the immutable laws of mechanies,”™  Perhaps a dif-
ferent formulation would he advanced nowadays, but the intent
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would be the same. ‘The question is always asked, *How is free-
dom of the will, how is creative art, possible in a world for which
the scientific hypothesis is valid that future events are predictable ?”
For apparently it is merely a question of time until such prediction
will involve mental processes and the entire actions of individuals.
" The hisf’hf science, however, yields for us quite a different
result. In the first place science is wayward; it aims at one goal
and instead of getting there goes off at a tangent and reaches an-
other ;- or, in better words perhaps, when it reaches'a goal it finds
something different from what it expected; something is left un-
answered that is as important as what has been achieved: what
answer there may be opens a universe of discourse that is larger
than the one in which the question was asked. .

We are familiar with the fact that there was an atomic theory
in the time of Democritus. But such a theory is entirely different
from the present one, for the questions that are asked of atomic
theory now were not only-undreamed of in the time of Democritus,
but they would have been entirely meaningless. When the ele-
mentary theory of gases was replaced by a kinetic theory of mole-
cules, it was at first suiticient to considersthe gas as equivalent to
a number of small elastic spheres. In fact it sas not necessary
to give the spheres any size at all, as long as they could have mass.
‘The pressure of the gas was the momentum of the spheres, and the
temperature was their kinetic energy:,

The natural questions as to what would happen then in concrete
cases, say, if the gas were greatly compressed. led to experiments
which showed quickly that a more refined mechanical model would
be necessary. Up to the present time no model has been sufficient.
In each case additional experiments are suggested, and sooner or
later they have led to unexpected results. Smashing the nuclei of
atoms by shootie:; them with very <mall high-speed particles is not
one of the concepts of Democritus or Leibniz. What would Ernst
Hickel think of the principle of uncertainty ?

Of course it may be merely an accident that noveliy creeps con-
tinually into the physical universe, and a day may come when
physical theory may not need further radical adjustment. On the
other hand it may be that this necessity is a sort of dual image of
another sort of wilfulness that our objectification of the world
remains and must remain only partial, At any stage of its develop-
ment science has only a finite number of concepts at its dispusal in
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fact, only a finite number of words. It looks, in the light of his-
tory, as though a finite number of concepts would not be sufficient.

Mathematics has long been fascinated by the various types of
infinity. Of these there are two relatively simple ones, character-
ized respectively by the collection of all the whole gumbers and
by the collection of all the real numbers. Or, if we describe them
geometrically, one type is like the discrete row of dots, illustrated
in the fizure below (where the interval on the right of a dot is half
the interval on the left), and the other is like the ¢ontinuous row
of points that make up a whole line. In the second type the
points a-e so thickly collected that there is no next one after a
given one, there being a point wherever we break the line. But'in.
the first type, given any dot there is a next one beyond, like a path-
-way of stepping stones,

] i 1 1 141

Fic. 3

It is this kind of infinity that seems to mark the path of science.
At any stage there is a next step, but not necessarily a final one: on
the basis of given concepts there are always new ones which are
necessary : and no gap may perhaps ever be filled completely. The
situation is always just bezond finiteness and complete description,
and holds out always the temptation to proceed further.

Art and mathematics share this insidious character. When a
memoir of mathematics is done it may seem to be nothing but form,
and to reduce (as far as the lozician is concerned) to a logical
skeleton of definition and deduction: but this “seeming” is in the
preci<e sense that a painting may be reduced to a mere pattern of
colorz. The doing of art and mathematics, and their appreciation,
are both creation and discovery. Tn that way they are practical,
for they transform the universe.



